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Graphs in Medical Image Processing
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NN Graph of Pixels

Examples

Setup

NN Graph of SuperPixels Set of Images
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fi – e.g. color, texture

Segmentation, 3D reconstruction

Clustering,  
Retrieval, visualization

<latexit sha1_base64="Hk7Vjp4XlhdtHLU/KxR4Byp4nuY="></latexit>

Graph G = (V,E)

Node features fi œ Rd, i œ V

A�nity weights Aij œ Rd, (i, j) œ E

<latexit sha1_base64="t5C0zOpMmbg1mfT3TRXLwHiBA00="></latexit>

fi – image descriptor
Aij Ã Sim(fi,fj)

E – support set
<latexit sha1_base64="LXrtBQoOzOzfUFZE/mvMxBW6NPU="></latexit>

fi – RGB color

Aij = e
≠

(fi≠fj)
2

‡2
0 e

≠(i≠j)2

‡2
1 – bilateral (color-spatial) a�nity



Energy Minimization Roadmap
3<latexit sha1_base64="FGOi4QY72M7mL9uPgfVy5EeZTgY="></latexit>

⌅ Energy Minimization Problem
Assign labelling x : V æ C by

min
x

ÿ

ij

AijV(xi,xj)+
ÿ

i

Ui(xi)

V(xi,xj) – penalizes di�erent labels
Ui(xi) – fidelity to evidence. Special case: partial label assigment

⌅ Roadmap:
• C - ordered, V(xi,xj) convex function of the di�erence (xi ≠xj) ∆ minimum

cut. (polynomial time, very e�cient in practice).
• V(xi,xj) = [[xi ”= xj]] ∆ 2 labels — back to previous case. More than 2 labels —

Potts model / multiway cut. (NP-hard, approximation algorithms exist).
• Relaxed formulations: X : V æ RC – one-hot or soft labels.



Dirichlet Energy on Graphs
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⌅ Analogy to continuous Laplacian:
• Let B be the discrete derivative: (Bx)e =


Aij(xi ≠xj) for edge e = (i, j),

i.e., weighted finite di�erences along each directed edge
• The energy can be written as

E(x) =
ÿ

e

(Bx)2e = ÎBxÎ2 = x€B€Bx

• So L = B€B, analogous to �= Ò ·Ò (divergence of derivative)
• Exercise: verify what B an L are for a 1D chain graph
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Let x be a scalar function on the nodes: x : V æ R (a vector in RV )

⌅ Dirichlet energy: E(x) = 1

2

ÿ

i,j

AijÎxi ≠xjÎ2

• E(x) is small when nodes with strong Aij have similar values xi ¥ xj

• Measures the smoothness of x on the graph w.r.t. a�nity A

⌅ As quadratic form
• Denote degree matrix D = diag(d1, . . . ,dn), di =

q
j Aij

E(x) = 1

2

ÿ

ij

Aij(x
2
i +x2

j ≠2xixj) = xTDx≠xTAx = xT(D ≠A)x = xTLx

• L = D ≠A is the graph Laplacian matrix



Label Propagation: Energy
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⌅ Setup:
• V = (L,U) – partition into labeled and unlabelled nodes
• XL – fixed one-hot labels
• XU – unknown one-hot labels

⌅ Energy
• Note that ÎXi ≠XjÎ2 = 2 if Xi ”= Xj and 0 otherwise, so for one-hot labels we

can write the Potts energy as.

E(X) =
1

2

ÿ

i,j

AijÎXi ≠XjÎ2 =
ÿ

k

1

2

ÿ

i,j

Aij(Xik ≠Xjk)
2 =

ÿ

k

E(X:k),

i.e., sum of Dirichlet energies over each class indicator function.
• In the matrix form:

E(X) = Tr(X€LX).
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⌅ The Label Propagation Problem:

min
X

E(X) s.t. Xi = Xi, ’i œ L

• Seeks the most smooth assignment of labels
while exactly matching the labeled nodes.

