
Injected Noises / Dropout

✦ Injected Noises: 

• input 

• deep features 

• parameters 

• gradient updates Bayesian learning, robust local minima
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Srivastava, Hinton, Krizhevsky, Sutskever and Salakhutdinov

(a) Standard Neural Net (b) After applying dropout.

Figure 1: Dropout Neural Net Model. Left: A standard neural net with 2 hidden layers. Right:
An example of a thinned net produced by applying dropout to the network on the left.
Crossed units have been dropped.

its posterior probability given the training data. This can sometimes be approximated quite
well for simple or small models (Xiong et al., 2011; Salakhutdinov and Mnih, 2008), but we
would like to approach the performance of the Bayesian gold standard using considerably
less computation. We propose to do this by approximating an equally weighted geometric
mean of the predictions of an exponential number of learned models that share parameters.

Model combination nearly always improves the performance of machine learning meth-
ods. With large neural networks, however, the obvious idea of averaging the outputs of
many separately trained nets is prohibitively expensive. Combining several models is most
helpful when the individual models are di↵erent from each other and in order to make
neural net models di↵erent, they should either have di↵erent architectures or be trained
on di↵erent data. Training many di↵erent architectures is hard because finding optimal
hyperparameters for each architecture is a daunting task and training each large network
requires a lot of computation. Moreover, large networks normally require large amounts of
training data and there may not be enough data available to train di↵erent networks on
di↵erent subsets of the data. Even if one was able to train many di↵erent large networks,
using them all at test time is infeasible in applications where it is important to respond
quickly.

Dropout is a technique that addresses both these issues. It prevents overfitting and
provides a way of approximately combining exponentially many di↵erent neural network
architectures e�ciently. The term “dropout” refers to dropping out units (hidden and
visible) in a neural network. By dropping a unit out, we mean temporarily removing it from
the network, along with all its incoming and outgoing connections, as shown in Figure 1.
The choice of which units to drop is random. In the simplest case, each unit is retained with
a fixed probability p independent of other units, where p can be chosen using a validation
set or can simply be set at 0.5, which seems to be close to optimal for a wide range of
networks and tasks. For the input units, however, the optimal probability of retention is
usually closer to 1 than to 0.5.

1930

✦ During training: 

• Randomly, "drop" some neurons -- set their outputs to zero 

• This results in the associated weights not being used and we obtain a (random) 
subnetwork 

• When learning, the network develops robustness to units being dropped 
✦ During testing: 

• Use all units  -- approximates ensemble of all random subnetworks

[Srivastava et al. (2014) Dropout: A Simple Way to Prevent Neural Networks from Overfitting]

[Hinton et al. (2012) Improving neural networks by preventing co-adaptation of feature detectors]
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✦ We use randomized predictor for training (easier) 
✦ We use ensemble (or its approximation) for testing

NN

Zi ≥ Bernoulli(0.3)
<latexit sha1_base64="CzymcXtqlL6LhHLvhr09V4F0BHU="></latexit>
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◊Z1
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Note: Gaussian multiplicative N (1,‡2) noises work as well (Gaussian Dropout)
<latexit sha1_base64="ywP4ZHF9+1rKCIPIrCRD2DXPKqw="></latexit>
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⌅ Prediction is random now?
• Denote the network output as f(x,Z;◊)

• We have two choices how to make predictions:
- Randomized predictor: p(y|x,Z) = f(x,Z;◊)

- Ensemble: p(y|x) = EZ[f(x,Z;◊)] =
q
z

p(z)f(x,z;◊)
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⌅ How can we write dropout training mathematically?

