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Question

Our domain is described by a set of random variables X3, ..., Xy. Without loss of
generality, we can factorize the joint distribution using the chain rule as

Markov Models

e Question

e Time and space
e Markov models i=1
e Joint

o Question: MC Then we learn that in our domain it is reasonable to assume that X; 1L Xj,..., X; »|X;_1.
Dample How does this assumption simplify our factorization of the joint distribution?

e Prediction
e Stationary

distribution
e Question l P(X1, .« /XN) — Hfil P(XZ)
e PageRank
HMM B P(Xq,...,XN) = H{T\i1 P(X;|Xi-1)
Summary
l P(Xy,...,XN) =TIV, P(X;|X1,..., Xi_p)

l This assumption does not help us simplify the factorization.
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Reasoning over Time or Space

In areas like

m speech recognition,

Markov Model .
T m robot localization,

e Question

e Time and space = medical monitoring,

e Markov models

o Joint m language modeling,
e Question: MC - DN A analYSiS,
Example

e Prediction H
e Stationary

distribution we want to reason about a sequence of observations.

e Question

4

e PageRank

HMM

Summary
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Reasoning over Time or Space

In areas like

m speech recognition,
Markov Models
e Question

e Time and space m medical monitoring,

e Markov models

m robot localization,

® language modeling,

e Joint

e Question: MC  DNA analysis,

Example

e Prediction | .oy

e Stationary

distribution we want to reason about a sequence of observations.

e Question

* PageRank We need to introduce time (or space) into our models:

m A static world is modeled using a variable for each of its aspects which are of interest.

Summary

m A changing world is modeled using these variables at each point in time. The world is
viewed as a sequence of time slices.

= Random variables form sequences in time or space.
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Reasoning over Time or Space

In areas like

m speech recognition,
Markov Models
e Question

e Time and space m medical monitoring,

e Markov models

m robot localization,

® language modeling,

e Joint

e Question: MC  DNA analySiS,

Example

e Prediction | .oy

e Stationary

distribution we want to reason about a sequence of observations.

e Question

* PageRank We need to introduce time (or space) into our models:
HMM : . : : i i '

m A static world is modeled using a variable for each of its aspects which are of interest.

Summary

m A changing world is modeled using these variables at each point in time. The world is
viewed as a sequence of time slices.

= Random variables form sequences in time or space.

Notation:
m X, is the set of variables describing the world state at time t.

m X! is the set of variables from X, to Xj,.

= E.g, X! corresponds to variables X, ..., X;.
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Reasoning over Time or Space

In areas like

m speech recognition,
Markov Models
e Question

e Time and space m medical monitoring,

e Markov models

m robot localization,

® language modeling,

e Joint

e Question: MC  DNA analySiS,

Example

e Prediction | .oy

e Stationary

distribution we want to reason about a sequence of observations.

e Question

* PageRank We need to introduce time (or space) into our models:
HMM . . . . . . .

m A static world is modeled using a variable for each of its aspects which are of interest.

Summary

m A changing world is modeled using these variables at each point in time. The world is
viewed as a sequence of time slices.

= Random variables form sequences in time or space.

Notation:
m X, is the set of variables describing the world state at time t.

m X! is the set of variables from X, to Xj,.

= E.g, X! corresponds to variables X, ..., X;.

We need a way to specify joint distribution over a large number of random variables
using assumptions suitable for the fields mentioned above.
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Markov models

Transition model

m In general, it specifies the probability
Markov Models distribution over the current state X;

e Question given all the previous states Xé_lz ,A\
e Time and space @ @/ @ @ o
e Markov models

P(Xi|Xp™)

e Joint
e Question: MC
Example

e Prediction
e Stationary
distribution

e Question
e PageRank

HMM

Summary
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Markov models

Transition model

m In general, it specifies the probability
Markov Models distribution over the current state X;

* Question given all the previous states Xé_lz ,A\
e Time and space @ @/ @ @ o
e Markov models

t—1
o Joint P(X¢| Xy )

e Question: MC
Example

* Prediction m Problem 1: X(t)_1 is unbounded in size as t increases.

e Stationary

distribution m  Solution: Markov assumption — the current state depends only on a finite fixed

e Question .
number of previous states. Such processes are called Markov processes or Markov
chains.

e PageRank

HMM

Summary
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Markov models

Transition model

m In general, it specifies the probability
Markov Models distribution over the current state X;

* Question given all the previous states Xé_lz ,A\
e Time and space @ @/ @ @ e
e Markov models

t—1
e Joint P(Xt |XO )
e Question: MC
Example
© Drediction = Problem 1: X) ! is unbounded in size as t increases.
e Stationary
distribution m  Solution: Markov assumption — the current state depends only on a finite fixed
e Question .
« PageRank number of previous states. Such processes are called Markov processes or Markov
chains.
HMM
. m First-order Markov process:
ummary

P(X¢|Xy") = P(X¢|X¢-1)

m  Second-order Markov process:

P(X:|X§™") = P(Xe]X[237) @ @p@ @
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Markov models

Transition model

m In general, it specifies the probability
Markov Models distribution over the current state X;

* Question given all the previous states Xé_lz ,A\
e Time and space @ @/ @ @ e
e Markov models

t—1
e Joint P(Xt |XO )
e Question: MC
Example
s Lrediction = Problem 1: X(t)_1 is unbounded in size as t increases.
® ationary
distribution m  Solution: Markov assumption — the current state depends only on a finite fixed
e Question .
« PageRank number of previous states. Such processes are called Markov processes or Markov
chains.
HMM
] m First-order Markov process:
ummary

P(X¢|Xy") = P(X¢|X¢-1)

m  Second-order Markov process:

P(X:|X§™") = P(Xe]X[237) @ @p@ @

=  Problem 2: Even with Markov assumption, there are infinitely many values of t. Do
we have to specify a different distribution in each time step?

m  Solution: stationarity assumption, i.e. assume a process with the transition model not
changing over time:

P(X|X!TH) = P(Xp|XLTh) for b #F.
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Joint distribution of a Markov model

Assuming a stationary first-order Markov chain,

Markov Models @—> -
e Question

e Time and space

‘ }\/If“tkov models the MC joint distribution is factorized as
® JOoIn

e Question: MC

Example T T

e Prediction P(Xy) = P(Xo) [ [ P(X¢|Xi-1).

e Stationary —1

distribution

e Question
e PageRank

HMM

Summary
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Markov Models

e Question

e Time and space
e Markov models
e Joint

e Question: MC
Example

e Prediction
e Stationary
distribution

e Question
e PageRank

HMM

Summary

Joint distribution of a Markov model

Assuming a stationary first-order Markov chain,

the MC joint distribution is factorized as
T

P(X{) = P(Xo) [ [ P(X¢|X¢-1)
=1

This factorization is possible due to the following assumptions:

X L X521 X g

m “Future X is conditionally independent of past X given present X”.