• Relaxation: allow Xi to be soft labels in RC.

<latexit sha1_base64="EVtto0tWQxFyw0B9FX/0QBDXCLk="></latexit>

Xi =

S

WU
1

0

0

T

XV
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Xi =

S

WU
0

1

0

T

XV



Label Propagation: Solution
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• In matrix form, with nodes reordered so that labeled nodes come first:

X =

C
XL

XU

D
, L =

C
LLL LLU

LUL LUU

D
,

• The energy is

E(X) = Tr(X€
L LLLXL+X€

L LLUXU +X€
U LULXL+X€

U LUUXU)

• Di�erentiate with respect to XU (XL is fixed) and set the gradient to zero:

ˆE
ˆXU

= 2LUUXU +2LULXL = 0 =∆ LUUXU = ≠LULXL

• Assuming LUU is invertible (each unlabeled node connects to at least one labeled
node)

• Closed form solution: Xú
U = ≠L≠1

UULULXL



Label Propagation: Fixed Point Iteration
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Xi =
q

j WijXjq
jWij
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⌅ Fixed Point Equation:
• Substitute L = D ≠A in the block system:

(DUU ≠AUU)XU = AULXL

=∆ XU = D≠1
UUAUUXU +D≠1

UUAULXL

• Define the row-stochastic adjacency (random-walk) matrix P = D≠1A. Then:

XU = PUUXU +PULXL

This is a fixed-point equation.
⌅ Label Propagation Algorithm

Initialization: X(0)
U = 0 (or random) Iteration:

X(t+1)
U = PUUX(t)

U +PULXL, XL fixed

X(t+1)
i =

1

di

ÿ

j

AijX
(t)
j ’i œ U

• Convergence:

X(t)
U ≠æ Xú

U– the optimal solution
⌅ Exercise: L = D ≠A does not depend on Aii, but the iteration does?



Label Propagation: Example
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- kind of diffusing 

- faster along strong edges

Initialization Step 1



Random Walker
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⌅ “Algorithm”:
• Start from node i

• Move to random node j

with probability proportional to Aij

• Until hitting a labelled node
• Xik – probability of hitting a node with label
• Decide label of i as argmaxk Xik
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⌅ Expanding hit probabilities conditioned on the first step:

Xik =
ÿ

jœN (i)

P[walker steps from i to j]¸ ˚˙ ˝
Pij

·P[first hit label k starting from j]¸ ˚˙ ˝
Xjk

.

Transition probability Pij is proportional to edge weight: Pij =
Aij
di

, di =
q

j Aij.
Terefore, for each unlabeled node i œ U , the first-hit probability satisfies

’i œ U Xik =
ÿ

j

Pij Xjk

XU = PUUXU +PULXL — same fixed point equation



Random Walker
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⌅ Conclusions:
• The fixed-point equation for the first-hit probabilities is equivalent to the label

propagation update rule.
• Thus, the solution XU minimizes the Laplacian energy with hard label constraints

– can solve it by any method
• The same XU is the matrix of first-hit probabilities ∆ interpretation of the

relaxed labels X œ RV ◊C.
• Not guaranteed to match the optimal discrete segmentation.
• The reverse process would be a stochastic generative model that starts from seeds

(absorbing nodes) and di�uses backward along edges to produce plausible node
values. Nowadays we have e.g. “Random Walk Di�usion for E�cient Large-Scale
Graph Generation”, for tasks like designing new molecular structures.
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(a) Original (b) Seeds indicating four objects (c) Resulting segmentation

(d) Label 1 probabilities (e) Label 2 probabilities (f) Label 3 probabilities (g) Label 4 probabilities

Fig. 2. Overview of segmentation computation. a) Original image to be segmented. b) User-placed seeds indicating a desired segmentation into four objects.
d-g) Probabilities (potentials) obtained by solving (10) for each label. c) Segmentation obtained by assigning each pixel to the label for which a random
walker is most likely to reach first. Each system required less than three seconds to solve using MATLAB.