• Introduce random Bernoulli variables Zi =

Y
_]

_[

1, with probability p,

0, with probability 1≠p,
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⌅ Expected loss of randomized predictor:
• Double expectation in noises and data: EZ

Ë
E(x,y)≥data

Ë
l(y,f(x,Z;◊))

ÈÈ

• Same as: EZ≥Bernoulli(q), (x,y)≥data
Ë
l(y,f(x,Z;◊))

È

⌅ What it means practically:
• Draw a batch of data
• For each data point i independently sample noises zi

• Unbiased loss estimate using a batch of size M :
1

M

Mq
i=1

l(yi,f(xi,zi;◊))

• Compute forward and backward pass
• Will have increased variance of the stochastic gradient
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NN

Zi ≥ Bernoulli(0.3)
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E[Z] = p
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⌅ Use approximation (common default):
• EZ

Ë
f(x,Z;◊)

È
¥ f(x,EZ[Z];◊)

• Since EZ[Z] = p, we have
a = W (x§E[Z]) = (pW )x

• i.e. need to scale down the weights
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⌅ Use sampling:
• EZ

Ë
f(x,Z;◊)

È
¥ 1

M

qM
i=1f(xi,zi;◊)

• Generalizes slightly better than the above
• Can be used to also estimate model uncertainty

<latexit sha1_base64="pPl2aNuvVcF5DEi+/xgjnQDoIhc="></latexit>

Input x
<latexit sha1_base64="Rf72xZ7YRHK10+3iKde1r4vo2Oc="></latexit>

Mean of the ensemble

Scatter of the ensemble

True function

[Louizos and Welling 2017]



Effect on Features
6✦ Experiment: 

• MNIST auto encoder with 1 fully-connected hidden layer of 256 units

Dropout

Method Test Classification error %

L2 1.62
L2 + L1 applied towards the end of training 1.60
L2 + KL-sparsity 1.55
Max-norm 1.35
Dropout + L2 1.25
Dropout + Max-norm 1.05

Table 9: Comparison of di↵erent regularization methods on MNIST.

also see how the advantages obtained from dropout vary with the probability of retaining
units, size of the network and the size of the training set. These observations give some
insight into why dropout works so well.

7.1 E↵ect on Features

(a) Without dropout (b) Dropout with p = 0.5.

Figure 7: Features learned on MNIST with one hidden layer autoencoders having 256 rectified
linear units.

In a standard neural network, the derivative received by each parameter tells it how it
should change so the final loss function is reduced, given what all other units are doing.
Therefore, units may change in a way that they fix up the mistakes of the other units.
This may lead to complex co-adaptations. This in turn leads to overfitting because these
co-adaptations do not generalize to unseen data. We hypothesize that for each hidden unit,
dropout prevents co-adaptation by making the presence of other hidden units unreliable.
Therefore, a hidden unit cannot rely on other specific units to correct its mistakes. It must
perform well in a wide variety of di↵erent contexts provided by the other hidden units. To
observe this e↵ect directly, we look at the first level features learned by neural networks
trained on visual tasks with and without dropout.

1943

[Srivastava et al. (2014)]

✦ Hypothehis: dropout prevents co-adaptation (learns simpler and more robust features)

✦ Further interesting studies in the paper: effect on activation sparsity, connection to 
ridge regression, etc.
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Local Minima
9✦ There are several reasons for local minima 

• Symmetries (Permutation invariances) 

- Fully connected layer with n hidden units:  
n! permutations 

- Convolutional layer with c channels:  
c! permutations 

- In a deep network many equivalent local minima,  
but all of them are equally good -- no need to avoid 

• Loss function is a sum of many non-convex terms:

X1

X2

X3

3

2

1

…

L(◊) =
ÿ

i

l(yi,f(xi;◊))
<latexit sha1_base64="DQJNgyPVIxlDawD2wBcfDYu8cGg="></latexit>

often convex non-linear
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saddle point
2D1D

local min

local max

inflection (saddle)

<latexit sha1_base64="IWMISks8SjUfxQG/LnYlC4w4xn0="></latexit>

Let f(x) : Rn æ R – di�erentiable,
Stationary point: the gradient at x is zero
Saddle point: the gradient at x is zero but not a local extremum

<latexit sha1_base64="Sr9hXWF/MtQG8Ai0g2M+eaZYA7I="></latexit>

Let f(x+�x) ¥ f(x)+J�x+�x
T
H�x

Let H have eigenvalues ⁄1, . . .⁄n

Index: – — the fraction of negative eigenvalues
– = 0 ∆ local minimum
– = 1 ∆ local maximum
0 < – < 1 ∆ saddle point

