
Czech Technical University in Prague

Deep Learning (BEV033DLE)  
Lecture 3. Backpropagation

✦ Theory and Intuition 

• Linear approximation 

• Derivative of compositions 
✦ Practice 

• Forward / backward propagation 

• Efficient implementation, computation graph



Derivative
2

R2 æ R
<latexit sha1_base64="Qq+TusW2+GMZRVRHNw73NhjVH6s="></latexit>

<latexit sha1_base64="x53rHpk0lZVo/K/rj8L53UpdEGc="></latexit>

f(x0)

<latexit sha1_base64="YNd4io+j2zEknMEvtzpIhNnFe9s="></latexit>x0

f(x+�x) ¥ f(x)+

Q

ccccccca

ˆf1
ˆx1

ˆf1
ˆx2

· · · ˆf1
ˆxm

ˆf2
ˆx1

ˆf2
ˆx2

· · · ˆf2
ˆxm

... ... . . . ...
ˆfn
ˆx1

ˆfn
ˆx2

· · · ˆfn
ˆxm

R

dddddddb

Q

ccccccca

�x1

�x2

...
�xm

R

dddddddb

<latexit sha1_base64="2sDizEZbTafYglrjW08WRC/4Mek="></latexit>

✦ Linear approximations form a closed class under addition and composition: 

• sum of linear functions is linear -- can approximate sum of log-likelihoods over many data 
points 

• composition of linear functions is linear -- can approximate a deep feed-forward network

<latexit sha1_base64="tXa99CuXUea/zepPNwrtZPKlRFY="></latexit>

ˆfi
ˆxj

– speed of growth (slope) of fi along xj

<latexit sha1_base64="/trIqhacl9i+NV4TMk780z1MB64=">AAAEgXicjVNrb9MwFE22AqO8NviIkCwWpFZUVVqeAk2aNIbQAKkw9pCWUjnObWPVjxA7pSXLN34NX+HP8G+w26ysnYSwIvn4+Nxzr6+dMGFUad//7a6sVi5dvrJ2tXrt+o2bt9Y3bh8qmaUEDohkMj0OsQJGBRxoqhkcJylgHjI4Coc7dv9oBKmiUnzSkwS6HA8E7VOCtaF6G+69IIQBFTnVwOk3KKqBReh1JohVIK+PAptGoO </latexit>

⌅ Function f : Rm æ Rn (from domain Rm to codomain Rn)
⌅ Local linear approximation: f(x0+�x) = f(x0)+J�x+o(Î�xÎ)
⌅ When such J exists, it is unique and called derivative

<latexit sha1_base64="QMPI+wqRUE5GCG16izQOHaRatJA=">AAAD1XicjVJdaxNBFJ00amP8aKqPvgwmQgolbOInglAoAakIkZqm0A1hdvYmGTIfy85NTRz2TXz17+mfEWeTNDYpiJeFOZy559y9d26USGExCH4Vdoq3bt/ZLd0t37v/4OFeZf/RmTXTlEOXG2nS84hZkEJDFwVKOE9SYCqS0Ismx/l97xJSK4z+jPME+oqNtBgKztBTg0oaRjAS2gkEJb5CVg5zRNsz72ItxFRoyo1JY6EZgq W1kxoVlnImpb/EMVAXRkN6wriJBNO0rhimYnZA6wxpbTYIagdvvSnoeF1iUKkGjWAR9CZorkCVrKIz2N/5EMaGTxVo5JJZ67hKkMmJN7aAZoqJ/9gIjj92hCiHUwsJ4xNPXLAXCUsgPaSS6dhyjw8VS33D75pc9d0IjAJM51n5usoxZX0b40N/2rmK8hPHKtvIyRMSVLNN6cUUh2/6Tmj/R6B5tm07NBrtJus7sB5DbrTQOYTZIIahbXiQsx6HbRfmFaPItbNsSXXWVOeKOl1S/nXc6Zpr/yVz7WJmFlNAPnbNxstsi2hl5Wc5I0GPcLzUCh372WcuSHBrVKCnKn/YpUu+sE4bf72qc2XCInMJsbCJZHM7EUnmnudW11MikObLv1M2XMYmxf+x2sor+/Vrbi/bTXDWajRfNYJPrepRfbWIJfKEPCV10iSvyRF5TzqkSzj5SX4XdgulYq+YFb8Vvy9TdworzWOyEcUffwAniEmH</latexit>