topology [60] might significantly improve the computation
speed.
The Graph Analysis Toolbox [61] for MATLAB may be

used to easily build weighted image graphs and solve the
requisite system of linear equations. Specialty code to perform
the random walker segmentation will be made available upon
publication on the author’s webpage. Although MATLAB
has efficient, C++ (MEX), direct solvers for sparse linear
systems, the preconditioned conjugate gradient method is
written in highly inefficient MATLAB code. Therefore, for
research purposes we recommend using the MATLAB code
provided (sufficient for 512 × 512 images, on present-day
technology). A more industrial use will require implementation
of conjugate gradients or multigrid code in C++. Fortunately,
good references exist for these methods (with source code)
[52] that allow for a straightforward implementation. Using
MATLAB’s direct solver, solution of (10) for a 256 × 256
image with two randomly placed seed points required 2.5
seconds on an Intel Xeon 2.40GHz processor with 1GB of
RAM.

G. Algorithm summary
To summarize, the steps of the algorithm are:
1) Using (1), map the image intensities to edge weights in
the lattice.

2) Obtain a set, VM , of marked (labeled) pixels with K
labels, either interactively or automatically.

3) Solve (11) outright for the potentials or solve (10) for
each label except the final one, f (for computational
efficiency). Set xf

i = 1 −
∑

s<f xs
i .

4) Obtain a final segmentation by assigning to each node,
vi, the label corresponding to maxs (xs

i ).
Code is available (in MATLAB) on the author’s webpage at:
http://www.cns.bu.edu/˜lgrady/random walker matlab code.zip.

We note that other options might be explored for assigning
a label to each pixel based on the potentials (e.g., applying
a clustering algorithm to the K-dimensional vectors at each
node). Figure 2 displays all of the steps in this process from
seed acquisition to calculation of the potentials (probabilities)
and the resulting segmentation.
If interactive editing of the segmentation were needed (i.e.,

through the addition/deletion of seeds), one could start at
step 2 in the above procedure with the new seed set and
use the previous solution as the starting point for an iterative
matrix solver for the new system (10). In general, the previous
solution will be “close” to the desired solution, requiring much
less time to compute.

IV. THEORETICAL PROPERTIES OF THE ALGORITHM
Although a new technique was presented for interactive

image segmentation, it is necessary to explore what may be
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(a) Original (b) Graph cuts (c) Random walker (d) Probabilities

Fig. 5. Comparison of random walker algorithm to graph cuts for a weak boundary with small seeds. Note that a 4-connected graph was used in these
experiments. a) Original (synthetic) image created with a diagonal black line with a section completely erased. b) Graph cuts solution — Since surface area
of seeds is smaller than the weak boundary, the smallest cut minimally surrounds the seeds. c) Random walker solution. d) Probabilities associated with the
random walker algorithm offer a notion of segmentation confidence at each pixel.

noise robustness and the assignment of ambiguous regions.

A. Weak boundaries

We will prefer the term object boundary to the traditional
computer vision term edge (e.g., “edge detection”) to avoid
confusion with the edge set of the graph (e.g., eij ∈ E). Unlike
region growing approaches, one aspect of the random walker
motivation for this algorithm is that weak object boundaries
will be found when they are part of a consistent boundary.
This behavior may be explained by considering Figure 3. On
a four-connected lattice, consider the walker staring its walk
at the center of the four arrows in Figure 3. This walker has
three initial steps that keep it on one side of the boundary and
only one step that crosses the boundary. Since other nodes on
that side of the boundary are all very likely to reach seed one
(filled circle), this walker is also very likely to first reach seed
one. For the same reasons, a walker on the other side of the
weak boundary is also very likely to first reach seed two (open
circle). Consequently, the walker at the arrows finds the first
seed (filled circle) and the walker on the opposite side of the
boundary weakness finds seed two (open circle). This behavior
may also be explained from a circuit perspective. Although
the resistance in the boundary weakness is low, nearly all
the current from one seed to the other must pass through the
boundary weakness, resulting in a large voltage drop over the
resistor (by Ohm’s Law). Practical behavior of the algorithm
in response to weak boundaries is displayed in Figure 3 and
Figure 4. Figure 4 shows the segmentation obtained for a
synthetic image with four areas of varying sizes and convexity
with missing boundary sections and few seeds. We note that
no obvious “metrication artifacts” are present, despite the fact
that these results were obtained using a 4-connected lattice as
the underlying structure.
The graph cuts algorithm of [18] is also capable of finding