<latexit sha1_base64="VC0LXUFfJ4bjOroFiBYK1zIHOTw="></latexit>

⁄1 > 0

<latexit sha1_base64="fp69op1SdEmxGrdkq71q7u6BghQ="></latexit>

⁄2 < 0
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✦ Insights from Theoretical Physics --- Gaussian Random Fields: 

• local minima are exponentially more rare than saddle points 

• they become likely at lower energies (loss values) 

Eú
<latexit sha1_base64="+2O/8SBeaPXFDXoYY9F8QNL26Qw="></latexit>

E
<latexit sha1_base64="wmzXjU0EuLqhYFyzGzaw99NOU9Y="></latexit>

– ¥ 4
Ô
2

3fi

---E≠Eú

Eú

---
3
2

<latexit sha1_base64="01QI+gS6wJXe7+YN6P726/GSoy4="></latexit>

–
<latexit sha1_base64="WVlWbnA58Gh7GrJYuQVvBFTtd3Y="></latexit>

average energy of a st. point

Index  

(fraction of  negative 
  eigenvalues)

[Bray & Dean (2007) The statistics of critical points of Gaussian fields on large-dimensional spaces]

<latexit sha1_base64="vExSUrJDYYR551srxwPzXJqOdKg="></latexit>

0 <latexit sha1_base64="q5cC6WebyLkVnardrqFt9Mz+ht0="></latexit>

E ≠Eú

Asymptotic relation for small alpha:
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12✦ Experimental Confirmations in Neural Networks

Geometry of Neural Networks
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(a) Index of critical points versus energy (b) Energy of minimizers versus parameters/data points

Figure 6. Empirical observations of the distribution of critical points in single-hidden-layer tanh networks with varying ratios of param-
eters to data points, �. (a) Each point represents the mean energy of critical points with index ↵, averaged over ⇠200 training runs. Solid
lines are best fit curves for small ↵ ⇡ ↵0|✏� ✏c|3/2. The good agreement (emphasized in the inset, which shows the behavior for small
↵) provides support for our theoretical prediction of the 3/2 scaling. (b) The best fit value of ✏c from (a) versus �. A surprisingly good fit
is obtained with ✏c = 1

2 (1� �)2. Linear networks obey ✏c = 1
2 (1� �). The difference between the curves shows the benefit obtained

from using a nonlinear activation function.

We discard any run for which the final Jg > 10�6;
otherwise we record the final energy and index.

We consider relatively small networks and datasets in
order to run a large number of experiments. We train
single-hidden-layer tanh networks of size n = 16, which
also equals the input and output dimensionality. For each
training run, the data and targets are randomly sampled
from standard normal distributions, which makes this
a kind of memorization task. The results are summa-
rized in fig. 6. We observe that for small ↵, the scaling
↵ ⇡ |✏ � ✏c|

3/2 is a good approximation, especially for
smaller �. This agreement with our theoretical predictions
provides support for our analytical framework and for the
validity of our assumptions.

As a byproduct of our experiments, we observe that the
energy of minimizers is well described by a simple func-
tion, ✏c = 1

2 (1� �)2. Curiously, a similar functional form
was derived for linear networks (Advani & Ganguli, 2016),
✏c = 1

2 (1 � �). In both cases, the value at � = 0 and
� = 1 is understood simply: at � = 0, the network has
zero effective capacity and the variance of the target distri-
bution determines the loss; at � = 1, the matrix of hidden
units is no longer rank constrained and can store the entire
input-output map. For intermediate values of �, the fact
that the exponent of (1 � �) is larger for tanh networks
than for linear networks is the mathematical manifestation
of the nonlinear network’s better performance for the same
number of parameters. Inspired by these observations and
by the analysis of Zhang et al. (2016), we speculate that
this result may have a simple information-theoretic expla-
nation, but we leave a quantitative analysis to future work.