= In many cases, these assumptions are reasonable.

m  They simplify things a lot: we can do reasoning in polynomial time and space!

P. Posik (© 2020
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Joint distribution of a Markov model

Assuming a stationary first-order Markov chain,

Markov Models @—> N
e Question

e Time and space

e Markov models

the MC joint distribution is factorized as

e Joint

e Question: MC

Example T

e Prediction P( H P Xt |Xt 1
e Stationary =1

distribution
e Question

e PageRank

This factorization is possible due to the following assumptions:
HMM

S 2 —
ummary Xt_J_l_X(t) 2 |Xt_1

m  "Future X is conditionally independent of past X given present X”.
= In many cases, these assumptions are reasonable.

m  They simplify things a lot: we can do reasoning in polynomial time and space!

Just a growing Bayesian network with a very simple structure.
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Question: MC Example

m States: X = {rain,sun} = {r,s}
m [Initial distribution: sun 100%
m  Transition model: P(X;|X; 1)

As a conditional prob. table:
Xi1 X P(Xe|Xp1)

sun sun 0.9
sun rain 0.1
rain sun 0.3
rain rain 0.7

P. Posik (© 2020

As a state transition diagram (automaton):

0.3

0.1
As a state trellis:

0.7

rain ———— rain

petr.posik@fel.cvut.cz Artificial Intelligence -7 / 37
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Question: MC Example

m States: X = {rain,sun} = {r,s} As a state transition diagram (automaton):
m Initial distribution: sun 100% 07 0.3 0.9
m  Transition model: P(X;|X; 1)

0.1

As a conditional prob. table:
Xi1 X P(Xe|Xp1)

As a state trellis:
0.7

sun  sun 0.9 rain ————> rain
sun rain 0.1
rain sun 0.3
rain  rain 0.7

What is the weather distribution today, i.e. P(Xj), if we are unsure about the weather yesterday, i.e.,
P(XO — 1’) = 0.5and P(XO = S) = 0.5?

l P(X; =r) =0.5,P(X; =s) = 0.5. No info about yesterday, how can we say anything about today?
B P(X;=r)=01P(X;=5)=09
l P(X1 = 7") = O4,P(X1 = S) = 0.6

l P(X;=7)=07DP(X; =s) =03
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Prediction

A mini-forward algorithm:
m  Whatis P(X;) on some day t? P(Xy) and P(X;|X;_1) is known.

Markov Models
e Question P(X:) = P(X B —
e Time and space ( t) xtz—l ( b X1 )
e Markov models
sJomt = ) P(Xe|xi-1) P(x4-1)
e Question: MC X1 N ~ 7 S
Example

Step forward Recursion
e Prediction

e Stationary

fig::;::;n m  P(Xt|x;_1) is known from the transition model.

o PageRank m  P(x;_1) is either known from P(Xj) or from previous step of forward simulation.
HMM

Summary



petr.posik@fel.cvut.cz

Prediction

A mini-forward algorithm:
m  Whatis P(X;) on some day t? P(Xy) and P(X;|X;_1) is known.

Markov Models

e Question P(Xt) = Z P(Xt/ xt—l) —

e Time and space

e Markov models -1

e Joint . — Z P(Xt|xt—1) P(xt—l)
e Question: MC X1 N ~ 7 S
Example

Step forward Recursion
e Prediction

e Stationary
distribution

m  P(X|x;_1) is known from the transition model.

e Question
o PageRank m  P(x;_1) is either known from P(Xj) or from previous step of forward simulation.
HMM
Summary Example run for our example
starting from sun: starting from rain:
t P(Xf :S) P(Xf :1’) t P(Xt :S) P(Xt :1’)
0o 1 0 0 0 1
1 090 0.10 1 03 0.7
2 084 0.16 2 048 0.52
3  0.804 0.196 3  0.588 0.412
oo 075 0.25 o 075 0.25
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Prediction

A mini-forward algorithm:
m  Whatis P(X;) on some day t? P(Xy) and P(X;|X;_1) is known.

Markov Models

e Question P(Xt) = Z P(Xt/ xt—l) —

e Time and space

e Markov models -1

e Joint . — Z P(Xt|xt—1) P(xt—l)
e Question: MC X1 N ~ 7 S
Example

Step forward Recursion
e Prediction

e Stationary
distribution

m  P(X|x;_1) is known from the transition model.

e Question
o PageRank m  P(x;_1) is either known from P(Xj) or from previous step of forward simulation.
HMM
Summary Example run for our example
starting from sun: starting from rain:
t P(Xf :S) P(Xf :1’) t P(Xt :S) P(Xt :1’)
0o 1 0 0 0 1
1 090 0.10 1 03 0.7
2 084 0.16 2 048 0.52
3  0.804 0.196 3  0.588 0.412
oo 075 0.25 o 075 0.25

In both cases we end up in the stationary distribution of the MC.
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Stationary distribution

Informally, for most chains:

m Influence of initial distribution decreases with time.
Markov Models
e Question

o Time and space m  The limiting distribution P (X) is called stationary distribution and it satisfies

e Markov models

o Joint Pso(X) = Pos1(X) = ZP(X|X)POO(X)

e Question: MC
Example

m  The limiting distribution is independent of the initial one.

e Prediction
e Stationary
distribution

e Question
e PageRank

HMM

Summary
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Markov Models

e Question

e Time and space
e Markov models
e Joint

e Question: MC
Example

e Prediction
e Stationary
distribution

e Question

e PageRank

HMM

Summary

Stationary distribution

Informally, for most chains:

m Influence of initial distribution decreases with time.

m  The limiting distribution is independent of the initial one.

m  The limiting distribution P (X) is called stationary distribution and it satisfies

Poo(X) = Poor1(X) = ) P(X|x) Peo ()

More formally:

m  MC is called regular if there is a finite positive integer m such that after m time-steps,
every state has a nonzero chance of being occupied, no matter what the initial state is.

m  For a regular MC, a unique stationary distribution exists.