weak boundaries. However, since graph cuts searches for the
minimum cut, the graph cuts algorithm is more susceptible
to the “small cuts” problem in the presence of weak (i.e.,
costly) boundaries. Figure 5 compares the graph cuts and
random walker algorithms in a simple, foreground/background
segmentation with a weak boundary and small seeds. In

contrast to graph cuts, the random walker algorithm also
provides a “confidence” value of the segmentation in terms of
the random walker probabilities, as Figure 5 also illustrates.

B. Noise robustness
The theoretical results of Section IV-C detail how the

expected probabilities (and hence, the resulting segmentation)
should behave in response to i.i.d. randomness of the weights.
Although the weighting function (1) does not translate i.i.d.
randomness of the pixel values to i.i.d. randomness of the
weights, the behavior of the segmentations empirically behaves
as if the weights were i.i.d. This practical behavior might be
explained by Proposition 5, which applies to arbitrary (e.g.,
non-independent) random variables.
Figure 6 characterizes the response of the algorithm to

noise. In this experiment, an image consisting of two nested
spirals was seeded with one seed in each spiral and background
seeds placed in the center (outside the spirals). Increasing
amounts of additive noise was then introduced into the image
and the response of the algorithm was tracked. For each
noise level, one hundred experiments were run in which the
corrupted image was generated and the results were recorded.
Figure 6 shows three images for each noise level: 1) A
representative corrupted image, 2) The “average” segmentation
obtained from application of the algorithm, 3) The segmenta-
tion variability. An “average” segmentation was calculated by
assigning the pixel to the label for which it was most often
assigned over the one hundred trials. Segmentation variability
of a pixel was measured by calculating the percentage of the
trials for which the pixel was assigned the label from the
“average” segmentation, with high percentage mapped to high
intensity (white) and low percentage mapped to low intensity
(black).

C. Ambiguous unseeded regions
The analytical properties of the random walker algorithm

may be used to examine its behavior in deciding ambiguous
cases in which the number of piecewise constant regions
exceeds the number of seed/label groups (i.e., unseeded
piecewise constant regions must be each assigned a label).
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(a) Original (b) Graph cuts (c) Random walker (d) Probabilities

Fig. 5. Comparison of random walker algorithm to graph cuts for a weak boundary with small seeds. Note that a 4-connected graph was used in these
experiments. a) Original (synthetic) image created with a diagonal black line with a section completely erased. b) Graph cuts solution — Since surface area
of seeds is smaller than the weak boundary, the smallest cut minimally surrounds the seeds. c) Random walker solution. d) Probabilities associated with the
random walker algorithm offer a notion of segmentation confidence at each pixel.

noise robustness and the assignment of ambiguous regions.