⌅ Expressed in coordinates J is called the Jacobian (matrix) (at x0):



<latexit sha1_base64="ABxdaDyp9FRO2X+x5IeS/fNDLlA="></latexit>

ˆL(x)
ˆxi

= limÁæ0
L(x0+eiÁ)≠L(x0)

Á

Finite di�erence approximation:
ˆL(x)

ˆxi
= L(x0+eiÁ)≠L(x0)

Á +o(Á)

For a twice di�erentiable function symmetric di�erence is more accurate:
ˆL(x)

ˆxi
= L(x0+eiÁ)≠L(x0≠eiÁ)

Á +o(Á2)

⌅ Can be used for numerical verification

⌅ Can be used with some complex functions that depend on few variables (e.g. solver for

the camera pose from 4 correspondences)

Finite Difference
3

<latexit sha1_base64="YNd4io+j2zEknMEvtzpIhNnFe9s="></latexit>x0

<latexit sha1_base64="wFJ+AG8M6ooucdmaRa+9NJanu4c="></latexit>

⌅ Given scalar-valued function: L : Rn æ R
<latexit sha1_base64="1JajC9ZI9NLAc9cHbKL+nBuaP0w="></latexit>

L(x0+�x) ¥ L(x0)+
q

i
ˆL(x)

ˆxi
�xi

<latexit sha1_base64="0fCVHgrBrgss2LzXiUls+3k/EeI="></latexit>

e1
<latexit sha1_base64="rr2ge0osZOUgpoxfbK04B6D07Ow="></latexit>

e2



Steepest Ascent
4

�x
<latexit sha1_base64="nzU+VGe7gJstddLdTnMgQte2Gko="></latexit>

1
<latexit sha1_base64="7AMeqIgMi+8eyEvDmE5qP3dlALU="></latexit> Rn

<latexit sha1_base64="VV6nY0YBbqVgoLBRWWElbxnqo3A="></latexit>

<latexit sha1_base64="9DJsYZ+psrIPyNIm5KgEGjK5yWk="></latexit>

L(x0+�x) ¥ L(x0)+J�x

<latexit sha1_base64="YNd4io+j2zEknMEvtzpIhNnFe9s="></latexit>x0

<latexit sha1_base64="wFJ+AG8M6ooucdmaRa+9NJanu4c="></latexit>

⌅ Given scalar-valued function: L : Rn æ R

<latexit sha1_base64="soKX9sW/9sb4wkP7xtxxVF/N6No="></latexit>

J is a row vector
1

· · · ˆf
ˆxi

· · ·
2

<latexit sha1_base64="F3SkwfqDRgVHOla2KJO/WfHSK+c="></latexit>

⌅ What is the steepest ascent direction to maximize the linear approximation?
max

�x : Î�xÎ2=1

!
f(x0)+J�x

"
∆ �x =

JT

ÎJÎ

⌅ Gradient Òxf is the column vector of partial derivatives

Q

ca

...
ˆf
ˆxi...

R

db = JT

⌅ (Steepest) gradient descent: xt+1 = xt ≠ÁÒxf(xt)