P. Posik (© 2020
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Stationary distribution

Informally, for most chains:

m Influence of initial distribution decreases with time.

l\f“éioe‘;:i\gzdels m  The limiting distribution is independent of the initial one.

o Time and space m  The limiting distribution P (X) is called stationary distribution and it satisfies

e Markov models

:g:z%tion:MC POO(X) — P00—|-1 (X) - ZP(X|X>P°°(X)

Example x

e Prediction

o Stationary More formally:

distribution

e Question m  MC is called regular if there is a finite positive integer m such that after m time-steps,
* PageRank every state has a nonzero chance of being occupied, no matter what the initial state is.
HMM

m  For a regular MC, a unique stationary distribution exists.

Summary

Stationary distribution for the weather example:
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Markov Models

e Question

e Time and space
e Markov models
e Joint

e Question: MC
Example

e Prediction
e Stationary
distribution

e Question

e PageRank

HMM

Summary

Stationary distribution

Informally, for most chains:

m Influence of initial distribution decreases with time.
m  The limiting distribution is independent of the initial one.
m  The limiting distribution P (X) is called stationary distribution and it satisfies

Poo(X) = Poor1(X) = ) P(X|x) Peo ()

More formally:

m  MC is called regular if there is a finite positive integer m such that after m time-steps,
every state has a nonzero chance of being occupied, no matter what the initial state is.

m  For a regular MC, a unique stationary distribution exists.

Stationary distribution for the weather example:

Poo(s) = 3P () Two equations saying the same thing.
But we know that Py (s) + Po(r) =1,
Puo(r) = % Pu(s) thus Peo(s) = 0.75 and Peo (r) = 025

P. Posik (© 2020
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Markov Models

e Question

e Time and space
e Markov models
e Joint

e Question: MC
Example

e Prediction
e Stationary
distribution

e Question
e PageRank

HMM

Summary

Question: Stationarity assumption vs. Stationary Distribution

Stationarity assumption: model parameters (transition model) do not change, i.e.,

P(X1|Xo) = P(X2|X2) = P(X3|X2) = ... = P(X¢|X;_1).

Stationary distribution is the limiting distribution of P(X;), i.e.,

P (X) = lim P(X}).

t—o0

What is the relation of stationarity assumption and stationary distribution?

They are basically the same things. Stationarity assumption holds if and only if MC
has a stationary distribution.

B The two concepts are different, but stationarity assumptions guarantees the existence
of stationary distribution.

l The concepts are different, but if stationarity assumption does not hold, the MC does
not have a stationary distribution.

These two things are mostly unrelated, the word ”stationary”is used in two different
contexts.

P. Posik (© 2020
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Google PageRank

= The most famous and successful application of stationary distribution.

m  Problem: How to order web pages mentioning the query phrases? How to compute

Markov Models relevance /importance of the result?
:%ﬁ:iiﬁ e s Idea: Good pages are referenced more often; a random surfer spends more time on
o Markov models highly reachable pages.
:g:;iﬁm e m  FEach web page is a state.
Example m  Random surfer clicks on a randomly chosen link on a web page, but with a small
:gtra,et?;iha?; probability goes to a random page.

distribution

m  This defines a MC. Its stationary distribution gives the importance of individual

e Question

e PageRank pages.
HMM m In 1997, this was revolutionary and Google quickly surpassed the other search
Summary engines (Altavista, Yahoo, ...).

= Nowadays, all search engines use link analysis along with many other factors (rank
getting less important over time).
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Hidden Markov Models
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Markov Models

From Markov Chains to Hidden Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

m  MCs are not that useful in practice. They assume all the state variables are observable.
s HMMs, at any time slice t, describe the world by (X;, E;) where

m  X; are the hidden state variables, and

m E; are the observable variables (evidence, effects).

m In general, the probability distribution over possible current states and observations
given the past states and observations is

P(Xy, E¢| X5 EFY)

m  We still assume Markov property and stationarity. Additionally:

m  Assumption: past observations Ei_l have no effect on the current state X; and obs. E;
given the past states Xi_l. Using the first-order Markov assumption, then

P(Xy, E¢| X571 ES7Y) = P(Xe, Et| Xe-1)

=  Assumption: E; is independent of X;_; given X;, then

P(X, E¢|X;—1) = P(X¢|X¢—1)P(E¢| Xt)

P. Posik (© 2020
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Hidden Markov Model

HMM is defined by

m the initial state distribution P(Xy),

m the transition model P(X;|X;_1), and

m the emission (sensor) model P(E;|X;).

m [t defines the following factorization of the joint distribution

T

P(XJ,E) = P(Xo) [ P(Xi|Xi1) P(Ei|X))
\ / =1 (. ~ S \a ~ /

Init. state

Transition model Sensor model

P. Posik (© 2020
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Hidden Markov Model

HMM is defined by

m the initial state distribution P(Xy),
m the transition model P(X;|X; 1), and
m the emission (sensor) model P(E;|X;).

m [t defines the following factorization of the joint distribution

P(Xy,E{) = P(Xo) [ ] F(Xt|Xt—1)

T
1

\“/-/t: ~\~

P(E¢| X})

g

Init. state

Independence assumptions:

Xo I Xo, E1| X4

Ex Il Xo, X1, E1| X3

X3l Xo, X3, E1, E2| X2

E; ll Xy, X1, E1, X2, E2| X3

Transition model Sensor model

S

P. Posik (© 2020
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Markov Models

HMM Examples

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

m  Speech recognition: E — acoustic signals, X — phonemes

m  Machine translation: E — words in source lang., X — translation options
=  Handwriting recognition: E — pen movements, X — (parts of) characters
m  EKG and EEG analysis: E —signals, X — signal characteristics

= DNA sequence analysis:

m  E - responses from molecular markers, X = {A,C, G, T}

m E={A,C,G,T}, X-subsequences with interesting interpretations

m  Robot tracking: E — sensor measurements, X — positions on a map

m  Recognition in images with special arrangement, e.g. car registration labels: E -
images of columns of the registration label, X — characters forming the label

P. Posik (© 2020
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Weather-Umbrella Domain

Suppose you are in a situation with no chance of learning what the weather is today.