A. Weak boundaries

We will prefer the term object boundary to the traditional
computer vision term edge (e.g., “edge detection”) to avoid
confusion with the edge set of the graph (e.g., eij ∈ E). Unlike
region growing approaches, one aspect of the random walker
motivation for this algorithm is that weak object boundaries
will be found when they are part of a consistent boundary.
This behavior may be explained by considering Figure 3. On
a four-connected lattice, consider the walker staring its walk
at the center of the four arrows in Figure 3. This walker has
three initial steps that keep it on one side of the boundary and
only one step that crosses the boundary. Since other nodes on
that side of the boundary are all very likely to reach seed one
(filled circle), this walker is also very likely to first reach seed
one. For the same reasons, a walker on the other side of the
weak boundary is also very likely to first reach seed two (open
circle). Consequently, the walker at the arrows finds the first
seed (filled circle) and the walker on the opposite side of the
boundary weakness finds seed two (open circle). This behavior
may also be explained from a circuit perspective. Although
the resistance in the boundary weakness is low, nearly all
the current from one seed to the other must pass through the
boundary weakness, resulting in a large voltage drop over the
resistor (by Ohm’s Law). Practical behavior of the algorithm
in response to weak boundaries is displayed in Figure 3 and
Figure 4. Figure 4 shows the segmentation obtained for a
synthetic image with four areas of varying sizes and convexity
with missing boundary sections and few seeds. We note that
no obvious “metrication artifacts” are present, despite the fact
that these results were obtained using a 4-connected lattice as
the underlying structure.
The graph cuts algorithm of [18] is also capable of finding

weak boundaries. However, since graph cuts searches for the
minimum cut, the graph cuts algorithm is more susceptible
to the “small cuts” problem in the presence of weak (i.e.,
costly) boundaries. Figure 5 compares the graph cuts and
random walker algorithms in a simple, foreground/background
segmentation with a weak boundary and small seeds. In

contrast to graph cuts, the random walker algorithm also
provides a “confidence” value of the segmentation in terms of
the random walker probabilities, as Figure 5 also illustrates.

B. Noise robustness
The theoretical results of Section IV-C detail how the

expected probabilities (and hence, the resulting segmentation)
should behave in response to i.i.d. randomness of the weights.
Although the weighting function (1) does not translate i.i.d.
randomness of the pixel values to i.i.d. randomness of the
weights, the behavior of the segmentations empirically behaves
as if the weights were i.i.d. This practical behavior might be
explained by Proposition 5, which applies to arbitrary (e.g.,
non-independent) random variables.
Figure 6 characterizes the response of the algorithm to

noise. In this experiment, an image consisting of two nested
spirals was seeded with one seed in each spiral and background
seeds placed in the center (outside the spirals). Increasing
amounts of additive noise was then introduced into the image
and the response of the algorithm was tracked. For each
noise level, one hundred experiments were run in which the
corrupted image was generated and the results were recorded.
Figure 6 shows three images for each noise level: 1) A
representative corrupted image, 2) The “average” segmentation
obtained from application of the algorithm, 3) The segmenta-
tion variability. An “average” segmentation was calculated by
assigning the pixel to the label for which it was most often
assigned over the one hundred trials. Segmentation variability
of a pixel was measured by calculating the percentage of the
trials for which the pixel was assigned the label from the
“average” segmentation, with high percentage mapped to high
intensity (white) and low percentage mapped to low intensity
(black).

C. Ambiguous unseeded regions
The analytical properties of the random walker algorithm

may be used to examine its behavior in deciding ambiguous
cases in which the number of piecewise constant regions
exceeds the number of seed/label groups (i.e., unseeded
piecewise constant regions must be each assigned a label).
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⌅ Reparameterization
• Define Y = D1/2X =∆ X = D≠1/2Y,

• Substituting into the energy we obtain:

E(X) = Tr
!
X€LX

"
=Tr

!
Y €D≠1

2LD≠1
2Y

"
=Tr(Y €LsymY ) =: E(Y ),

with the symmetric normalized Laplacian

Lsym = I ≠D≠1
2AD≠1

2 = I ≠ Ã , where Ã = D≠1
2AD≠1

2

⌅ The fixed-point iteration becomes:

YU Ω ÃUUYU + ÃULYL
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⌅ For YL = D
1
2XL, it is an equivalent reformulation, X = D≠1

