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Topologické oč́ıslováńı

Definice (Topologické oč́ıslováńı) Topologické oč́ıslováńı
orientovaného grafu G = (V, E) je bijekce f : V 7→ 1, 2, . . . , n taková, že

(u, v) ∈ E ⇒ f(u) < f(v).

Proč nás zaj́ımá topologické oč́ıslováńı?

• V jakém pǒrad́ı je ťreba vystudovat p̌redměty, abychom měli splněné
prerekvizity.

• V jakém pǒrad́ı skládat výrobek.
• Aplikace v mnoha algoritmech.
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Existence topologického oč́ıslováńı

Věta Graf má topologické oč́ıslováńı právě tehdy, když neobsahuje
orientovaný cyklus.

Grafy bez orientovaných cykl̊u se nazývaj́ı acyklické, angličtině directed
acyclic (DAG).
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Naivńı p̌ŕıstup

• Každý DAG muśı obsahovat vrchol, ze kterého nevedou hrany
• Tento vrchol odstrańıme (s odpov́ıdaj́ıćımi hranami) a opakujeme
• Všechny dosažitelné vrcholy muśı být v č́ıslováńı, abychom mohli

vrchol odstranit
function Dummy-topsort(graph) returns topological sort f

v ← sink vertex
f(v) = n

Dummy-topsort(graph \ {v})
end function
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Prohledáváńım do hloubky
function Topological-Ordering(graph) returns topological ordering f of the
graph

f ← empty ordering
current-label = Vertices-Count(graph)
for all node ∈ graph do

if Unvisited(node) then
Depth-First-Search(graph, node)

end if
end for

end function

function Depth-First-Search(graph, s)
Mark-Visited(s)
for all edges (s, v) do

if Unvisited(v) then
Depth-First-Search(graph, v)

end if
end for
f(s) = current-label
current-label = current-label− 1

end function
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Př́ıklad
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Čas běhu a korektnost

• Běž́ı v O(m + n).
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nejkratš́ı cesty v dag



Hledáńı nejkraťśı cesty v DAG

Necht’ G = (V, E) je vážený orientovaný acyklický graf a s je vrchol z V .
Nalezněte délky nejkraťśıch cest L z s do každého v ∈ V .
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Dynamické programováńı

• Definujeme jak řešit věťśı problém pomoćı známých řešeńı
podproblémů.

• Podobné rekurzi, ale
• jdeme odspodu, ne shora a
• řešeńı podproblémů máme prvńı.
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Základńı myšlenka

Známe-li nejkraťśı cesty do p̌redchůdc̊u vrcholu v, pak stač́ı vybrat

min
(u,v)∈E

L(u) + cu,v.

Vrcholy projdeme v topologickém pǒrad́ı.
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Pseudokód

function SSSP-DAG(graph, s) returns shortest path to each v

dist[v] =
{
∞, v ̸= s,

0, v = s.

spočti topologické oč́ıslováńı grafu
for all v ∈ V v topologickém pǒrad́ı do

dist[v] = min(u,v)∈E{dist[u] + cu,v}
end for

end function
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Př́ıklad
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Jiný p̌ŕıstup

• Hodnoty můžeme ”tlačit“ vp̌red
function SSSP-DAG(graph, s) returns shortest path to each v

dist[v] =
{
∞, v ̸= s,

0, v = s.

spočti topologické oč́ıslováńı grafu
for all (v, w) ∈ E v topologickém pǒrad́ı do

dist[w] = min{dist[w], dist[v] + cv,w}
end for

end function
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Př́ıklad
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Analogické algoritmy

• Nejkraťśı cesta mezi dvěma vrcholy s a t

• Nejdeľśı cesta v DAG
• Dva p̌ŕıstupy
• min nahrad́ıme za max
• ceny vah vynásob́ıme −1

• Počet cest v grafu
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Nejdeľśı neklesaj́ıćı podposloupnost v O(n2)

Mějme posloupnost č́ısel a1, a2, . . . , an. Nalezněte nejdeľśı posloupnost
index̊u i1 < i2 < · · · < ik, že plat́ı

ai1 ≤ ai2 ≤ · · · ≤ aik
.
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Př́ıklad

5, 1, 6, 4, 8, 3, 2, 1, 5, 6, 8

[Ale kde je ten DAG?]
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Levenshteinova vzdálenost

Mějme dvě slova A = a1a2 · · · an a B = b1b2 · · · bm. Nalezněte minimálńı
počet operaćı INSERT, DELETE a REPLACE pro p̌revedeńı A na B.
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Př́ıklad
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V čem je DAG jednoduš̌śı

• Čas běhu je O(m + n) (pro porovnáńı Dijkstra O((m + n) log n)
• Uḿıme řešit i jinak NP-úplné problémy nejkraťśıch/nejdeľśıch cest.
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Vzorová implementace

• Zkuste nejprve naimplementovat hledáńı nejkraťśıch/nejdeľśıch cest
sami.

• https:

//www.geeksforgeeks.org/find-longest-path-directed-acyclic-graph/

• https:

//www.geeksforgeeks.org/shortest-path-for-directed-acyclic-graphs/

• https://cs.stackexchange.com/questions/3078/

algorithm-that-finds-the-number-of-simple-paths-from-s-to-t-in-g
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Děkuji za pozornost.
Čas na otázky!
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