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Setting:
¢ (V,€) is undirected graph; V are parts and £ C (M) are related parts
® rx=(r,cX|veV)cXinputs;y=(y, €YV |veV) €Y labels
® g=(9p: XxY—=>R|vEYD)
¢ g=(go: Y x Y = R|{v,0} € )

Max-sum classifier: h: XY — YV returns labeling

h(z;q,g) = Argmax f(2,y;¢,9) = Y _ qu(To, %) + > Gou (Yo, Yur)
yeyVy veyV (v, e€
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Task:

¢ q(z,y) = (W, 9u(z,9)) and guu(y,y) = (W, Puu (Y, ')

¢ Given linearly separable training set
T ={(z",y") e XY x YV |i=1,...,m}

find quality functions g, g (or w) such that

y' = h(z';q,g) = argmax f(z',y;q, g) = argmax({w, p(z’, y))
yeyV yec)V

holds for all 2 =1,...,m
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Tractable classification oracle

® The Perceptron algorithm requires a classification oracle

y* — h(ma qag) — argmax [Z Q’l)(x’U? yv) + Z gvv’(yvv yv’)]

yeyVy veV {v,v'}e€&

¢ The max-sum problem P = (€,V, q, g, x) is tractable if:
(1) (V,€&) is acyclic graph
(2) gpo: Y XY —= R, {v,0'} € £ are super-modular:

Gou' (Yus Yo) + Gou Yas Yor) = Gou (Yo Yir) + Goor Yy Yor)

holds for every y,, >y, and y,» > ..

(3) P=(V,&,q,9,x) has a strictly trivial equivalent:
The LP relaxation is tight and optimal solution can be recovered easily.
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® The max-sum problem

y* € argmax f(x,4:q,9) == Y (@, y0) + Y oo (Yo, Yor)
yeYV veY {v,w'}e€

® The LP relaxation of the max-sum problem

[J, — argmax [Y Y,uv Q'U xv,yv + Z Z Koy’ y y)gvv (y y)

VEY yEY {v,v'}EE (y,y)eV?

subject to

Z uvv’(yay/> — Mv(y)a {07?}/} S g7y S y7

vey

(]

5
I
\.}—\
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The dual of the LP relaxation leads to an unconstrained problem

*

@* = argmin E(x,q¥,g¥) := Zmaxqf(xv, -+ Z maxg (y,y)
HCR2IENY ey YV (0 TEE Wy

where ¢ comprises ©,,/: YV = R, 0,0 Y = R, {v,v'} € £ and

9- (v v) = guw (V) + QoY) + 0un(y), {v,0'} el yy €l
qchp(y) Q’U(y) — Z Spvv’(y)v velV,yey

When is the LP relaxation tight, i.e. E(xz,q% ,g% ) = f(z,y*,q,9) ?

If the LP relaxation is tight how to get the labels y* 7
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¢ Let P¥ = (V,&,q%, g%, x) be the max-sum problem constructed from
P=(,&,q,g,x) by the re-reparametrization

9t (1, Y) = Guur(¥,¥) + Qv (y) + @un(y), {v,v'} €& y,y €
a5 () w@) = Y o), veEV,yeY

(R)

¢ P=WV,¢&q,9,2) and P= (V,&,q',g’,x) are equivalent, i.e.
f(x,y,q.9) = f(x,y,4',9'), Vy € YV, iff they are related by (R).

® The dual of LP relaxation finds in the class of equivalent problems
{P? | p € R?EIVI} the one with the minimal energy E(x, g%, g¥).
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Let us define a set Cp C VY which contains labelings y € Cp such that

qu(ajfua y’U) Z max qv(xvg y) ’ (V) E V
yeV\{yv} / (Triv)
gvv’(yva yv’) > max gvv’(yv Y ) ) {?J, ?}/} S

(v, €V \{yv, Y}

Definition 1. The max-sum problem P = (V,&,q, g, x) is called trivial if
Cp # 0.

Definition 2. The max-sum problem P = (V,&,q,g,x) is called strictly
trivial if it is trivial and all the inequalitites (Triv) are satisfied strictly.