7. Conclusions
We introduced a new analytical framework for studying
the Hessian matrix of neural networks based on free
probability and random matrix theory. By decomposing
the Hessian into two pieces H = H0 + H1 one can
systematically study the behavior of the spectrum and
associated quantities as a function of the energy ✏ of a
critical point. The approximations invoked are on H0 and
H1 separately, which enables the analysis to move beyond
the simple representation of the Hessian as a member of
the Gaussian Orthogonal Ensemble of random matrices.

We derived explicit predictions for the spectrum and
the index under a set of simplifying assumptions. We
found empirical evidence in support of our prediction
that that small ↵ ⇡ |✏ � ✏c|

3/2, raising the question of
how universal the 3/2 scaling may be, especially given the
results of (Bray & Dean, 2007). We also showed how
some of our assumptions can be relaxed at the expense of
reduced generality of network architecture and increased
technical calculations. An interesting result of our numeri-
cal simulations of a memorization task is that the energy of
minimizers appears to be well-approximated by a simple
function of �. We leave the explanation of this observation
as an open problem for future work.
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„ = #parameters
#samples
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[Pennington & Bahri 2017]

• 1 hidden layer 
• good agreement for small alpha (as expected) [Dauphin et. al. 2017]

[Pennington & Bahri (2017) Geometry of Neural Network Loss Surfaces via Random Matrix Theory]
[Dauphin et. al. (2017) Identifying and attacking the saddle point problem in high-dimensional non-
convex optimization]
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[Choromanska et al. (2015):  
The Loss Surfaces of Multilayer Networks]

• =

Network Size as Capacity Control?

In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning
Behnam Neyshabur, Ryota Tomioka, Nathan Srebro. 

TTI-Chicago

Implicit Regularization

Matrix Factorization Analogy

Network Size as Inductive Bias?

• Computationally intractable even for small networks: Even if target can be 
exactly represented by a network with a single hidden layer and log(𝑑) units, 
no poly-time for learning even using much larger networks (or any other 
representation)./

• Being representable by NN is not enough as an inductive bias: In fact, any 
𝑂 𝑇 time computable function can be represented by 𝑂 𝑇2 size network 
(Sipser, 2006)..

Without any regularization, even with zero training error (and zero 
approximation error), increasing the number of hidden units reduces
estimation error.

a) Reducing #samples: Reducing the size of training set to 2000.
b) Censoring Labels: Switching the labels to the predictions of a network with a small number 
𝑯𝟎 of hidden units that is trained on the entire dataset (training+validation+test).

c) Label Noise: Adding 5 percent noise to the labels.

What is happening here? A possible explanation:
Implicit regularization introduced by the optimization.
Converging to a global optima with “low complexity”, perhaps  low norm.

Insights from a simpler model: linear activations

Trace-norm as an inductive  bias:   𝑊 𝑡𝑟 = min𝑊=𝑈𝑉
1
2
( 𝑈 𝐹2 + 𝑉 𝐹2)

Infinite Size, Bounded Norm Networks

A simple experiment: Learning a feed-forward network with a single 
hidden layer without any regularization.

We expect: Network Size↑⟹ Approximation error ↓, Estimation Error↑

How can we explain this phenomenon?

𝑧 𝑖 = ∑𝑣 𝑖, 𝑘 𝑥 𝑖

𝑥[1]

𝑥[2]

𝑥[3]

𝑥[𝑑]

⋯

𝑦 𝑗 = ∑𝑢 𝑘, 𝑗 𝑧 𝑘 𝑦 = 𝑈 ⋅ 𝑉𝑥 = 𝑊𝑥
𝑧
𝑊 = 𝑈𝑉

𝑟 hidden units ⇔ 𝑟𝑎𝑛𝑘 𝑊 ≤ 𝑟

Matrix Factorization Low 𝒓: intractable Trace-norm Higher rank  lower trace-norm better generalization

Feed-forward Networks Low 𝒓:   intractable Some norm? More hidden units lower norm better generalization?

Minimum norm: Infinite-sized networks?