®=  You may be a hard working Ph.D. student locked in your no-windows lab for several
days.

= Or you may be a soldier guarding a military base hidden a few hundred meters
underneath the Earth surface.

The only indication of the weather outside is your boss (or supervisor) coming to his
office each day, and bringing an umbrella or not.

P. Posik (© 2020
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Weather-Umbrella Domain

Suppose you are in a situation with no chance of learning what the weather is today.

= You may be a hard working Ph.D. student locked in your no-windows lab for several
Markov Models days.

HMNé = Or you may be a soldier guarding a military base hidden a few hundred meters
e MC to HMM
o Hidden ML underneath the Earth surface.
e ameie - The only indication of the weather outside is your boss (or supervisor) coming to his
e W-U Example . . .
o MM tasks office each day, and bringing an umbrella or not.
o Filtering
* Online updates Random variables:
e Forward algorithm -
e Umbrella example [ Rti Is it raining on day t?

e Prediction

m U;: Did your boss bring an umbrella?

e Model evaluation

e Smoothing
e Umbrella smooth.
e Forward-backward

e Most likely seq.
o Viterbi Transition model: Emission model:
Summary
Rt—] Rt P(Rt‘Rt—l) Rt Ut P(llt\Rt)

+7r +7r 0.7 +r +u 0.9
+r —r 0.3 +r —u 0.1
—r +r 0.1 —r  Hu 0.2
—r —r 0.9 —r —u 0.8
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HMM tasks

Filtering:

m computing the posterior distribution over the current state given all the previous
Markov Models evidence, i.e.

HMM m P(X; |e§ ).
e MC to HMM . . .
e Hidden MM m  AKA state estimation, or tracking.
e HMM Examples .
o W-U Example m  Forward algorithm.
o HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

HMM tasks

Filtering:

computing the posterior distribution over the current state given all the previous

evidence, i.e.

AKA state estimation, or tracking.

computing the posterior distribution over the future state given all the previous

= P(X;leh).

|

m  Forward algorithm.
Prediction:

|

evidence, i.e.
= P(X;,ile}) for some k > 0.
|

The same “mini-forward” algorithm as in case of Markov Chain.

P. Posik (© 2020
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

HMM tasks

Filtering:

computing the posterior distribution over the current state given all the previous
evidence, i.e.

= P(X;leh).
m  AKA state estimation, or tracking.
m  Forward algorithm.
Prediction:
= computing the posterior distribution over the future state given all the previous
evidence, i.e.
= P(X;,ile}) for some k > 0.
m  The same “mini-forward” algorithm as in case of Markov Chain.
Smoothing;:
= computing the posterior distribution over the past state given all the evidence, i.e.
= P(Xy|e!) for some k € (0,t)
m [t estimates the state better than filtering because more evidence is available.
m  Forward-backward algorithm.
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HMM tasks (cont.)

Recognition or evaluation of statistical model:

= Compute the likelihood of an HMM, i.e. the probability of observing the data given

Markov Models the HMM parameters,
HMM = P(el|0).
e MC to HMM . .
« Hidden MM m If several HMMs are given, the most likely model can be chosen (as a class label).
e HMM Examples .
WU Exemple m  Uses forward algorithm.
o HMM tasks
o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary
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Markov Models

HMM tasks (cont.)

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Recognition or evaluation of statistical model:

Compute the likelihood of an HMM, i.e. the probability of observing the data given
the HMM parameters,

P(et10).
If several HMMs are given, the most likely model can be chosen (as a class label).
Uses forward algorithm.

Most likely explanation:

given a sequence of observations, find the sequence of states that has most likely
generated those observations, i.e.

arg max P(xi|eh).
1

Viterbi algorithm (dynamic programming).

Useful in speech recognition, in reconstruction of bit strings transmitted over a noisy
channel, etc.
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Markov Models

HMM tasks (cont.)

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Recognition or evaluation of statistical model:

Compute the likelihood of an HMM, i.e. the probability of observing the data given
the HMM parameters,

P(et10).
If several HMMs are given, the most likely model can be chosen (as a class label).
Uses forward algorithm.

Most likely explanation:

m given a sequence of observations, find the sequence of states that has most likely
generated those observations, i.e.

= argmax P(x!|e}).

1

m Viterbi algorithm (dynamic programming).

m  Useful in speech recognition, in reconstruction of bit strings transmitted over a noisy
channel, etc.

HMM Learning;:

m  Given the HMM structure, learn the transition and sensor models from observations.

m  Baum-Welch algorithm, an instance of EM algorithm.

m  Requires smoothing, learning with filtering can fail to converge correctly.
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Filtering

Recursive estimation:

®  Any useful filtering algorithm must maintain and update a current state estimate (as
opposed to estimating the current state from the whole evidence sequence each time),

le.
= we want to find a function update such that

P(X¢le)) = update(P(X;_1]et™1), er)
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Filtering

Recursive estimation:

= Any useful filtering algorithm must maintain and update a current state estimate (as
opposed to estimating the current state from the whole evidence sequence each time),

le.
= we want to find a function update such that

P(X¢le)) = update(P(X;_1]et™1), er)

This process will have 2 parts:

1. Predict the current state at t from the filtered estimate of state att — 1.

2. Update the prediction with new evidence at t.
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Filtering

Recursive estimation:

= Any useful filtering algorithm must maintain and update a current state estimate (as
opposed to estimating the current state from the whole evidence sequence each time),
le.