Definition 3. The max-sum problem P = (V,&,q, g, x) has a (strictly)
trivial equivalent iff there exist ¢ such P = (V,&,q%,g%,x) is (strictly)
trivial.
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Theorem 1. For any max-sum problem P = (V,&,q, g, x) the inequality

E(x,q,9) > max f(x,y,q9,9)
yelyVv

holds true. The bound is tight if and only if P is trivial.

PROOF":
¥ oo S s ) 2 g (3 a0t E )
v,v’ yEy yey
Y —argmem(qu (0, Y +Zgw y,y)>
yeYY vey v,/

mg“XQ’U(ZE’Uay) — QU(xvayi)a Vo eV

I;lzx g’ <y7 y/) — gvv’(y;)ka yz/) ) V{Uv U,} c&
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(1) Solve the dual of LP relaxation

¢" = argmin F(z, g%, g%)
WY

(2) Check the tightness of the LP relaxation by try to find y € Cp:

(A) Checking that P¥" is strictly trivial requires O(|V||Y| + |E]|V|?)
operations.

(B) Finding the consistent labeling can be expresses as a constraint
satisfaction problem which is NP-complete in general.

CSP is an instance of max-sum problem with quality functions
(q,g) taking only values {—o0,0}.
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Task: Given {(z!,y!),..., (2™ y™)} € (XY x YV)™ find (q, g) such that

y' = h(x'q,g9),i€{l,...,m},and P'= (V,E,q,g9,x"), i€ {1,...,m},
have a strictly trivial equivalent.

It P=(V,&,q,g,x) has a strictly trivial equivalent and optimal solution is
y* then there must exist ¢ such that the re-parametrized quality functions

a5 (y)
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©
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s

veV,ye)y

g;ov/(ya y/) — gvv’(ya y/) + Spfuv’(y) =+ Spv’v(y/)a {Ua U/} - 57 Y, y/ c)y

satisfy

yeY\{y5}

P / /
max g, yy), uviel
v,y eVA\{(y5.u7)} ( b j

QP (zy,yr) > max ¢f(xy,y), vEY
>

gt (s, k)
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Learning the max-sum problem with STE is equivalent to solving a set of
m(|V|(|Y| = 1) + |E](|Y|? — 1)) strict linear inequalities w.r.t. ¢’ € R2I€IV]
i€ {1l,...,m} and w € R™.

A) Forallie {1,...,m}veV,ye Y\ {y:} satisfy

(w, py(2h, y5)) Z OLo(yh) > (w, du(2h, ) — Y @hu()

B) Forallie {1,...,m},{v,v'} € £, (y,y') € Y\ {(vs,v,/)} satisfy

(W, P (Yo, Y2)) + 00 (Yl) + 0L (Ul) > (W, P (y, y)) + 0L (y) + 0%, (V)
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Theorem 2. Let P= (V,&,q,g,x) be a max-sum problem and let P have
a unique solution. If (V,E) is an acyclic graph or quality functions g are
super-modular then P is equivalent to some strictly trivial problem.
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puzzle assignment solution
8 7161314 12 81119 |5
11915 |6 2 411191516 31|12 |78
2 15 1 310 21581911 |71]3 |6 |4
9 2 8 |1 9 (3 (4|7 |5 ]2]6 |81
81216 9 1 81216 (3914 |5 |7
5|7 1 2 5171611 (81419 |3 |2
2 |1 9 4 13 6 (2 |1|8]|9 (51|74 3
5 716 |8 3141527618119
819 3 819 (713141151216

The task of Sudoku game is to fill empty fields such that each row, each
column and each 3 x 3 field contains numbers {1,2,...,9}.
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Y = argmax ( > a(@e yo) > 9w ) )

yeyVy VeV {v,0'}e€&

copy glven f'e|d5 neighbors must be different

V={(G,j)eN?|1<i<91<j<9}
r=(zr,c{,1,...,9} |veV)e XV
y=(y, €{1,...,9} v eV) eV

E={{0,5), @0} [i=dVvi=3"V([i/3] =T[{/3IA[5/3] =[J"/3])}
g: {L0,1,...,9} x{1,...,9} = {0, —oco} such that

| oo if xAFUANYy #x
a(z,y) = { 0 otherwise
0 if y#y
. 2 . N —
g:1{1,...,9}* = {0, —oco} such that g(y, 1) {—oo oy =
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