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Assignment 1. Learning a linear Support Vector Machine classifier h(x;w, b) = sign(w⊤x+
b) from a training set Tm = {(xi, yi) ∈ Rd×{+1,−1} | i = 1, . . . ,m} leads to the following
convex quadratic program:

(ŵ, b̂, ξ̂) = arg min
w∈Rd, b∈R, ξ∈Rm

[
λ

2
∥w∥2 + 1
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m∑
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]
(1)

subject to
yi(w

⊤xi + b) ≥ 1− ξi, ξi ≥ 0, i = 1, . . . ,m.

a) Derive a stochastic gradient descent algorithm for solving the primal soft-margin SVM
optimization problem in (1).
b) Compare the resulting algorithm with the Perceptron learning algorithm.

Solution 1. Note that for any fixed (w, b), the optimal slack variable reads

ξ⋆i = max{0, 1− yi(w
⊤xi + b)}.

Hence the primal problem is equivalent to the unconstrained problem

min
w,b

F (w, b) =
λ

2
∥w∥2 + 1

m

m∑
i=1

max{0, 1− yi(w
⊤xi + b)}.

Let
ℓi(w, b) = max{0, 1− yi(w

⊤xi + b)}.
For a randomly chosen index it ∼ Uniform{1, . . . ,m}, define

st = yit(w
⊤
t xit + bt).

A stochastic subgradient of F is

g(t)
w = λwt − yitxit [[st < 1]], g

(t)
b = −yit [[st < 1]].

Therefore SGD uses

wt+1 = wt − ηtg
(t)
w , bt+1 = bt − ηtg

(t)
b .

Equivalently,
if st < 1 : wt+1 = (1− ηtλ)wt + ηtyitxit ,

bt+1 = bt + ηtyit ,

if st ≥ 1 : wt+1 = (1− ηtλ)wt,

bt+1 = bt.
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Algorithm: SGD for primal soft-margin SVM
Initialize w0 = 0, b0 = 0.
For t = 0, 1, . . . , T − 1 :

sample it ∼ Uniform{1, . . . ,m};
st ← yit(w

⊤
t xit + bt);

if st < 1 :
wt+1 ← (1− ηtλ)wt + ηtyitxit ;
bt+1 ← bt + ηtyit ;

else:
wt+1 ← (1− ηtλ)wt;
bt+1 ← bt.

Return (wT , bT ) or averaged iterates.