= we want to find a function update such that

P(X¢le)) = update(P(X;_1]et™1), er)

This process will have 2 parts:

1. Predict the current state at f from the filtered estimate of state at t — 1.

2. Update the prediction with new evidence at t.

P(Xt |€§ ) = P(Xt |€§_1, et) = (split the evidence sequence)
= aP(et|Xt, ei_l)P(Xt|€§_1) =  (from Bayes rule)
=3 (et | X ) P (Xt |e§_1 ) (using Markov assumption)

where

® « is a normalization constant,

m  P(e;|Xy) is the update by evidence (known from sensor model), and

= P(X:|e!™!) is the 1-step prediction. How to compute it?
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Filtering (cont.)

1-step prediction:
P(Xelei™") = Y P(Xe, xiqle™!) =
Xt—1

= Z P(Xt\xt—lrei_l)P(xt—l‘ei_l) -

Xt—1

= Y P(Xilx1)P(xi-1lef ),

Xt—1

where
m  P(X|x;_1) is known from transition model, and

= P(x;_1]ef"!) is the filtered estimate at previous step.

(as a sum over previous states)

(introduce conditioning on previous state)

(using Markov assumption)
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Filtering (cont.)

1-step prediction:

t—1\ _ =1\ _ .

Markov Models P (Xt |€1 ) = Z P (Xt s Xt—1 |€1 ) = (as a sum over previous states)
HMM o

o MC to HMM _ ZP(X‘ t—1 P t—1y\ __ . e .

= t|Xt—1,€1 ) (x F—1 ‘61 ) =  (introduce conditioning on previous state)

e Hidden MM X¢_q

e HMM Examples 1

e W-U Example = Z P (Xt | Xt—1 )P (xt_l |€§_ ) p (using Markov assumption)

e HMM tasks Xi_1

o Filtering

e Online updates

e Forward algorithm where

¢ Umbrellaexample @ P(Xy|xy_1) is known from transition model, and

e Prediction

e Model evaluation m P(x; 4 |ei_1) is the filtered estimate at previous step.

e Smoothing
e Umbrella smooth.

e Forward-backward All together:

e Most likely seq.
Viterbi -
s;m:;; P(Xele!) =a P(etXe) Y P(Xilxr—1) P(xi—1lei™)
- Vv N—— Xt—1 ~ -~ 7\ ~ v

new estimate sensor model transition model previous estimate
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Online belief updates

P(X:le)) =a Pler]Xs) Y P(Xe|xe—1) P(xealel™)

Markov Models v Xt—1 h . _V 7N v g
new estimate sensor model transition model previous estimate

HMM

e MC to HMM

o Hidden MM m At every moment, we have a belief distribution over the states, B(X).

e HMM Examples .. .. . . . .

« W-U Example m Initially, it is our prior distribution B(X) = P(Xj).

: E?M fasks m  The above update equation may be split into 2 parts:

e Hiltering

* Online updates 1. Update for time step:

e Forward algorithm

e Umbrella example / !

e Prediction B(X) < ZP(X|X ) - B(X )

xl

e Model evaluation
e Smoothing

¢ Umbrella smooth. 2. Update for a new evidence:

e Forward-backward

e Most likely seq.

R B(X) — sz(e\X) . B(X),
Summary where « is a normalization constant.

m If you update for time step several times without evidence, it is a prediction several
steps ahead.

m If you update for evidence several times without a time step, you incorporate
multiple measurements.

s The FORWARD-UPDATE algorithm does both updates at once and does not normalize!
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Forward algorithm

P(X:le)) =a Pler]Xs) Y P(Xe|xe—1) P(xealel™)
N——

new estimate

— X1

sensor model

7 \Q J
-~ -~

transition model previous estimate

Forward message: a filtered estimate of state at time ¢ given the evidence ¢}, i.e.

1.e.

where

fi(Xe) = aP(e|Xe) Y P(Xe|xe—1) fr—1(x1-1),

Xt—1

ft = & - FORWARD-UPDATE(f;_1, e¢)

s the FORWARD-UPDATE function implements the update equation above (without
the normalization), and

m the recursion is initialized with f(Xo) = P(Xp).
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Umbrella example

On this slide, the ordering of values of R and U is (47, —r) and (4+u, —u), e.g., P(R) = (P(+4r), P(—71)).

P(R¢|R;_1) P(Us|R;)
R;_1 Ry = +r Ry = —r R; U; = +u Ui = —u
+r 0.7 0.3 +r 0.9 0.1
—r 0.1 0.9 —r 0.2 0.8

Day 0:
= No observations, just prior belief: P(Ry) = (0.5,0.5).
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Umbrella example

On this slide, the ordering of values of R and U is (47, —r) and (4+u, —u), e.g., P(R) = (P(+4r), P(—71)).

P(R¢|R;_1) P(Us|R;)
R;_1 Ry = +r Ry = —r R; U; = +u Ui = —u
+r 0.7 0.3 +r 0.9 0.1
—r 0.1 0.9 —r 0.2 0.8

Day 0:
= No observations, just prior belief: P(Ry) = (0.5,0.5).

Day 1: 1st observation U; = +u
m Prediction: P(Ry) =
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Umbrella example

On this slide, the ordering of values of R and U is (47, —r) and (4+u, —u), e.g., P(R) = (P(+4r), P(—71)).

P(R¢|R;_1) P(Us|R;)
R;_1 Ry = +r Ry = —r R; U; = +u Ui = —u
+r 0.7 0.3 +r 0.9 0.1
—r 0.1 0.9 —r 0.2 0.8

Day 0:
= No observations, just prior belief: P(Ry) = (0.5,0.5).

Day 1: 1st observation U; = +u
= Prediction: P(Ry) = Y P(Rq|ro)P(r9) = (0.7,0.3) - 0.5+ (0.1,0.9) - 0.5 = (0.4,0.6)
o
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Umbrella example

On this slide, the ordering of values of R and U is (47, —r) and (4+u, —u), e.g., P(R) = (P(+4r), P(—71)).

P(R¢|R;_1) P(Us|R;)
R;_1 Ry = +r Ry = —r R; U; = +u Ui = —u
+r 0.7 0.3 +r 0.9 0.1
—r 0.1 0.9 —r 0.2 0.8

Day 0:
= No observations, just prior belief: P(Ry) = (0.5,0.5).

