Advanced Deep Learning (BEV033DLA)

Lecture 8
Adaptive Optimization Methods
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4 Loss Landscape

e |ocal optimization in high dimension
4 Reparameterizations

e Change of Basis

e Neural Teleportation, Path SGD, Natural Gradient
4 Adaptivity by Normalization

e Trust Region Problem, Adam-like methods






Local Minima @

4 There are several reasons for local minima 3

e Symmetries (Permutation invariances)

- Fully connected layer with n hidden units:

n! permutations

- Convolutional layer with ¢ channels:

c! permutations

- In a deep network many equivalent local minima,

; y .
but all of them are equally good -- no need to avoid o P «
e Loss function is a sum of many non-convex terms: e
M o
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often convex non-linear




Stationary Points in High Dimensions

Let f(z): R™ — R — differentiable,
Stationary point: the gradient at x is zero
Saddle point: the gradient at x is zero but not a local extremum

1D 2D
saddle point

local max

inflection (saddle)
local min

Let f(x+ Ax)~ f(x)+ JAx+Ax" HAx

Let A have eigenvalues Aq,... A\,

Index: o« — the fraction of negative eigenvalues
a = 0 = local minimum

a =1 = local maximum

0 < a < 1= saddle point




Stationary Points in High Dimensions @

4 Insights from Theoretical Physics --- Gaussian Random Fields:

¢ |ocal minima are exponentially more rare than saddle points

e they become likely at lower energies (loss values)

Asymptotically for N — o0, aa — 0

Index Fraction vs Energy
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[Bray & Dean (2007) The statistics of critical points of Gaussian fields on large-dimensional spaces]



Stationary Points in High Dimensions @

4 Experimental Confirmations in Neural Networks
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e 1 hidden layer
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o good agreement for small alpha (as expected)
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[Dauphin et. al. 2017]

[Pennington & Bahri (2017) Geometry of Neural Network Loss Surfaces via Random Matrix Theory]

[Dauphin et. al. (2017) ldentifying and attacking the saddle point problem in high-dimensional non-

convex optimization]



High Dimensionality Helps Optimization @

Achieve 0 training error

with sufficiently large networks Histogram of SGD trials (MNIST)
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[Neyshabur (2015)] [Choromanska et al. (2015):

The Loss Surfaces of Multilayer Networks]

4 Summary:
e |ocal minima are rare amongst stationary points
e in over-parameterized mode the optimization is easier
e we can still obtain good generalization through inductive biases

e The remaining challenge of optimization is handling imbalanced curvature in high
dimensions



Modes Connectivity @

4 Good solutions can be often connected by a path: 3

e low loss/ high accuracy along the path
e there could be many such paths in different dimension

The l,-regularized cross-entropy train loss surface of a ResNet-164 on CIFAR-100
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Oplane trlrough
3 independent solutions
(different seeds) [Garipov et al. 2018]

plane through 2 solutions and a found connecting path

4 Large models (LLM, DINO, CLIP) have similar properties

e often even the convex combination of (fine-tuning) solutions works [Wortsman et
al. 2022]

4 Thanks to over-parameterization, optimization is easier and the set of solutions is
large (high-dimensional, connected)



Reparameterizations



\0

Recall: GD Under Reparameterization

Letf :R"! R
Change of coordinates (linear reparameterizatiof)= Aw
¥ Reparameterized functiong(w) := f (A’ 1w) = f (w)
¥ Gradient:" wo(w) =" wf (A’ w)= A" 1" ,f (w)
¥ SatisPes#" wg(w), wS= #" ,f (W), w$
¥ GD in reparameterized coordinates:
W1 = W %! " 0(Wt)
Is equivalent {o preconditioned GD:
Wisp = We %! ATA 1 f (wy)

Example 1:w = sw

¥ Reparameterized functiong(w) = f (%)= f (w)

¥ Gradient:! wg(w):= 2! ,f (w)

¥ GD inw is equivalent to:wi+g = W™ T 5! W f (W)

» Example 2:min 2w Hw
W

¥ =Hw

¥ GD:Wiep =W " P,

¥ Reparameterizew = Hzw # Min 3w$?
¥ GD inw is equivalent to:wy4g = w; " T H' U f

10



Example: Network Reparameterizations @

. Special case, 11
¥ mappingw !" W, preserving the function valuef. (w) = f (w)

¥ RelLU activation function isl-homogenous <@\ @
| 1/'

for s> 0 ReLU(sx) = max(0,sx) = smax(0, x)
¥ scale can be tlierent per unit (per channel in conv netwo @