<latexit sha1_base64="zrtG6IrLrFd4bZ5bjGDg0zyOa0o="></latexit>

ÎJÎ



Compositions
5

<latexit sha1_base64="SlkfHJTr7E41QUDTrDd3MgURZL4="></latexit>

Jf
x = AB

<latexit sha1_base64="1ohimQPoVg9Nilp8fawdjAykFe4=">AAAETnicjVNbi9NAGE23q9Z42a4++hLsChVKSYo3hIXVUvBBobJ2d2FTymT6pR2auZCZ1NYh6E/01b/gD/BNdKat3V6wOgTmcOacL983OYlEQqTy/W+FveL+tes3SjfdW7fv3D0oH947kzxLMXQwT3h6ESEJCWHQUUQlcCFSQDRK4DwaNe35+RhSSTj7oKYCuhQNGIkJRspQvfL3UIIxsYEa6hBFfAx9IkWCpnJERK4DoXJ3VR JBwj/ulqxVGfJU/U+pDZ1rTgeEaaKAkk9gjBZ5TU4Fl8S27vHYs0Oj1Iszhi0lX3pHcXXy2Dv2XnmvvcmRGwLrL2v0yhW/7s+Wtw2CBag4i9XuHe69DfscZxSYwgmSUmMqFEpG8zl4poR50ACa79qEuGEmQSA8MsQleiKQgLTmJYj1JTa4RlFqJjoO6k8x7eoBcAoqndpRr3waUUmRGtbMLqc0srsa0nxNYwVC0cm69TJT8YuuJsz0BAznm2VjzpRcZ80M0mCwhWY+rWDS60Ms6wZY1uCwpUP7xijSrTyfU+0l1f5Dnc4pjBJ9uuRaV6T1zm5NqhQUHmpzD/kG0cjdR6sBsV7C+ub2c+3PU7HSPbCM2k+7CJX5VTTj5nhHGGf58v8d6S3JXyK9u9SGzjX5CzbTtg3OGvXgWd1/36icVBdJLDkPnIdO1Qmc586J88ZpOx0HF9qFceFz4Uvxa/FH8Wfx11y6V1h47jtra7/0GzDefpA=</latexit>

⌅ Composition of linear functions: f(x) = ABx

y = x2
<latexit sha1_base64="F0A0TxLsIULTQUmg1vyv6Yma0s0="></latexit>

x
<latexit sha1_base64="I1SWQxoRiESQhjNhyxQQjDWxqr4="></latexit> y

<latexit sha1_base64="7qlB1cd+RMamcJy6GRkNQ6yHQYY="></latexit>

z = log(y)
<latexit sha1_base64="X0ke9X2BL7ezyZAB5bhRrAfyZME="></latexit>

z
<latexit sha1_base64="fqKkvNuufgSUb5Q8aBbKOxxIx98="></latexit>

f =
Ô

z
<latexit sha1_base64="XwgyPqB5/XYONgU9ZPlLMw7KIUI="></latexit>

✦ Non-linear composition: make a linear approximation to all steps and compose

(chain / total derivative rule)

<latexit sha1_base64="XHksCXhs8IKI+rQpG8pBUxHv1MI=">AAAEyHicjVNdb9MwFE1HgVG+NnjkxWJBGlJXpRUDhDRpaJqEpiGKxj6kZVSOe9Naje3IdrqWKC/8PP4B/4JXeOK6zUbbiYEVKTfH51xf35wbpQk3Ngi+V5ZuVG/eur18p3b33v0HD1dWHx0ZlWkGh0wlSp9E1EDCJRxabhM4STVQESVwHA123P7xELThSn6y4xTOBO1JHnNGLUKd1QoLDaBK9mw/D2mkhtDlJk3o2Ax4WuTN1B </latexit>

⌅ Our notation Jf
x – derivative of f in x.

⌅ Linear function: f(x) = Ax, then Jf
x = A

<latexit sha1_base64="dH5cK5EIMARqQoNn42STq2j0jXs="></latexit>

Example f =


log(x2) =
Ô

¶ log ¶ x2

<latexit sha1_base64="7q/J23VHypiXL/cCc+tYUScuyyU="></latexit>

Jf
x = ˆ

Ô
z

ˆz

---
z=log(y)

ˆ logy
ˆy

---
y=x2

ˆx2

ˆx

---
x
= (12z

≠1/2)(y≠1)(2x)