Day 1: 1st observation U; = +u
= Prediction: P(Ry) = Y P(Rq|ro)P(r9) = (0.7,0.3) - 0.5+ (0.1,0.9) - 0.5 = (0.4,0.6)
o

m Update by evidence and normalize:
P(R1[u1) =
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Umbrella example

On this slide, the ordering of values of R and U is (47, —r) and (4+u, —u), e.g., P(R) = (P(+4r), P(—71)).

P(R¢|R;_1) P(Us|R;)
R;_1 Ry = +r Ry = —r R; U; = +u Ui = —u
+r 0.7 0.3 +r 0.9 0.1
—r 0.1 0.9 —r 0.2 0.8

Day 0:
= No observations, just prior belief: P(Ry) = (0.5,0.5).

Day 1: 1st observation U; = +u
= Prediction: P(Ry) = Y P(Rq|ro)P(r9) = (0.7,0.3) - 0.5+ (0.1,0.9) - 0.5 = (0.4,0.6)
o

m Update by evidence and normalize:
P(Rq|uy) = aP(uq|R1)P(R1) = «(0.9,0.2) - (0.4,0.6) = «(0.36,0.12) = (0.75,0.25)
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Umbrella example

On this slide, the ordering of values of R and U is (47, —r) and (4+u, —u), e.g., P(R) = (P(+4r), P(—71)).

P(R;|R;_1) P(Uy|R;)
Ri-1 Ry=+r Riy=-—r Ry Ui=+4u U=-—
+r 0.7 0.3 +r 0.9 0.1
—r 0.1 0.9 —r 0.2 0.8

Day 0:
= No observations, just prior belief: P(Ry) = (0.5,0.5).

Day 1: 1st observation U; = +u
m Prediction: P(R;) ZP Rq|rg)P(r9) = (0.7,0.3) - 0.5+ (0.1,0.9) - 0.5 = (0.4,0.6)

m  Update by evidence and normalize:
P(Rq|u1) = aP(u1|R1)P(Ry) = «(0.9,0.2) - (0.4,0.6) = «(0.36,0.12) = (0.75,0.25)

Day 2: 2nd observation U, =
m  Prediction: P(Ry|u1) ZP (Ra|r1)P(r1|u1) = (0.7,0.3) - 0.754 (0.1,0.9) - 0.25 = (0.55,0.45)
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Umbrella example

On this slide, the ordering of values of R and U is (47, —r) and (4+u, —u), e.g., P(R) = (P(+4r), P(—71)).

P(R;|R;_1) P(Uy|R;)
Ri-1 Ry=+r Riy=-—r Ry Ui=+4u U=-—
+r 0.7 0.3 +r 0.9 0.1
—r 0.1 0.9 —r 0.2 0.8

Day 0:
= No observations, just prior belief: P(Ry) = (0.5,0.5).

Day 1: 1st observation U; = +u
m Prediction: P(R;) ZP Rq|rg)P(r9) = (0.7,0.3) - 0.5+ (0.1,0.9) - 0.5 = (0.4,0.6)

m  Update by evidence and normalize:
P(Rq|u1) = aP(u1|R1)P(Ry) = «(0.9,0.2) - (0.4,0.6) = «(0.36,0.12) = (0.75,0.25)

Day 2: 2nd observation U, =
m  Prediction: P(Ry|u1) ZP (Ra|r1)P(r1|u1) = (0.7,0.3) - 0.754 (0.1,0.9) - 0.25 = (0.55,0.45)

m  Update by evidence and normahze.
P(Ry|uq,up) = aP(u2|Ry)P(Ra|up) = «(0.9,0.2) - (0.55,0.45) = «(0.495,0.09) = (0.846,0.154)

Probability of rain increased, because rain tends to persist.
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Prediction

m Filtering contains 1-step prediction.

m  General prediction in HMM is like filtering without adding a new evidence:

Markov Models ; ;
. P(Xpiki1lel) = ) P(Xprksa|xek) P(xepklel)
e MC to HMM Xtk
e Hidden MM
e HMM Examples . .
e W-U Example m [tinvolves the transition model only.
y E?SM fasks m From the time slice we have our last evidence, it is just a Markov chain over hidden
o 1 erlng

states:

e Online updates

e Forward algorithm

= Use filtering to compute P(X;|e! ). This is the initial state of MC.

e Umbrella example

» Prediction m Use mini-forward algorithm to predict further in time.
e Model evaluation
* Smoothing m By predicting further in the future, we recover the stationary distribution of the

e Umbrella smooth. ) . ey
Markov chain given by the transition model.

e Forward-backward

e Most likely seq.

e Viterbi

Summary
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Markov Models

Model evaluation

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

m  Compute the likelihood of the evidence sequence given the HMM parameters, i.e.

P(et).

m  Useful for assesssing which of several HMMSs could have generated the observation.
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Markov Models

Model evaluation

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

s Compute the likelihood of the evidence sequence given the HMM parameters, i.e.
P(et).
m  Useful for assesssing which of several HMMs could have generated the observation.

Likelihood message:

= Similarly to forward message, we can define a likelihood message as

(X)) ' p(x,,et)

m [t can be shown that the forward algorithm can be used to update the likelihood
message as well:

I(X;) = FORWARD-UPDATE(l;_1(X¢—1), et)
= The likelihood of ¢} is then obtained by summing out X;:

Lt = P(ey) = ) li(xt)

m [; is a probability of longer and longer evidence sequence as time goes by, resulting in
numbers close to 0 = underflow problems.

m  When forward updates are used with the forward message f;, these issues are
prevented, because f; is rescaled in each time step to form a proper prob. distribution.
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Smoothing

Compute the distribution over past state given evidence up to present:

P(Xle}) for some k < t.
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Smoothing

Compute the distribution over past state given evidence up to present:

P(Xle}) for some k < t.

Let’s factorize the distribution as follows:

P(Xi|et) = P(Xg|ek, et ) = (split the evidence sequence)
= aP(ef, | Xy, &§)P(Xx|eX) = (from Bayes rule)
= aP(e,q1]Xx) P(Xx E3 (using Markov assumption)
T fiterng forward
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Smoothing

Compute the distribution over past state given evidence up to present:

P(Xle}) for some k < t.