Theorem 1. For a feed-forward network with a single hidden layer, weight 
decay (i.e. regularizing ∑𝑒∈𝐸 𝑤(𝑒)2) is equivalent to bounding the L2 norm of 
the incoming weights to each hidden unit and regularizing the L1  norm of the 
incoming weights to the output unit.

Corollary. As long as 𝑟 > #𝑠𝑎𝑚𝑝𝑙𝑒𝑠, weight decay regularized network is 
equivalent to convex NN (Bengio et al., 2005)

The fact that we can present data with a small network is 
NOT enough to ensure that we can learn it efficiently. 

Why do we succeed in learning using neural networks?
What property (inductive bias) makes them possible to learn?

Could we bound the capacity of a bounded-norm network 
with infinite number of hidden units?

Group-norm regularization. For any directed graph 𝐺, consider the following 
norm:

𝐿𝑝,𝑞 𝐺 =  
𝑣∈𝑉

 
𝑢→𝑣 ∈𝐸

𝑤 𝑢 → 𝑣 𝑝
𝑞
𝑝
1/𝑞

Theorem 2. For any 1 ≤ 𝑝 ≤ 2, if 1
𝑝
+ 1
𝑞
≥ 1, can bound the sample complexity 

required for learning, even if unbounded (infinite) number of units, as long as 
𝐿𝑝,𝑞 bounded, as:

sample complexity ∝ 𝟐𝑳𝒑,𝒒
𝒅

𝟐𝒅

and this is tight up to multiplicative factors multiplying 𝑑 (i.e. up to replacing 𝑑
with C𝑑 for some constant 𝐶).

Examples:
• 𝑝 = 𝑞 = 2 weight decay
• 𝑝 = 𝑞 = 1 overall sum of absolute weights
• 𝑝 = 1, 𝑞 = ∞ per unit ℓ1 norm

• If 
1
𝑝
+ 1
𝑞
< 1, class of NN of depth ≥ 3 with unbounded #units and bounded 

𝐿𝑝,𝑞 has infinite capacity. 
--------------------------------------------------------------------------------------------------------
Norm-Based Capacity Control in Neural Networks.
Behnam Neyshabur, Ryota Tomioka, Nati Srebro.
The 28th Conference on Learning Theory (COLT), 2015 (to appear).

CIFAR-10MNIST

MNIST

Reducing #Samples
Reducing #Samples
+ Censoring Labels

Reducing #Samples
+ Censoring Labels
+ Label Noise

CIFAR-10

MNIST

𝐻0 = 4 𝐻0 = 4

𝐻0 = 16 𝐻0 = 16

[Neyshabur (2015)]

Histogram of SGD trials (MNIST)

✦ Summary: 

• Local minima are rare and appear to be good enough  

• But we need (highly) over-parameterized models to have this easy training 

• We hope that over-parameterized models will still generalize well 

• Maybe, optimization should worry a bit about efficiency around saddle points

Achieve 0 training error  
with sufficiently large networks



Problem: Gradient Descent Depends on Parameterization
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⌅ Basic Example
• Want to minimize f(x)

By gradient descent: xt+1 = xt ≠–f Õ(xt), starting from x0

• Make a change of variables: y = 2x

y0 = 2x0

g(y) = f(y/2)

gÕ(y) = 1/2f Õ(y/2) = 1/2f Õ(x)

• Perform gradient descent on g:
yt+1 = yt ≠–gÕ(y)

• Express back in x:
2xt+1 = 2xt ≠–1

2f
Õ(xt)

xt+1 = xt ≠–1
4f

Õ(xt).
⌅ Substitution preserved the forward pass (equivalent initialization, same output)
⌅ Substitution resulted in a di�erent gradient
⌅ We have many parameters, whose scales are chosen by architecture design and

initialization
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⌅ Let f : Rn æ R and its derivative J(x) = df(x)
dx .