<latexit sha1_base64="0J1jf+JQM2cJSUwuG2Okm1T9NlQ=">AAAESHicjVNda9swFLWTbuu8j6bb417M0kECIdhhXwwKhRI2xgYZXdpCXYIsXzsikiwsuUsq/Af3D/a+H7C3sbfJSZbmg2UTBh2OzrnWvT4OBSVSed43u1LduXX7zu5d5979Bw/3avuPTmWaZxj6OKVpdh4iCZRw6CuiKJyLDBALKZyFo+Py/OwKMklS/llNBFwylHASE4yUoQa174EEY+KJGuoAhekVREQKiiZyREShfaEKZ1 kSAk2/bJesVBmmmfqfUms6x5wmhGuigJFrMMYSuW+BQ4aoi03HLfcgbiSNcbPpHrqN2A0wybCbNA1z8MYJgEcL96BW99redLmbwJ+DujVfvcF+5UMQpThnwBWmSEqNmVCIjmYdpLkS5kEJHH/sEeIEuQSB8MgQF+i5QAKylksRjyQ2uMVQZno59NsvMLvUCaQMVDYpm7zxacQkQ2rYMrucsLDc1ZAVK5pSIBQbr1ovchW/vtSEmzsBx8V62TjlSq6ypgdpMJSFpj6tYDyIIJZtA0rW4KCrg/KNYai7RTGjeguq94c6mVEYUX2y4Lo3ZOmdTk2qDBQeajOHYo3oFM6z5WiUXsIjM/1Ce7M8LN0eeM7KTzuPk/lJNE/N8ZYYTpPl/TvMG5K/hHl7qTWdY/Lnr6dtE5x22v7LtvepUz9qzJO4az2xnloNy7deWUfWO6tn9S1sv7eFPbGvq1+rP6o/q79m0oo99zy2VtZO5TdRgXp+</latexit>

⌅ General case, f(g(x)) = (f ¶g)(x):
<latexit sha1_base64="Dg81HzZkXc7Zl59kkmAurmSwIuk="></latexit>

Jf
x = Jf

g Jg
x

dfi

dxj
=

ÿ

k

ˆfi

ˆgk

ˆgk

ˆxj



In Neural Networks
6

<latexit sha1_base64="ifszejDqJeKniYAfBiqKa2ThrOk="></latexit>

Jx =
1

ˆL
ˆf1

ˆL
ˆf2

· · · ˆL
ˆfn

2
Q

ca Jf
g

R

db

Q

ca Jg
h

R

db

Q

ca Jh
x

R

db

h g f <latexit sha1_base64="byPxfTnqqtezfLtZ2IBMJwmNgfc="></latexit>

L

<latexit sha1_base64="SrPMA9nUUaZre9OJ4H9f8dNo8PU="></latexit>labels y

<latexit sha1_base64="/z/+gqSvjdabsGdPouOxx8uo5pU="></latexit>input x

<latexit sha1_base64="SNj9Kmgpis8cENsrU5pEFYDwDFw="></latexit>

Loss L(f(g(h(x))))

Derivative:

Loss:

<latexit sha1_base64="AIdU1onbIiFB5MS0Je+FBhyPk90="></latexit>

Jx = JL
f Jf

g Jg
h Jh

x

Expanded:

<latexit sha1_base64="5FtIFMKROepsL/MVtSMiylFGMc8=">AAAEQXicjVPLbhMxFJ00PMrwamHJxqJF6qIaJREvVUKqVEWCqEhBpQ+pUyKP507Gil/YnjRhNF/HV7BizQ6xZYOdDG2TSghvfHx877m+Z+4kilFjW61vjZXmjZu3bq/eCe/eu//g4dr6oyMjC03gkEgm9UmCDTAq4NBSy+BEacA8YXCcjPb8/fEYtKFSfLRTBWccDwXNKMHWUYO173ECQypKaoHTL1CFsUfoGNA5ZQwJgBSloO </latexit>

⌅ We will need derivatives of the loss in di�erent parameters. Shorthand: Jx © JL
x © dL

dx .
⌅ In order to compute Jx we need to multiply all Jacobians:

<latexit sha1_base64="g2QVduVXCYOuo/nogeU0a9yDU9k="></latexit>

L¶f ¶g ¶h¶x

<latexit sha1_base64="Jf7LSvUfyHy2T0n+hYztCPju8Wk="></latexit>

• Matrix product is associative
• Going left-to-right is cheaper: O(Ln

2) vs. O((L≠1)n3+n
2),

for L layers with n neurons



Backpropagation
7✦ Forward — composition of functions

h g f <latexit sha1_base64="byPxfTnqqtezfLtZ2IBMJwmNgfc="></latexit>

L

<latexit sha1_base64="SrPMA9nUUaZre9OJ4H9f8dNo8PU="></latexit>labels y

<latexit sha1_base64="/z/+gqSvjdabsGdPouOxx8uo5pU="></latexit>input x

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

<latexit sha1_base64="/ATys5KyNyr47y4X045Zc7fh904="></latexit>

Loss L(f(g(h(x),w)),y)

✦ Backward:

h g f <latexit sha1_base64="byPxfTnqqtezfLtZ2IBMJwmNgfc="></latexit>

L

<latexit sha1_base64="SrPMA9nUUaZre9OJ4H9f8dNo8PU="></latexit>labels y

<latexit sha1_base64="/z/+gqSvjdabsGdPouOxx8uo5pU="></latexit>input x

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

<latexit sha1_base64="AkJ0F5G0lQWC/rVoaz+oGnaqang="></latexit>

Jf = ˆL
ˆf

<latexit sha1_base64="lcJX+N5mS9ary3sVAu56RS0pZKA="></latexit>

Jw = JgJg
w

<latexit sha1_base64="zMAUUlvKbvPR+FvWSlf9aRWP31U="></latexit>

Jh = JgJg
h

<latexit sha1_base64="tRDgRD9JX3209QCXKDvNteCZU9k="></latexit>

Jx = JhJh
x

<latexit sha1_base64="aXBkB2OhPsaZw6XHnkiih+V07YE="></latexit>

• Feed-forward network ∆ computation graph is a DAG
• Composition (¶) notation possible when fixing all but one inputs

<latexit sha1_base64="hvIknc71UejUBG9fF5CxkcIbfSg="></latexit>

Jg = JfJf
g



Both Forward and Backward are Modular
8✦ Forward:

g

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

✦ Backward:

g

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w
<latexit sha1_base64="lcJX+N5mS9ary3sVAu56RS0pZKA="></latexit>

Jw = JgJg
w

<latexit sha1_base64="zMAUUlvKbvPR+FvWSlf9aRWP31U="></latexit>

Jh = JgJg
h

<latexit sha1_base64="kdoEGwEkExOs6T/qw8jblFQc208="></latexit>

Jg

<latexit sha1_base64="dYUhNS/v36bSLnzM786m0YPEpFg="></latexit>h
<latexit sha1_base64="WdeVEMRD2/KhATmn3hN+zW1/d6E="></latexit>

g(h,w)



Both Forward and Backward are Modular
9✦ Forward:

g

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

✦ Backward (gradient):

g

<latexit sha1_base64="ZI+4RTpFuCxcnvevkqt5X4OMQl0="></latexit>weights w

<latexit sha1_base64="dYUhNS/v36bSLnzM786m0YPEpFg="></latexit>h
<latexit sha1_base64="WdeVEMRD2/KhATmn3hN+zW1/d6E="></latexit>

g(h,w)

<latexit sha1_base64="AdmL6N2yfV5OOkJ1Ti9EGkqcoy8="></latexit>

ÒgL
<latexit sha1_base64="2POyo4D3Be6uSIe1MY8t+znNgwk="></latexit>

ÒhL = (Jg
h)

TÒhL

<latexit sha1_base64="G6Mk12Ac3F5sDXioCasrU/3vz20="></latexit>

ÒwL = (Jg
w)

TÒgL



Example
10

Various special cases of linear dependencies can be handled in O(n) instead of O(n2)

<latexit sha1_base64="raF4q4vGEQxv/6K6odXwRiMZ/rQ=">AAAGY3icjZTratswFMfdZs26dJe227cxEKtXeslCUnajUCgthTG2kdEr1MXI9omtxJaNJOcy4UfY1+3Z9gB7j0mJ28ZJCdUH++ivc35HOjq2k4SEi3r979x86cFC+eHio8rS4ydPny2vrJ7xOGUunLpxGLMLB3MICYVTQUQIFwkDHDkhnDudQ71+3gXGSUxPxCCBqwj7lLSIi4WS7JWSYTngEyqJgIj8hKxiaQsdxoxBOHRCIR </latexit>