Markov Models
HMM
e MC to HMM ’ . . . . .
o Hidden MM Let’s factorize the distribution as follows:
e HMM Examples P(X PN P(X k B . .
e W-U Example ( k |€1 ) = ( k |€1 7€kt ) = (split the evidence sequence)
° HMM tasks P ; % k P(X o
e Filtering =K (ek+1 | ks €1 ) ( k |€1 ) = (from Bayes rule)
e Online update.s . P( " x P(X k . .
e Forward algorithm = 0 (€ | k) ( k |€1 ) (using Markov assumption)
e Umbrella example ~ ~~ s N——
e Prediction ? tiltering, forward

e Model evaluation

e Smoothing

e Umbrella th.
« Forward backvard Plejs1|Xe) = ). P(ehya ¥ Xe) = (introduce X, 1)
e Most likely seq. Yk+1
@ Viterbi = Z P(e,iH |Xk, xk+1)P(xk+1 |Xk) = (from Bayes rule)
Summary Xki1
= Z P(e,tcﬂ |xk+1 )P(ka |Xk) = (using Markov assumption)
Yk+1
= Z P(ekH, e,tc+2 \ka )P(ka ‘Xk) = (split evidence sequence)
Y41
= Z P(ekH |xk+1) P(e,tc+2 \ka) P(xkﬂ |Xk) (using cond. independence)
X A -~ " ~ O\ ~ v
h sensor model recursion  transition model
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Smoothing (cont.)

P(ep1]Xk) = Y Plexs1]Xes1) Plefynlxis1) f(xk+1|Xk)

X [\ N\ J
Markov Models k+1 g N~ Y
sensor model recursion transition model

HMM
e MC to HMM
e Hidden MM
o HMM Examples Backward message:
e W-U Example
e HMM tasks
e Filtering bk (Xk) d:ef P(eltc—l—l |Xk)

e Online updates

e Forward algorithm Then

e Umbrella example

e Prediction

e Model evaluation bk (Xk) — Z P(ek—l—l |xk—|—1 ) bk—i-l (xk—l—l ) P(xk—l-l ‘Xk)
e Smoothing Xk4+1

e Umbrella smooth.

e Forward-backward i.e.

e Most likely seq.

- Viterbi by = BACKWARD-UPDATE by 1, €4 1)

Summary

where

s the BACKWARD-UPDATE function implements the update equation above, and
= the recursion is initialized by by = P(e}_;|X;) = P(D|X;) = 1.
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Smoothing (cont.)

The whole smoothing algorithm can then be expressed as
P(Xgle}) = aP(ef 1| Xe) P(Xilel) = afi X by,

where

m X denotes element-wise multiplication.

m  Both f; and by can be computed by recursion in time:

m f by a forward recursion from 1 to k, accounting for observations ey,

k

= by by a backward recursion from ¢ to k, accounting for observations e}, ;.
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HMM
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e HMM Examples
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e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction
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e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Smoothing (cont.)

The whole smoothing algorithm can then be expressed as
P(Xgle}) = aP(ef 1| Xe) P(Xilel) = afi X by,

where

m X denotes element-wise multiplication.
= Both f; and by can be computed by recursion in time:

= f; by a forward recursion from 1 to k, accounting for observations e,

= by by a backward recursion from ¢ to k, accounting for observations e}, ;.

Smoothing the whole sequence of hidden states:

m  Can be computed efficiently by

a forward pass, computing and storing all the filtered estimates f; fork =1 — ¢,
followed by

m abackward pass, using the stored fis and computing bys on the fly for k =t — 1.
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Umbrella example: Smoothing

Filtering versus smoothing:

m Filtering estimates P(R;) by using evidence up to time ¢, i.e. P(R;) is estimated by

Markov Models P(R1|uq), i.e. it ignores future observation u;.
HMMl\g — m  Att =2, we have a new observation u; which also brings some information about
o MC to L :
o Hidden MM Ry. We gan thus update the distribution about past state by future evidence by
o HMM Examples computing P(Ry|uq, uy).
e W-U Example
o HMM tasks
° Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary
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Umbrella example: Smoothing (cont.)

P(Ri|R;_1) P(Ui|Ry)

R;_1 R; = +r Ry = —r R; Uy = 4u U= —u
+r 0.7 0.3 +r 0.9 0.1
—r 0.1 0.9 —r 0.2 0.8

Filtering with uniform prior and observations U; = +u and U, = +u:
= Day 0: No observations, just prior belief: P(Rg) = (0.5,0.5).
m  Day 1: Observation U; = +u: P(Ry|uy) = (0.75,0.25)
m  Day 2: Observation Uy = +u: P(Ry|u1,uy) = (0.846,0.154)
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Umbrella example: Smoothing (cont.)

P(Ri|R;_1) P(Ui|Ry)

R;_1 R; = +r Ry = —r R; Uy = 4u U= —u
+r 0.7 0.3 +r 0.9 0.1
—r 0.1 0.9 —r 0.2 0.8

Filtering with uniform prior and observations U; = +u and U, = +u:

= Day 0: No observations, just prior belief: P(Rg) = (0.5,0.5).
m  Day 1: Observation U; = +u: P(Ry|uy) = (0.75,0.25)
m  Day 2: Observation Uy = +u: P(Ry|u1,uy) = (0.846,0.154)

Smoothing:

P(Rllul,uz) = ocP(R1|u1)P(u2|R1)

m  The first term is known from the forward pass.

m  The second term can be computed by the backward recursion:

P(u2|R7) ZP 12|12 P(@|r2) P(r2|Ry) = 0.9-1-(0.7,0.1) +0.2-1-(0.3,0.9) = (0.69,0.27).

m  Substituting back to the smoothing equation above:

P(Ry|u1, uz) = 2(0.75,0.25) - (0.69,0.27) = a(0.5175,0.0675) = (0.885,0.115).
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Markov Models

Forward-backward algorithm

Algorithm 1: FORWARD-BACKWARD(e}, D) returns a vector of prob. distributions

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Input : eﬁ —a vector of evidence values for steps 1, ..., t

