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¢ Learning Max-Sum classifiers on acyclic graphs
¢ Learning Max-Sum classifiers with super-modular functions

¢ Learning generic Max-Sum classifiers via LP relaxation
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¢ Given T ={(29y) € X x Y |i=1,...,m} and a feature map
¢d: X x)Y — R" we want to learn w € R"™ of a classifier

h(z;w) = argmax{w, ¢(z,))
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m “ yey
=1

RV (w) = 3 e (£00',0) + (. D", 0) — (w0, 909
® Forevery loss £: Y x Y — R, such that {(y,y) =0 <= y =1/, it
holds that RY(w) > Rym(h) = 257" L(y*, h(z%; w)).
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® The first order oracle computes the risk

™m

RV (w) = 3 e (£00',0) + (. Bla", )~ (w0, 9("9))

and one of its sub-gradient g € ORY(w) at any w € R", e.g.
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¢ To this end, we need to solve the loss augmented classification problem

J' = argmax (5(?/5 y) + (w, p(a", y)>>

yey
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® The max-sum classifier

g = argmax (w, ¢(z,Y)) == Y (@0, %) + Y Gou (Yo Yor)

yeyVy veV {v,v'}e€&

where qv(x7y) — <w, va(xvy» and gvv’(yvy) — <w7 ¢UU’(y7y/)>
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® The max-sum classifier

A

g = argmax (w, ¢(z,Y)) == Y (@0, %) + Y Gou (Yo Yor)
ye)yV vEY {v,w'}e&

where qU(xa y) — <w, va(xv y)> and gvv’(yv y) — <w7 ¢UU’(y7 y/)>
¢ Hamming loss {(y,y’) = Zvev[yv #= Yo/

® The loss Augmented Classification Problem

g = argmax [((y'.y) + (w. p(x',p))]
ye)yV -

argmax Z ([yi#yv]Jrqv 7%}) > Goor (Yo o) }

yeyV =Y {v,v'}e&
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® The max-sum classifier
g = argmax (w, d(x,y)) = > @@, %)+ Y Gou (Yo Yor)
ye)yV vEY {v,w'}e&
where QU(xa y) — <’lU, ¢v($, y)> and gvv’(y7 y) — <w7 ¢vv’(y7 y/)>
¢ Hamming loss {(y,y') = >, cylvw # vyl
® The loss Augmented Classification Problem
g = argmax [((y'.y) + (w, d(a'.y))]
yeyV -
= argmax Z ([y,fj ?é yv] -+ C]U 7yv ) Z G’ yva yv }
yeyv =Y {v,v'}e&

¢ The ACP is tractable for acyclic graph (V,€).
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©® The max-sum classifier

g = argmax (w, ¢(x,Y)) == Y (@, %) + Y Goo (Yos Yr)

yeyVy veV {v,0'}e€

where g,/ (y,y) = (w, ¢, (y,y’)) is super-modular.
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¢ SO-SVM leads to

A
w” = argmin <§Hw|]2 + R¢(w)>

weRN
subject to

oo (Y U) + Gou (Y + 1,y + 1) — 9o (v, 4" + 1) — gour(y + 1,4") >0,
{v,o'}y e & y,y e {l,..., K —1}
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©® The max-sum classifier

g = argmax (w, ¢(,y)) == Y (@0 ¥o) + Y Gou (Yo, Yor)

yeyVy veV {v,0'}e€

where g,/ (y,y) = (w, ¢, (y,y’)) is super-modular.
¢ SO-SVM leads to

A
w” = argmin <§Hw|]2 + R¢(w)>

weRN
subject to

Goo'(Ys Y) + Goo (Y + 1L,y + 1) — 9o (v, 4" + 1) — gour(y + 1,4") >0,
{v,o'}y e & y,y e {l,..., K —1}

® Provided the solver maintains intermediate solution w feasible the ACPs
are sub-modular and thus tractable.
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¢ Constrained regularized convex risk minimization

A
w" € argmin <§Hw\|2 + R(w)) st. Aw<b
weR"
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Constrained regularized convex risk minimization

A
w" € argmin <§H’w\|2 + R(w)> st. Aw<b
weR"

The BMRM algorithm:

1. Init: t + 0, wg € R"

2. Compute R(w;) and g; € OR(w;)

3. Solve the constrained reduced problem

A
w1 = argmin (gHwHZ + Rt(w)) st. Aw<b
weRM

where
Ri(w) = max | R(w,) + (givw — w,)|

1=0,...,t

4. if min;—y ¢ F(w;) — Fy(wyy1) < € stop elset <t + 1 go to 2.
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General max-sum classifier learned via LP relaxation

® The ACP leads to

@
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§' = argmax f'(y,w) := ) ([yi £ yo] + qu(@’, yo ) > Goo Wos Yo

yeyVy veV {v,0'}e€
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General max-sum classifier learned via LP relaxation

® The ACP leads to

§' = argmax f'(y,w) := ) ([yi £ yo] + qu(@’, yo ) > Goo Wos Yo

yeyVy veV {v,0'}e€
® The value of ACP can be upper bounded via the LP relaxation:

max f*(y,w) < min E*(p, w)
ye)yV P
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® The ACP leads to

§' = argmax f'(y,w) := ) ([yi £ yo] + qu(@’, yo ) > Goo Wos Yo

yeyVy veV {v,0'}e€
® The value of ACP can be upper bounded via the LP relaxation:

max f*(y,w) < min E*(p, w)
ye)V P

where ¢ € R2I€1Y] is composed of Oov's Por: YV — R, {v,v'} € £ and

Zmaxq (y, x ,yv + Z max 9 (yvy/)

/ 2
ot (y,y") ey

0@y, 2ty = W F vl @) — Y @uly), veEV,yeY

92y, y") = guu (YY) + oY) + 0un(y), {v,0'} €&y, y €)Y

7/11
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General max-sum classifier learned via LP relaxation

® The LP-relaxed margin-rescaling loss:

P(x' y',w) = max (f(yi,y)+<w,¢(wi,y)>) — (w, p(x',y"))

ycyV

min E'(p,w) — (w, ¢(x',y"))

wLP(mia yia ’UJ)

VAN
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General max-sum classifier learned via LP relaxation

® The LP-relaxed margin-rescaling loss:

P(x' y',w) = max (f(yi,y)+<w,¢(fvi,y)>) — (w, p(x',y"))

ycyV

min E'(p,w) — (w, ¢(x',y"))

Yrp(x, y', w)

VAN

¢ SO-SVM leads to

A
w” = argmin (—||wa2 + Rw(w)>

where

1 o
R¥(w) = — > e’y w)
1=1
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Let us consider a convex constrained problem

w” € argmin F(w)
we W

where YW C R" is a closed convex set and F': ¥V — R is convex.
SGD uses oracle which for given w! provides a stochastic estimate §° of
the sub-gradient g* € OF (w') such that

Egt _ gt

For example, in our setting

F(w) = |+ Zf )= =3 (Glwl*+i(w)) = ZF

the oracle picks 7+ € Z uniformly at randomly and provides a sub-gradient

Qt S an(wt)
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The SGD algorithm: starting from w! = 0, SGD computes new iterates
recursively as follows

w1l = Ty, (wt B ntgt)
where 1)y : R™ — VV denotes projection on W, i.e.

ITyy(w) = argmin ||w’ — wl|
w'eW

and n! is a sequence of step-sizes.

The theoretical results require a fixed step size, typically, > .~ 7" = o0
and lim; ..o nt = 0.

No stopping condition which would provide a certificate of optimality,
instead, SGD is stoped based on monotorring the validation error.
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¢ Definition: function F': YW — R is A-strictly convex iff the function
F(w) — 5||w||? is convex. E.g. F(w) = 3|wl|]? + R(w) is A-strictly
convex iff R(w) is convex.

¢ \-strictly convex functions: Suppose F' is A-strictly convex, and that
E[|g"]|?] < G?, Vt. Consider SGD with step sizes 1t = +;. Then for any
t > 1, it holds that

_ 17G*(1 + log(t))
- At

E[F(w') — F(w")]

¢ Convex functions: Assume that F' is convex and that for some
constants D, G it holds that E[||g*||] < G, Vt, and
SUD,, wiew ||[w — w'|| < D. Consider SGD with step size n* = <7 where
c > 0 is a constant. Then for any ¢ > 1 it holds that

t * D2 2 2+10g(t)
E[F(w') — F(w )]§<—+CG> v

C
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