V4 M — & (w)dw @
dw dw dw
4+ Example: 55 | |

T ? ? —Balanced

W311 1100 1| W3I 10' 2 2 —Unbalanced
1% R % sGD Y g 15
Refs&l;ng Update . 5
W2 ~~ ?104 A\ 10 5
W1 A A100 Al vyl 10 2 OL
0 100 200 300
¢ L © Epoch
(a) Training on MNIST

4 Unbalanced initialization (like in the example above):
e pre-activation statistics are changed, but this has no effect

e preconditioning of GD, changing the local learning rate

[Neyshabur et al. (2015) Path-SGD: Path-Normalized Optimization in Deep Neural Networks]



(*) Example: Neural Teleportation @

12
. Neural Teleportation is a change of basis:
¥ assign scalé to each neuron (at random) z, g, T
¥ change weights aw#; j = W | %wadx/ 7
: : .o a | T, War
¥ change activation function as(x) = !i" (") v Tq
¥ the resulting networkg(w) with activations*is equivaler Téw P w7
.. ) i ) by T, Mhd d Y9N )
to the original networkf (w) with activations™ g
4+ Can change flatness of minima and learning dynamics (improves?):

before teleport after teleport teleport at epoch 30, ResNet on CIFAR10

—— No teleport
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[Armenta et al. (2021) Neural Teleportation]
~ We know why GD changes:

¥ Gradient: 990 — d W) !

d v dwij ! | ||2
¥ GD equivalent to:w; "' = wj | | ,'—J' "y f (W)

di! erent (randomized) learning rates per weigl



Adaptive Methods



Challenges

4 Perfect optimization algorithm
o First order (using gradients only)
e Invariant to reparameterizations
o effectively dealing with curvature differences

e efficient to compute

4+ What we can get:

e Try achieving good conditioning by the architecture design
- normalizations
- residual connections
- layer combinations (like inception)

e Design an optimizer satisfying FO and efficiency requirements
- partial / approximate invariances /robustness
- approximately accounting for curvature

- might need adjusting local learning rates per architecture design

14



Proximal problem: p-norm SGD

LetOs revisit how we bnd the step for SGD:
¥ ApproximateL(!¢+! D)! L(')+ J! |
¥ This linear approximation is local

Find the step by solving th@roximal problem:

|
' 1
- 'I _lll Ill2
rT!u!n J! .+2" L 1es
O:%:J+ll | T
1 1 =#"JT7

Ly = L #"J()T B common SGD

p-norm SGD,p > 1.
I L]

min J1 14+ = gD
| o P

L= #" sign(Ji)|Ji|WlT N di ! erent implicit regularizatio

15



Roadmap

Proximal step ﬁ)roblem:

lieg =argmin, " L, #1,$+ ID(!,!))
¥D(,1)=%#!,%# SGD
¥D(,1)=%#!% #& p-norm SGD
¥D(!,!'y) bpath norm#& PathSGD
¥D(!,'y) b KL divergence#& Natural Gradient # KFAC, ...

Trust region pr?blem ;
livp =argmin, " L1#1,$ st D(,1)" "

¥D( )=%#!1% #& Adagrad, RMSPropAdam

¥ D(1,14)= % #!,% N spectral matrix norm for weight tensors#& Muon




(*) Path-SGD

. |ldea: consider path-based divergence:
L !

ty — | t
D (W’W ) - path ! edgee! ! We edgee! ! We

Invariant to rescaling (of both arguments)
. Proximal step: 0%

wi*t = wt+argmin "# ,f (W'),! w$+ 2D (Wt + ! w,wh)

I w

| w equivariant to rescaling N

# # $pS:

2

17

V\ ' S
@ Path

It does not matter in which reparameterization we make st

we get equivalent sequences (and performance)

4 Limitations:

e Hard to solve exactly =>
efficient approximation (equivariance preserved)

o Specialized to ReLU / Leaky RelLU networks

e Architecture-specific

[Neyshabur et al. (2015) Path-SGD:
Path-Normalized Optimization in Deep Neural Networks]
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Natural Gradient

Setup:

¥ Probabilistic predictom (y|x)
¥ Maximum likelihood learningL (!) = ! Exyy prlogpr (y|X) " min,
Pro>$imal problem: . #(

min #$,L(1),! ' % £Ex p Dicw (pr, (8K) &1 o1 1 (4K))
N % %&

Invariant to reparameterizations

¥ optimal step! ! Is equivariant to reparameterizations
¥If"" Othen! '™ 0and "
Eyi p" DKL(p!t(é-k) &p!t"‘! |(é}()) ! %I ITF(It)I | + O(&! '83) b Iocally quadrati'

whereF is the (expected) Fisher information matrix:

**

F(!)= Ex p Ey! P (Y]X) ggT , Whereg = dlogz!!(y|x)

Natural Gradient step! = ! "F()*$,L(!})
Practical aspects:
¥ needs only gradients for estimation, unstable if too stochastic

¥ F is a large matrix N cannot maintain and invert (diagonal, KFAC approximatio

18
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Trust Region Problem @

Similar to proximal problem, but constrained optimization fol

min f(Xg)+ J! X
11 x! " |

Equivalent to:
quivaiel) $

maxmln J! x+ 1 (! xl2" --2)

"#0 ! X

. —n 19T
Step direction:! x =" 5-J
L xT12="24 1 = 2171,
Trust region step:! x =" "!ﬂ!TZ

How does it behave under change of basis?

¥ In reparameterized coordinates = sx, J = 1J

¥ Equivalent tol x = gl x =1 I

19

/Trust region !! x!* |

N——— ;xl

S I N
X TS

15 P not equivariant, but better thars
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Differences of Convex vs. Non-Convex

Why to step proportionally to the gradient:

Strictly Convex

\‘\/

No other stationary points than glob
minima

The further we are from the optimum,
the larger is the gradient: ' u> 0

¥ "#f(x)"2S u(f (x) %f ')
¥ "#f(X)"$ px%x'|
Negative gradient points
optimum:;

¥ &%#H,x ' %x'$ f %f' +H"X%x' "2

¥ Optimization need not be monotone h

towards tl

Why to normalize: 20

Non-Convex

accelerate here
be careful her

7

Gradient carries no global information

¥ Need bigger steps where gradient :
curvature are low

¥ Need smaller steps when gradient
curvature are high

Makes sense to uskust region steps:

¥ x=1 400

¥ If the trust region is ok, should guarant
a steady progress

7
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Box Trust Region @

Trust region ! x!, " |
:x:l

This time solve for step as:

¥ min fw@+Jlx
Lot " T#i

(In overparametrized models expect many parameters to have independeat)

¥ Equivaleﬂt to:

%
maxmin J! x+ (1! x;!12" "?)
"$0 ! x !

Step direction: ! x; =" ZTli(#f (X))
won (%f (X))

Trust region step : | Xj = " " e 5y

21



Non-Convex Stochastic

» Trust region steps:! x; = ! !|§: Ig;g:l
~. Problem: breaks in the stochastic settl
~ Example

f(x)=(! 3x)+(x)+(x+1), chose 1 summand at a time with equal probab!

If we normalize stochastic gradients,

N\

will move in the wrong direction! Slope -3

¥ Cannot adjust the stochastic gradient Otoo much nonlinearlyO

Slope 1

Want the steps to follow the descent direction on average

22

¥ This example was used to show that Adam may fail to converge to a stationary point a

motivated theoretical improvements



Adam

Practical Solution : approximate expectations with running averag 23
_ E[! ]
b x = gy | |
Furhter approximate'E[#f]" = (E[#f])2$ (E[(#f)?))
Adagrad: RMSProp: Adam: D
Y U LTH i - B I R e
t Mean g%:t’i EWA g:%:t,i | | EWA 2 9\%:t,i
¥ In Adagrad:

J.if guarantees convergence. Other methods would also need this in theory L
typically presented and used with constaht
The [3at average appears not very practical

¥ In Adam:
EWA with "1 = 0.9 works as common momentum ( 20 batches averaging)
EWA with ", =0.999 ( 2000 batches averaging) makes the normalization smc
enough
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Muon (MomentUm Orthogonalized by Newton-Schulz) @

Setup: 24

¥ ParameterWW ! R™ " P matrix of a linear layer
¥ Gradient:G:= " wL(W)! R™ "

Trust region problem:

W :argr!nw #HG,! W$ st 9% W% & !

¥ W%, = sup WWx%="na(W) D operator norm, maximum stretching factol
X" o# 1

Closed-form solution:
¥ Let G= U" V¥ be the SVD ofG
¥ Optimal update:
I W ="1UV?* N the Opolar factorGG
¥ UV can be found with NewtonDSchulz iteration:
Xo= wgrs X+ S %XK!BI "XEX ( UVT
¥ Needs a large batch size for stability (otherwise too-much non-linear and can |

descent in expectation)



