GVG Lab-11 Solution

Task 1. Let us have a fundamental matriz

-1 0 1
F= 0 -1 0
0 1 0

Which of the following couples of points are projections of a single point in space?
1. i1, = [1,1]7, toa, = [1,1]7
2. li1a, = [1,0]7, tiza, =[0,1]7
8. Ua, = [1,0]7, Goa, = [0,0]7
4. Uia, = [0,0]7, doa, = [1,0]7

Justify.

Solution:

Remark. Two points x1 and xo are projections of a world point X if and only if
fQTBzFfl,gl =0 and x1 # ey, x5 # €3 (1)

or
1 = €1,T2 = €2 (2)

where e; and eq are the epipoles in the images. To understand the above statement imagine what happens if we
take x1 = e1 and xo # ey. Then f;ﬂ2Fi’151 = 0 since F¥15, = Fe1g, = 0, however the fact that x; = e; means
that a world point s located on the baseline and thus its projection to the second image xo must be also the
second epipole es. Thus, by verifying that f;BZFfllgl = 0 we can say that x1 and xo are projections of a world
point X only if we know that ©1 and x2 are not both epipoles or if they are.

We first compute the epipoles in both cameras. We know that
Fglﬁl =0, FT€252 =0

Hence we need to compute kernels of F and F'. We do it by Gaussian elimination:

[—1 0 1] [—1 0 1] t 1
F=| 0 -1 0| ~| 0 -1 0| =kerF={ |0 ‘teR =< 0 >
0 1 0] | 0 0 0] t 1
5151
(-1 0 0] (=1 0 0] 0 0
FF=| 0 -1 1|~]| 0 =1 1| =kerF' = t ‘teR < 1 >
1 00 0 0 0 t 1
€2B2

1. @10, = [1,1]7, @2a, = [1,1]7. We verify the epipolar constraint

-1 0 1
T3, FFig, =1 1 1] 8 71 g 1 =0.

We can also see that T, ¢ €15, and Zag, o €2p,, i.e. 1 # e; and x3 # ez. Then, according to (1f), =1
and xo are projections of a single point in space.

2. U1a, = [1,0]7, @20, = [0,1]T. We can immediately see that x; = e; and 79 = e5. Then, according to ,
1 and x4 are projections of a single point in space.



3. U1a, = [1,0]T, @aa, = [0,0]T. We see that 1 = e; and x5 # ey. Then, x; and x5 are not projections of a
single point in space.

4. d1a, = [0,0]T, Wan, = [1,0]T. We see that z; # e; and x5 # es. We also verify the epipolar constraint

T35, FZ1g, =[1 0 1] =1#0.

O O =

0
-1
1

O O =
_ o O

Then, according to the above remark, x; and zo are not projections of a single point in space.

Task 2. Change one element of the matriz
1 0 1
F=|0 1 1
1 1 1
to make it a valid fundamental matriz. Find the coordinates of both epipoles in the images.

Solution: Since every matrix of rank 2 is a valid fundamental matrix, then it is enough to ensure the rank of
F to be equal to 2. We may, for example, change the element Fo3 to 0. Then F becomes

|
Il

= O =

_ = O

— O

The epipoles are given by the kernels of F and F':

101 10 1 10 1 - -1
F=|0 1 0|~|0 1 0]/~]0 1 0| =kerF= 0)teR=<o>
11 1 010 00 0 ¢ 1
—
€18,
10 1 10 1 - -1
FT=10 1 1|~]|0 1 1|=keF ={ |-t ‘teR =< 1>
101 00 0 ¢ 1
—
€23,

Remark. Notice that it can happen that the kernel of F (or F' ) won’t have a representative with the last
coordinate 1 (all the representative will have zero there). This happens exactly when the corresponding epipole
s a point at infinity. Geometrically, this means that the image plane of the corresponding camera is parallel to
the baseline connecting the centers of the cameras. As a consiquence, the epipolar lines in this camera become
parallel.  You can encounter epipoles at infinity, e.g., in the process called “epipolar rectification”, when the
cameras are transformed by homographies in such a way that there image planes become parallel to the baseline.
This helps after in dense reconstruction of the observed scene.

O

Task 3. Let us have two images bound by fundamental matriz

0
F=10
1

—_ =

1
1
1

Point X projects in the first image into point [1,1]7T and in the second image on a line [1,1,1]7. Write the
coordinates of a point, into which X projects in the second image.



Solution: We know that the epipolar line in the second camera corresponding to a point g, in the first
image is given by

01 171 2
1=FFs =0 1 1| [1]|=]2
11 1|1 3

Then we know that the projection of X to the second camera belongs to the line given by 1. Since by the task

we also know that the projection of X belongs to the line given by k = [1 1 1] T, then the projection is given
by the intersection of these lines:

1 2 1

x=kxl=|1| x [2| =]|-1

1 3 0
The fact that x represents a point at infinity in the second camera means geometrically that the world point X
belongs to the principal plane of the second camera. (Il

Task 4. Let us have two cameras with scaled camera projection matrices

1 0 00 00 1 1
Q=P =(0 01 1 Qo=&P,=(0 1 0 1
01 0 0 1 0 0 1
and a point Use, = [1, 1]T in the second image. What are the homogeneous coordinates of the epipolar line in

the first image, that is in correspondence with the point sy, ¢

Solution: Since the fundamental matrix
Ky "Ro[Cas — Crs] xRy Kt

is defined up to scale, then it is enough to recover

1 = - _ _ = = _
F= @KZ TRQ [C25 B Clé]xRIKl ' = QQIL,I:S[CQJ B Cl‘;]Xthﬁ,l;a
Let’s first compute the camera projection centers:
[1 0 0 0] [1 0 0 O] B [ 0]
Q=0 0 1 1|~ |0 1 0 O0|=Cis=1] 0
0 1 0 0f 0 0 1 1} -1
[0 0 1 1] [1 0 0 1] [—1]
Qe=(0 1 0 1|~ [0 1 0 1| =Cy%=|-1
100 1] |00 1 1 1]

To compute the inverses of Qi , ., and Qa, , ,,, We apply gaussian elimination too:

100100 100100
Q0 [T]=]0 0 1]0 1 0]|~]0 1 0[0 01 :[I\Ql—j&m}
01 0[0 01 00 1[0 10
00 1[1 00 10 0[0 0 1 00 1
@0 [T =0 1 0[0 1T 0f=)0 1001 0]|=[Ta} |=0], =10
100[0 0 1 00 1/10 0 100
The fundamental matrix is
o 00 170 o 17t 0 0] [t 0 -1
F=0, ,,[Cos —CislQy),,, =10 1 0/ |0 0 1/ |0 0 1|=/0 1 0
100/ [1 -1 olo1o0 [0-1 o0

The epipolar line in the first camera corresponding to a point Z2g, in the second image is given by

1 0 -1] 1 1
1=F'dp, =10 1 O0f|lf=]0
0 -1 o] [1 ~1