Gradient descent:

• xt+1 = xt ≠–J(xt)

⌅ Make a substitution: x = Ay (change of coordinate) and consider GD in y:

• Problem in new coordinates: min
yœRn

f(Ay)

• GD: yt+1 = yt ≠–(J(Ayt)A)T

⌅ Substitute back y = A≠1x:

• A≠1xt+1 = A≠1xt ≠–ATJT(xt)

• Obtained: xt+1 = xt ≠–(AAT)JT(xt)

Gradient Descent under Reparameterization
16

x1
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x2
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x1 = y1
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y2
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y1
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⌅ Similar for non-linear change of coordinates, e.g. normalization



Gradient Descent under Reparameterization
17✦ In ReLU networks we can rescale the weights without affecting the output:

✦ Can lead to completely different SGD behavior

X1

X2

X3

◊s
<latexit sha1_base64="9j3u7EHw50Njs2ERIhDlNppBG2k="></latexit>

◊1
s
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• ReLU units are 1-homogenous:
for s > 0: ReLU(sx) = max(0,sx) = smax(0,x)

• Can rescale inputs and outputs of each unit
(channels in conv networks)

<latexit sha1_base64="oZKigm2JVqIGn1cB6dz1MfITQ5Q="></latexit>
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f(Aw) = f(w), but ˆf(Aw)
ˆw ”= ˆf(w)

ˆw

✦ Importance of weight initialization: 

• controls forward statistics (prevent activations from saturating) 

• controls effective local learning rate
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�w3 Ã 10≠2
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�w2 Ã 104
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�w1 Ã 10≠2
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✦ Another good example is BN: forward is invariant to weight scale, but backward is not



Approach 1: Steepest Descent in Invariance-Preserving Norm
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⌅ Let’s revisit how do we find the step �x for SGD
• Approximate: f(x0+�x) ¥ f(x0)+J�x. This approximation is local.

⌅ Find the step by solving Proximal Problem:

min
�x

!
f(x0)+J�x+ 1

2–Î�xÎ22
"

0 = ˆ
ˆ�x = J�x+ 1

–�xT

�x = ≠–JT

xt+1 = xt ≠–J(xt)T — common SGD

Proximal Problem
19
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⌅ p-norm SGD, p > 1:
min�x

!
f(x0)+J�x+ 1

p–Î�xÎp
p

"

�xi = ≠–sign(Ji)|Ji|
1

p≠1

<latexit sha1_base64="bKhMAh6Fpz6w1x/G7Gnulv4IBnk="></latexit>

⌅ Machalanobis distance SGD:
• min

�x

!
f(x0)+J�x+ 1

2–Î�xÎM

"

• Î�xÎM = (�xTM�x)
1
2 – Mahalanobis distance

�x = ≠–M≠1JT

-- achieves different implicit regularization

-- can compensate uneven curvature, 
but how do we choose M?

x2
<latexit sha1_base64="Tnyr5lm/SNp8y7IYsMcKn6fPgL4="></latexit>

x1
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ÎxÎM Æ Á
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Path-SGD
20✦ In ReLU networks we can rescale the weights without affecting the output:

[Neyshabur et al. (2015) Path-SGD: Path-Normalized Optimization in Deep Neural Networks] 

X1

X2

X3

◊s
<latexit sha1_base64="9j3u7EHw50Njs2ERIhDlNppBG2k="></latexit>

◊1
s
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✦ Path-SGD considers metric invariant to equivalent transformations

Prox. problem:

• An efficient approximate solution is found 
✦ Outcomes: 

• Invariant (robust due to approximation) to all inner rescaling 
• Specialized for ReLU networks 
• Probably no substantial advantage in case the initialization is good



Approach 2: Normalize



<latexit sha1_base64="3pW5ex99n6SD+DDAtSF772X0euk="></latexit>

⌅ Similar to proximal problem, but constrained optimization form:

min
Î�xÎ2ÆÁ

!
f(x0)+J�x

"