Py — the prior distribution on the initial state
Local : fé — a vector of forward messages for steps 0, ..., ¢

b — the backward message, initially all 1s
t

s1 — a vector of smoothed estimates for steps 1, ..., ¢
Output: a vector of prob. distributions, i.e. the smoothed estimates s/
1 begin
2 fo <— Po
3 fori =1totdo
4 f; < FORWARD-UPDATE(f;_1,¢;)
5 fori = t downto 1 do
S; — NORMALIZE(f; x b)
7 b + BACKWARD-UPDATE (b, ¢;)
8 return s}
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Most likely sequence

Weather-Umbrella example problem:

m  Assume that the observation sequence over 5 days is u

5 __
1=

(+u, +u, —u,+u,+u).

m  What is the weather sequence most likely to explain these observations?
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Most likely sequence

Weather-Umbrella example problem:

m  Assume that the observation sequence over 5 days is u? = (+u, +u, —u,+u,+u).

m  What is the weather sequence most likely to explain these observations?

Possible approaches:
m  Approach 1: Enumeration of all possible sequences.

m View each sequence as a possible path through the state trellis graph:

R4 R> Rj Ry Rs
+r > +71 > +7 > T > +71

= There are 2 possible states for each of the 5 days, that is 2° = 32 different state

sequences 73.

= Enumerate and evaluate them by computing P (!, e} ), and choose the one with
the largest probability.

m Intractable for longer sequences/larger state spaces. Can it be done more
efficiently?
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Most likely sequence (cont.)

m  Approach 2: Sequence of most likely states?

= Use smoothing to find a posterior distribution of rain P(R|u}) for all time steps.

Markov Models m Then construct a sequence of most likely states
HMM
e MC to HMM t t
aremax P(ri|us),...,argmax P(r¢|us)).
R (arg 1 (r1]uy), ... arg 2 (rt]uy))
e HMM Examples
o W-U Example .. .
R m  But this is not the same as the most likely sequence
° Filtering ; ;
e Online updates arg max P (1’1 ’ Uq )
e Forward algorithm 1‘5

e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary
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Markov Models

Most likely sequence (cont.)

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

m  Approach 2: Sequence of most likely states?

= Use smoothing to find a posterior distribution of rain P(R|u}) for all time steps.
m  Then construct a sequernce of most likely states

(argmax P(rq|u}), ..., argmax P(r|u})).
&1 Tt

m  But this is not the same as the most likely sequence

arg max P(rt|u})
"

m  Approach 3: Find arg max,: P(r! |u}) using a recursive algorithm:

m  The likelihood of any path is the product of the transition probabilities along the
path and the probabilities of the given observations at each state.

m  The most likely path to certain state x; consists of the most likely path to some
state x;_1 followed by a transition to x;. The state x;_; that will become part of
the path to x; is the one which maximizes the likelihood of that path.

m Let’s define a recursive relationship between most likely path to each state x;_
and most likely path to each state x;.
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Viterbi algorithm

A dynamic programming approach to finding most likely sequence of states.

= We want to find arg max P (x}]eh).

Markov Models X1
HMM = Note that arg max P(x} |e]) = argmax P(x}, ¢}). Let's work with the joint.
o MC to HMM *t ot
e Hidden MM , .
o HMM Examples m Let’s define the max message:
e W-U Example
e HMM tasks def —1 t
e Filtering i (Xt) - H}?X P(xl 4 Xt’ el) -
e Online updates 1
e Forward algorithm o t—1 =1\
e Umbrella example — tl;l’zlaX P(et |Xt)P(Xt |Xt_1 )P<xl €1 ) -
e Prediction RS S|

e Model evaluation

= P(er| X;) max P(Xi|x; ) max P(xy ' e ) =

e Smoothing

Xy
e Umbrella smooth. =1 X1
e Forward-backward
— > 2.
e Most likely seq. P(et ‘ Xt) I}é}?i( P(Xt ‘xt_l )mt_l (xt_l) for t - 2
e Viterbi
Summary

m  The recursion is initialized by m; = P(X7,e;) = FORWARD-UPDATE(P(Xp), e1).

m At the end, we have the probability of the most likely sequence reaching each final
state.

m  The construction of the most likely sequence starts in the final state with the largest
probability, and runs backwards.

m  The algorithm needs to store for each x; its “best” predecesor x;_.
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Markov Models

HMM

e MC to HMM

e Hidden MM

e HMM Examples

e W-U Example

e HMM tasks

o Filtering

e Online updates

e Forward algorithm
e Umbrella example
e Prediction

e Model evaluation
e Smoothing

e Umbrella smooth.
e Forward-backward
e Most likely seq.

e Viterbi

Summary

Viterbi algorithm: example

Weather-Umbrella example:
m After applying

my = P(Xy,e1) = FORWARD-UPDATE(P(Xy), 1 )and
my = P(€t|Xt) maXxX P(Xt|xt_1)mt_1(xt_1) fort Z 2,
Xt—1

we have the following:

u; - +u +u —Uu +u +u
.3600 2268 .0159 .0100 I .0063 I +7r
0 > >
1200 =~ .0216 > 0544 = .0098 =~ .0018 —r
mi my ni3 iy Mms

m  The most likely sequence is constructed by

m starting in the last state with the highest probability, and
= following the bold arrows backwards.

Note:

m  The probabilities for sequences of increasing length decrease towards 0, they can
underflow.

m  To remedy this, we can use the log-sum-exp approach.
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Summary
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Competencies

After this lecture, a student shall be able to ...

1. define Markov Chain (MC), describe assumptions used in MCs;

2. show the factorization of the joint probability distribution used by 1st-order MC;
3. understand and implement the mini-forward algorithm for prediction;
4

explain the notion of the stationary distribution of a MC, describe its features, compute it
analytically for simple cases;

define Hidden Markov Model (HMM), describe assumptions used in HMM,;

6. explain the factorization of the joint probability distribution of states and observations implied by
HMM;

7. define the main inference tasks related to HMMs;

o1

8. explain the principles of forward, forward-backward, and Viterbi algorithms, implement them, and
know when to apply them;

9. compute a few steps of the above algorithms by hand for simple cases;

10. describe issues that can arise in practice when using the above algorithms.
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