⌅ Correlation layer with inputs x and weights w: yj =
q

k wkxj+k + bj

• Backward input: gj =
dL
dyj

• Need dL
dxi

, dL
dwk

, dL
dbj

• Total derivative (chain) rule:

dL
dxi

=
q

j
dL
dyj

ˆyj
ˆxi

=
q

j gj
ˆ

ˆxi

1q
k wkxj+k + bj

2

=
q

j gj
q

k wk
ˆ

ˆxi
xj+k

=
q

j gj
q

k wk[[j +k=i]]

=
q

j gjwi≠j



Computation Graph, Forward Propagation
11✦ Dynamic Graph (Eager Execution): 

just compute what we need

Input Linear Softmax

from torch.nn import Parameter 
import torch.nn.functional as F 

W = Parameter(torch.randn(10, 748)) 
b = Parameter(torch.randn(10))

loss

x = torch.randn(748) 
t = torch.ones(10) 
a = W @ x + b 
y = F.softmax(a) 
loss = -(t * y.log()).sum()

Declare and initialize variables

Perform some operations

W

x

b

matmul + softmax log * sum

t

Computation graph defined by the operations performed:

y

Tensor (array)
size [10]  
grad_fn=<AddBackward0>

a

✦ Wow! Any computation can be made a part of a neural network

-

<latexit sha1_base64="kJ+5QUtJdhUxPr9KHkPPTCizDiM="></latexit>

W , b



Backward Propagation
12

W

x

b

matmul + softmax log * sum

t

ya -

y = softmax(a)
<latexit sha1_base64="nA7Ljd5bkBMmd1RezGuDO49mjZ8="></latexit>

a = linear(x,W,b)
<latexit sha1_base64="xKtG0w/5DLaKOpuEWDEQlFp1X5s="></latexit>

L = ≠tT log(y)
<latexit sha1_base64="MRNIaKuAnrbuhbopNFOT2ZsF7Io="></latexit>

✦ Computationally more efficient to compute backward for larger blocks. 
Also convenient for this example.

a = F.linear(x,W,b) y = F.softmax(a)



Backward Propagation
13

W

x

b

matmul + softmax log * sum

t

ya

don’t need grad

-

<latexit sha1_base64="HHsZtc8KoN3erinVgEvl2CsAXoM="></latexit>

Jyi =
ˆL
ˆyi

= ≠ ˆ
ˆyi

q
j tj log(yj) = ≠ 1

yi
ti

<latexit sha1_base64="nBn3EF/S+B1CY909Bz3yVzC7tH8="></latexit>

L = ≠tT log(y)

<latexit sha1_base64="6EygrmZZo/JApHxL/OfGB6/l0jc="></latexit>

Jy



Backward Propagation
14

W

x

b

matmul + softmax log *

t

ya

don’t need grad

sum -

<latexit sha1_base64="9ZVDApv7XLWNbZ1KAWM2e3Sq/EM="></latexit>

Ja = Jy(Diag(y)≠yyT) = Jy §y ≠ (Jyy)yT

<latexit sha1_base64="piSGXr3U3kiRYk1TpfIy+gSM0z0="></latexit>(need to remember either input a or directly the output y)