Equivalent to:
max
⁄Ø0

min
�x

1
J�x+⁄(Î�xÎ22 ≠Á2)

2

Step direction: �x = ≠ 1
2⁄JT

Î�xTÎ2 = Á2 æ ⁄ = 1
2ÁÎJÎ2

Trust region step: �x = ≠Á JT

ÎJÎ2

Trust Region Problem
22
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≠JT

<latexit sha1_base64="ZSjVUN3fi22QMA69BiLQmWxyDZ8="></latexit>

≠Á JT

ÎJÎ

x1
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x2
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Trust region
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Î�xÎ Æ Á

• We can choose the metric / trust region differently from Euclidean 
• The step length is controlled explicitly and is invariant to gradient magnitude



Differences of Convex vs. Non-Convex
23Why to step proportionally to the gradient:

Strictly Convex

accelerate here
be careful here

Non-Convex

⌅ Gradient carries no global information
• Need bigger steps where gradient and

curvature are low
• Need smaller steps when gradient and

curvature are high
⌅ Makes sense to use trust region steps:

• �x = ≠ Òf
ÎÒfÎ

• If the trust region is ok, should guarantee
a steady progress
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Why to normalize:

<latexit sha1_base64="cnkmUENGhw4L+/bPLro0uaHVsD4="> Ewehy9iH6JRtFBlK79s76xvrl+q0M6nzp/dv5qXdeuzTnfR0ur8/lfkiQA0Q==</latexit>

⌅ No other stationary points than global

minima

⌅ The further we are from the optimum,
the larger is the gradient: ÷µ > 0

• ÎÒf(x)Î2 Ø µ(f(x)≠fú)

• ÎÒf(x)Î Ø µ|x≠xú|
⌅ Negative gradient points towards the

optimum:

• È≠Òf,xú ≠xÍ Ø f ≠fú+ µ̃Îx≠xúÎ2

• Optimization need not be monotone in f



Box Trust Regions
24

x1
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x2
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Trust region ÎxÎŒ Æ Á
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⌅ This time solve for step as:
• min

Î�xiÎÆÁ ’i

!
f(x0)+J�x

"

(In overparametrized models expect many parameters to have independent e�ect)
• Equivalent to:
max
⁄Ø0

min
�x

1
J�x+

q
i ⁄i(Î�xiÎ2 ≠Á2)

2

2⁄i�xi = ≠Ji

Step direction: �xi = ≠ 1
2⁄i

(Òf(x))i

Trust region step: �xi = ≠Á (Òf(x))i
|(Òf(x))i|



Adaptive Methods
25

⌅ RMSProp:

◊t+1,i = ◊t,i ≠Á
g̃t,iÚ

EWA
!

g̃2
1:t,i

"
<latexit sha1_base64="hbhBBfWGgMnDCMtBCl+yoFmg7wE="></latexit>

⌅ Adam:

◊t+1,i = ◊t,i ≠Á
EWA—1

!
g̃1:t,i

"
Ú

EWA—2

!
g̃2
1:t,i

"
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⌅ Adagrad:

◊t+1,i = ◊t,i ≠ ÁÔ
t

g̃t,iÚ
Mean

!
g̃2
1:t,i

"
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• In Adagrad:

1Ô
t

guarantees convergence. Other methods would also need this in theory but are

typically presented and used with constant Á

The flat average appears not very practical

• In Adam:

EWA with —1 = 0.9 works as common momentum ( 20 batches averaging)

EWA with —2 = 0.999 ( 2000 batches averaging) makes the normalization smooth

enough
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⌅ Practical Solution: approximate expectations with running averages:
�x = ≠Á E[Òf ]

ÎE[Òf ]Î

Furhter approximate ÎE[Òf ]Î =


(E[Òf ])2 Æ

(E[(Òf)2])



Conclusions
26✦ Two views: 

• Proximal problem with a metric respecting some invariances --> path SGD, 
natural Gradient. Computation complexity vs approximation. 

• Trust region problem: achieving invariance to local scaling via normalization. 
✦ Practical adaptive methods: 

• Proposed empirically, not optimal in some good sense. But achieve some desired 
properties like above, approximately. 

• There is a space for alternative choices, like normalizing per layer / tensor of 
parameters seems like a good idea.