2Y are the hitting probabilities
⌅ For generic, YL, i.e. one-hot labels or features, it is a modified problem formulation

• Used with generic data and dense graphs where a�nities are constructed from feature
similarity (node degrees can be very di�erent)

• The normalization reduces the influence of high-degree nodes and balances propagation



Soft Label Propagation
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⌅ Soft label propagation relaxes the hard-clamp constraint and introduces a tradeo�
between smoothness and fidelity to initial labels Y (one-hot or zero)
• Can be applied with unnormalized or normalized formulation
• We apply it with normalized formulation, to connect to GCN (next)

⌅ Soft Normalized Label Propagation
• Energy minimization formulation:

J (Y ) = –Tr(Y TLsymY )¸ ˚˙ ˝
smoothness energy

+(1≠–)
1

2

ÿ

i

ÎYi ≠Y iÎ2

¸ ˚˙ ˝
fidelity to input labels

, 0 < – < 1

• Closed-form solution:
Y ú = (–Lsym+(1≠–)I)≠1 (1≠–)Y

where Lsym = I ≠ Ã as above
• Iterative update (normalized soft label propagation):

Y (t+1) = –ÃY (t) + (1≠–)Y



Graph Convolutional Networks (GCN)
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⌅ Disclaimer

• There are many ways to define convolutions on graphs (e.g . spectral w.r.t. to

di�erent variants of Laplacian, approximate, etc.)

• This is just to illustrate how the concepts are related.

⌅ Idea

• One layer of (GCN by Kipf & Welling) can be seen as a single iteration of normalized

soft label propagation, but with learnable weight matrices and nonlinearities:

Y (l+1) = ‡

A
Ã¸˚˙˝

neighbour aggregation

Y (l) W (l)¸˚˙˝
local feature transform

B

• where Y (l)
is the node feature matrix at layer l

• W (l)
is a learnable weight matrix

• ‡(·) is a nonlinearity (e.g., ReLU)

• Ã = D≠1/2AD≠1/2
is the normalized adjacency, as before

⌅ Observations:

• GCNs use the same graph metric to propagate features across the graph

• The first layer is initialized with the input: Y (0) = Y (features, not the labels)

• It is trained so that after the last layer we can make decision, e.g . argmaxCYi,

independently for all nodes i.

• The initial features are not mixed-in explicitly. Instead they add self-loops in A.



GCN Examples
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✦ Superpixel-based Graph Convolutional Network for Semantic Segmentation, Yung et al.



Unsupervised Segmentation / Clustering



Overview
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⌅ Unsupervised Segmentation (Clustering) Problem
• Partition the image (set of data) without any seed labels or class a�nities
• Euclidean space: æ k-means clustering
• PSD similarity kernel K(x,y) æ Kernel k-means clustering

(local optima, computation cost?)
⌅ Spectral Clustering

• Graph G = (V,E)

• A�nity matrix Aij Ø 0 for all ij, symmetric, need not be PSD
• Degree matrix D = diag(d), di =

q
j Aij

• Normalized A�nity matrix: Ã = D≠1
2AD≠1

2

• Algorithm:
1. Compute top-k eigenvectors of Ã, exclude 1, æ matrix U of size n◊k ≠1

(note: same as smallest k eigenvectors of Lsym = I ≠ Ã)
2. Each row Ui, : gives an embedding of the node i in Rk≠1

3. Run standard k-means clustering on rows of U

• Solves the same problem as kernel k-means clustering
⌅ Normalized Cut

• Somewhat di�erent objective, same relaxation ∆ same solution
• 2-way Ncut is special case



Examples
18Example 1: unsupervised image segmentation 

Example 2: unsupervised 3D mesh segmentation



k-Means Clustering Problem
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• Let f = {f1, . . . ,fn} be data points in Rd