<latexit sha1_base64="KPUMJDh0rljG1AzXljjZBalsXtc="></latexit>

yj = softmax(a)j =
e

ajq
i eai

<latexit sha1_base64="BoQNa+bOv9KX7dCFr5HwaYp67d8="></latexit>

Ja
<latexit sha1_base64="9bOSmTljvhLR/eSJoVyMkLuPmR0="></latexit>

Jy

Notice: forward and backward are both linear complexity

<latexit sha1_base64="BFx5ZZRRCS0JgP1UBjVtXpq4/NU="></latexit>

Jai = JyJy
a =

ÿ

j

Jyj

ˆ yj

ˆai

=
ÿ

j

Jyj(yi[[i=j]]≠yiyj) = yi

!
Jyi ≠

ÿ

j

yjJyj

"
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W

x

b

matmul + softmax log *

t

ya

don’t need grad

sum -
<latexit sha1_base64="BoQNa+bOv9KX7dCFr5HwaYp67d8="></latexit>

Ja

<latexit sha1_base64="JmPBdhCtz2bN8lHpeNttklYPew8="></latexit>

Jb

<latexit sha1_base64="yoH6hk9RQZJxFq+zilQPjSiQX5M="></latexit>

JW

<latexit sha1_base64="LUgVBsbZazorCC45jFHAHJp/Kcg="></latexit>

Jx

<latexit sha1_base64="ExCPNsjfTUWPC8YBN9Vw+8xC3s8="></latexit>

aj =
q

i Wjixi+ b

<latexit sha1_base64="aZ14oXIlkKbNPprNGZUNEX798M4="></latexit>

Jb = Ja (ı)

<latexit sha1_base64="PaixBhI2Myyn3rezLAwEmQmI3y0="></latexit>Note: a transposed product in comparison with Wx

<latexit sha1_base64="xiJ9mHcEaAa9H0JhE8ZtHQfOIws="></latexit>

Jxk
=

q
j Jaj

ˆaj
ˆxi

=
q

j JajWi,j[[i=k]] =
q

j JajWk,j

Jx = JaW

ÒxL = WTÒaL

<latexit sha1_base64="HxYh5bl0YKzgibH8PoEcKH0AgbQ="></latexit>

JW = xJ – outer (column-row) product

<latexit sha1_base64="ElDF206mOg6LOBLUQrjb+TpWFWQ="></latexit>

JWij =
q

j Jaj

ˆaj
ˆWij

= xiJj
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✦ What we have learned towards practical implementation: 

• Do not need to explicitly compute the Jacobian of each layer, only need to 
"backpropagate" through the layer 

• The granularity is up to the implementation: flexibility vs. efficiency 

• Need to store the input (point at which the Jacobian is evaluated) or recompute it 

• In real applications gradients are often shaped as higher dimensional tensors: 
E.g. convolution with weights w [in, out, k_h, k_w] 
 - gradient in w is shaped as [in, out, k_h, k_w] 
 - special efficient implementation for forward 
 - special efficient implementation for backward (transposed convolution) 

W

x

b

matmul + softmax log *

t

ya

don’t need grad

sum -
<latexit sha1_base64="BoQNa+bOv9KX7dCFr5HwaYp67d8="></latexit>

Ja
<latexit sha1_base64="9bOSmTljvhLR/eSJoVyMkLuPmR0="></latexit>

Jy
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W

x

b

matmul + softmax log *

t

ya

don’t need grad

class MySoftmax(torch.autograd.Function): 
    @staticmethod 
    def forward(ctx, a): 
        y = a.exp() 
        y /= y.sum() 
        ctx.save_for_backward(y) 
        return y 

    @staticmethod 
    def backward(ctx, dy): 
        y, = ctx.saved_tensors 
        da = y * dy - y * (y * dy).sum() 
        return da 

sum -

<latexit sha1_base64="9ZVDApv7XLWNbZ1KAWM2e3Sq/EM="></latexit>

Ja = Jy(Diag(y)≠yyT) = Jy §y ≠ (Jyy)yT

<latexit sha1_base64="KPUMJDh0rljG1AzXljjZBalsXtc="></latexit>

yj = softmax(a)j =
e

ajq
i eai

<latexit sha1_base64="BoQNa+bOv9KX7dCFr5HwaYp67d8="></latexit>

Ja
<latexit sha1_base64="9bOSmTljvhLR/eSJoVyMkLuPmR0="></latexit>

Jy

class MySoftmax(torch.nn.Module): 
    def forward(self, a): 
        y = a.exp() 
        y = y / y.sum() 
        return y 

y = a.softmax() 1)

2)

3)

y = MySoftmax().forward(a) 

y = MySoftmax.apply(a) 
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b

+ softmax ya

Òb
<latexit sha1_base64="cgDCswFE+6pR4lxB4vQ7OjaKqU4="></latexit>

Òb
<latexit sha1_base64="cgDCswFE+6pR4lxB4vQ7OjaKqU4="></latexit>

+
<latexit sha1_base64="FmDEUmUCmbSta6BS3kDvWwkeDYg="></latexit>

✦ The total derivative rule:

