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Motivation - Nonlinear regression
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Motivation - Nonlinear regression
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Multivariate Gaussian distributions

* Guassian distribution is a building block of Guassian Processes

* Multivariate Gaussian distribution is defined by: pand X

~N(p, %)

5 = Cov(Xi, X;) = B [(Xi — mi)(X; — 115)"]
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Multivariate Gaussian distributions -
cont.

* Gaussian distribution has a nice property of being closed under conditioning and
marginalization

* Marginalization:
* We can extract partial information from multivariate probability distribution

Pxy = Kf] ~N(p,Z) = N ([u;{] | {EXX zXYD

1y Yyx Xyy

X~ N(px,Xxx)
Y ~ N(F’Ya EYY)

* Each partition X and Y only depends on its corresponding entries in g and £




Conditioning

* It determinate the probability of one variable depending on another variable

* As with Marginalization conditioning leads to Gaussian distribution

X|Y ~ N( Ux + Exyg;%f(y — [l.y), Yxx — EXYE;%,EYX )
YIX ~ N(py +ZyxExx (X — px), Syy — SyxSxxZxy )




MARGINALIZATION (Y) CONDITIONING (X =1.2)

pY =0

HY|X = 0.01

Gortler, et al
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Intuition behind GP

* There is a problem with above mentioned approach for nonlinear regression

* The solution lies in how the covariance matrix is generated

Y(x1,x9) = K(x1,x%2) + Iaf

1

2e_ 2|2 (Xl —X2 )2

K(x1,x2) =0
* The RBF kernel ensures the smoothness of the covariance matrix
* We can calculate convariance matrix for any real-values x; and x, by simply plugging them in

* The real-values x; effectively result in an infinite-dimensional Gaussian defined by X




Y (x1,%2) = K(x1,%2) + Ia)?

O | _ 2
K(x1,xg) = o222 b1
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Gaussian Processes

*"A Gaussian process is a collection of random variables, any finite number of which have
consistent Gaussian distributions”

* GP is defined by:
* Mean function m(x)

* Convariance function K (x, x")

f(z) ~ GP(m(z), K(z,2'))




(Gaussian Processes are non-parametric

* Gaussian processes are non-parametric y 7y
* non-parametric = model with infinite number of parameters (%)
y(z) = f(z) + eoy
p(f) — N(O: 1) X

* We can place a Gaussian process prior over the nonlinear function (parametric function above is
drawn from the Gaussian process)

p(f(z) | 0) = GP(0, K(z,2"))
K(2,2') = o’ exp(~ 1> (z — 2')?)
* We can add Gaussian noise g,,to the model, since the sum of Gaussian variables is also Guassian

p(f(z) | 6) = GP(0, K(z,z') + Ioy)




RBF Kernel

Non-parametric (oo-parametric) Parametric model
p(y|0) = N(0,%)
3.
B(x1,%x2) = K(x1,x2) + lo? y(x) = f(x;0) + oye
2~z (x1—x2)? ’ g
K(x1,x2) = o“e” 27 e ~N(0,1)

* 1

vertical-scale horizontal-scale

Y =

arg max log p(y |0)
ho Yuge Shi




RBF KERNEL PERIODIC LINEAR
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Computation

* How do we do computation with an infinite by infinite matrix?

* Marginalization

p(yl,v2)=N([ b ] | [ . gD

* We can easily compute the probability of y; using the marginalisation property

@ =~ ([RL[R 2]) — wv-aan




GP - Prediction




GP - Prediction

* To make predictions about y; given the observation y,, we can use Bayes rules to calculate
p(V1ly2)

L p(yla y2)
p(y1|y2) — p(y2)

* Because p(v4), p(y,) and p(y4, y,) are all Gaussians, p(y;|y,) is also Gaussian

p(Y,]Y2) = N(a+ BC—l(yZ —b),A— BC—lBT)

frv\‘wtwe Wean A deicﬂve
cavariance >

Yuge Shi




GP - Prediction

= p(Y1]Y,) =N(a+ BC_l(VQ —b),A— BC_lBT)

o T

predictive mean predictive covariance
y,ly, =a+BC ' (y, —b) Yy,ly, =A—BC B’
=BCy, predictve _  prior  _ reduction in
uncertainty  uncertainty uncertainty
= Wy,
linear in the data predictions more confident than prior
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GP - Classification

 Covariance function (K) is called the latent function

* GP for classification also requires a link function

* The logistic function can be used

For the binary discriminative case one simple idea is to turn the output of a
regression model into a class probability using a response function (the
inverse of a link function), which “squashes” its argument, which can lie in the
domain (-inf, inf), into the range [0, 1], guaranteeing a valid probabilistic
interpretation.

Rasmussen, C. E.

* This is complicated, because now we're multiplying normal distribution with some non-normal
distribution, so the resulting distribution is no longer normal. Due to that, marginalization (step
in training on observations) is much harder to compute (approximations needed)
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