• k-Means clustering problem: partition the data into k clusters C1, . . . ,Ck with
means µj:

min
C,µ

ÿ

k

ÿ

iœCk

Îfi ≠µkÎ2, ∆ µk =
1

|Ck|
ÿ

iœCk

fi

• Equivalent objective substituting µ (exercise):

min
C

ÿ

k

1

2|Ck|
ÿ

i,jœCk

Îfi ≠fjÎ2

• Denoting Kij = Èfi,fjÍ – kernel matrix,

Îfi ≠fjÎ2 = Kii+Kjj ≠2Kij

• Thus the k-means objective becomes:

min
C

ÿ

k

1

|Ck|
ÿ

i,jœCk

1
Kii+Kjj ≠2Kij

2
= 2

ÿ

i

Kii ≠
ÿ

k

2

|Ck|
ÿ

i,jœCk

Kij

Combinatorial problem that needs only the kernel K



Spectral Clustering
20

<latexit sha1_base64="x5A3jCRzx7HGScgTd066ZYrWGaE=">AAAFMnicjVNdbxJBFF1a1Lp+tfroy6SFpDGUsI1WX5o0IkkTU6XWfphOJbPLBabszmx2BgpO91/56B/RN+OrP8I7LCDQxDjZZM+ce+6583X9OORKVyrfc0vL+Vu376zcde/df/Dw0era4xMle0kAx4EMZXLmMwUhF3CsuQ7hLE6ARX4Ip363auOnfUgUl+KjHsZwEbG24C0eMI1UY/Ub9aHNheEaIv4FUpdaRAz1W6S7dQBMKF </latexit>

⌅ k-Means Clustering Problem
max

C – partition of V

ÿ

k

1

|Ck|
ÿ

i,jœCk

Kij
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⌅ Rewriting Objective as Trace

• Express the objective using normalized cluster indicator matrix X œ Rn◊k:

Xik =

Y
]

[

1Ô
|Ck|

, i œ Ck

0, otherwise
, X€X = I. — combinatorial set X

ÿ

k

1

|Ck|
ÿ

ijœCk

Kij =
ÿ

k

1

|Ck|
ÿ

ij

XikXjkKij =Tr(X€KX)

⌅ Relaxation:

max
XœRn◊k

Tr(X€KX) s.t. XTX = I

• Solution: X is top-k normalized eigenvectors of K

• For graphs, use K = W̃

• Eigenvectors are the same as those of Lsym = I ≠W̃ , eigenvalues are in reverse order
• The first eigenvector is always 1

• To recover partition, discretize X, by common k-means clustering



Laplacian Eigenvectors
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First non-trivial eigenvector, in this example discovers the main ordering direction

Can be used as new features, aggregating the shape information and invariant to isometric 
transforms. Useful for (non-rigid) shape matching and positional encoding in Graph NNs.

NN graph of data points embedded in 3D
Example 1:

Example 2:

Eigenvectors



Multiway Normalized Cut (Ncut)
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⌅ The multiway normalized cut objective:

Ncut(C1, . . . ,CK) =
Kÿ

k=1

cut(Ck, C̄k)

vol(Ck)
, cut(Ck, C̄k) =

ÿ

iœCk,j /œCk

Aij, vol(Ck) =
ÿ

iœCk

di

⌅ Equivalent objective:
ÿ

k

1

vol(Ck)

ÿ

i,jœCk

Aij, — similar to k-means

⌅ Trace Reformulation
• Introduce the normalized cluster indicator matrix X œ Rn◊k with entries:

Xik =

Y
]

[

1Ô
vol(Ck)

, i œ Ck

0, otherwise
, X€DX = I

• Then the multiway Ncut can be written as trace:

Ncut(C1, . . . ,Ck) = Tr
!
X€AX

"

⌅ Relaxation:

max
X : X€DX=I

Tr
!
X€AX

"
= max

Y : Y €X=I
Tr

!
Y €ÃY

"

• Same relaxation as spectral clustering for Ã

⌅ Special case k = 2: reduces exactly to the 2-way Ncut problem and its relaxation