✦ Consider the case when some of the inputs are used in several places

f
<latexit sha1_base64="r++HgsycbH/DrWyuh3Z9sjy2C3w="></latexit>

✦ The copy operation:

b
<latexit sha1_base64="1HOkg2Xpt/GO++Xl4GEiMmSR9+A="></latexit>

=<latexit sha1_base64="KmVUbuspqOvmCPFbCgCgFhXCvME="></latexit>

b̄1
<latexit sha1_base64="gl847HqlpS9uk4Q4WFjN3eACsgU="></latexit>

b̄2
<latexit sha1_base64="t/xowQrWs2h4fzVyd7rySmMqpgM="></latexit>

<latexit sha1_base64="3IEYjr4kxE2SI7AeVtBUBNNY/bI="></latexit>

d

db
f(b,y(b)) =

ˆf

ˆb
+

ˆf

ˆy

dy

db

<latexit sha1_base64="lxVoRdzDTa9uEICnTBw63RroW+E="></latexit>

b̄1 = b

b̄2 = b

<latexit sha1_base64="aL8X5Lq7GiJPAevWA5mm6Go86F8="></latexit>

Jb = Jb̄1 +Jb̄2



General DAG
19✦ Need to find the order of processing 

• a node may be processed when all its parents are ready 

• some operations can be executed in parallel 

• reverse the edges for the backward pass



General DAG
20✦ Any directed acyclic graph can be topologically ordered 

• Equivalent to a layered network with skip connections 

Note: every node here could be a tensor operation
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<latexit sha1_base64="KSda1lrtfk3Lg8BQ0wQE1bgBVz8="></latexit>

⌅ Deep Equilibrium Model: zú = f(Wzú+Ux+ b)

• Can represent any feed-forward NN, with the same number of parameters

<latexit sha1_base64="tWiZ5tZV9Pt33pt8LDQKQqrUAn8="></latexit>

⌅ Explicit layer: z = f(x)

⌅ Implicit Layer: g(x,z) = 0

Examples:

• Eigenvalue decomposition: input X output (U,S) such that X = USUT
.

• Finding camera pose from correspondences (system of algebraic equations)

• Limit of fixed point iteration: zú = f(x,zú)

• Optimization problems: zú = argminz f(z,x)

• Di�erential equations
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<latexit sha1_base64="kUYb3ExhfD4deOBxSeaUwIjpTFs="></latexit>

g(x,z(x)) = 0

dg(x,z(x))

dx
= 0

ˆg(x,z(x))

ˆx
+

ˆg(x,z)

ˆz

---
z=z(x)

ˆz(x)

ˆx
= 0

ˆz(x)

ˆx
=

1ˆg(x,z)

ˆz

2≠1ˆg(x,z)

ˆx
.

<latexit sha1_base64="WAs8u5NKKNYwGQ0d5ZGT9X5v1ew="></latexit>

x2+ z2 = 1

<latexit sha1_base64="CZa2kCBQKXpLlSvDGnq3P0WCWak="></latexit>

(x,z)

<latexit sha1_base64="M9xGKx69xEWtx4DhLfShCe1Fcfs="></latexit>x

<latexit sha1_base64="7C8aDuJ7YXBvl1IX6N7CQaiFw2k="></latexit>z

<latexit sha1_base64="ZbhtdcThOWmxfyan4GfKrSL7oe0="></latexit>

⌅ Implicit Layer
• Let g : Rn ◊Rm æ Rm. Consider vector equation g(x,z) = 000

• Suppose we can compute a solution (x,z)

• Under some conditions z is locally a function of x, let’s call it z(x)

<latexit sha1_base64="L0oTshoLbBa7acci9sQCAm4PZbo="></latexit>

⌅ Backprop of L(z):
• JL

z

1
ˆg(x,z)

ˆz

2≠11
ˆg(x,z)

ˆx

2

• Need to solve a linear system on backward


