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• Each coordinate frame define 3D Euclidean space. 
• It is uniquely determined by its name.

base_link
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• Coordinate frames in ROS form a transformation tree: tf

Coordinate frames & ROS

map base_link lidar

camera



• Transformation tree for two robots allow to estimate mutual 
position and use measurement from other robot.

Coordinate frames & ROS

map base_link lidar

camera

base_link2 lidar2

camera2
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Listening static transformation between two c.f. in ROS ROS:

# initialize listener (10 sec buffer)
buffer = tf2_ros.Buffer()
listener = tf2_ros.TransformListener(buffer)

# estimate transformation from lidar to map
transform = buffer.lookup_transform(‘lidar’,'map',rospy.Time())

(1) in your own node:

(2) In the terminal:

map base_link

lidar

camera

$ rosrun tf tf_echo /map /lidar
At time 1263248513.809
- Translation: [2.398, 6.783, 0.000]
- Rotation: in Quaternion [0.000, 0.000, -0.707, 0.707]



• Coordinate frames in ROS form a transformation tree: tf

Coordinate frames & ROS

map base_link lidar

camera

• In order to let ROS to keep the tf up-to-date  
=> parent-child transformations between all 
coordinate frames need to be published by your nodes
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Broadcasting static transformation between two c.f. in ROS 

broadcaster = tf2_ros.StaticTransformBroadcaster()
transform = geometry_msgs.msg.TransformStamped()
# estimate R,t (e.g. measure or compute)
# … “TOPIC OF FOLLOWING TWO LECTURES” => R,t
# convert rotation matrix into quaternion
q = mat2quat(R)
# fill-in transform between coordinate frames (q,t)
transform.translation.x = t[0]
transform.translation.y = t[1]
transform.translation.z = t[2]
transform.rotation.x = q[0]
transform.rotation.y = q[1]
transform.rotation.z = q[2]
transform.rotation.w = q[3]
transform.header.stamp = rospy.Time.now()
transform.header.frame_id = “base_link"
transform.child_frame_id = “lidar"

# publish transform between coordinate frames (q,t)
broadcaster.sendTransform(transform)
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The topic of this lecture: 
• estimating transformation between static coord. frames 

(sensor calibration)  
• principle of lidar, camera, realsense, stereo …

The topic of next lecture: 
• estimating transformation between dynamic coord. frames 

(robot/sensor localization - SLAM) 

Outline
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Lidar

lidar_p

world

laser beam
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Lidar

lidar_p

world

Estimate distance from time-of-flight.

d = c · t
2

<latexit sha1_base64="/BKNN/ApAs0jTrTQrS5livIr36o=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KUil6EohePFewHNKFsNpt26SYbdidCCQX/ihcPinj1d3jz37htc9DWBwOP92aYmRekgmtwnG9rZXVtfWOztFXe3tnd27cPDttaZoqyFpVCqm5ANBM8YS3gIFg3VYzEgWCdYHQ79TuPTGkukwcYp8yPySDhEacEjNS3j0N8jalHQwlepAjNYZLXJn274lSdGfAycQtSQQWaffvLCyXNYpYAFUTrnuuk4OdEAaeCTcpepllK6IgMWM/QhMRM+/ns/Ak+M0qII6lMJYBn6u+JnMRaj+PAdMYEhnrRm4r/eb0Mois/50maAUvofFGUCQwST7PAIVeMghgbQqji5lZMh8SkACaxsgnBXXx5mbRrVbdevbivVxo3RRwldIJO0Tly0SVqoDvURC1EUY6e0St6s56sF+vd+pi3rljFzBH6A+vzB7pWlV0=</latexit>
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Lidar

lidar_p

world

result is 3D point cloud in 
lidar_p coordinate frame  



Let us now work only with two coordinate frames: 
• lidar_p in which points are denoted as 
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lidar_p

p 2 R3
<latexit sha1_base64="2i7lvnKIiir8aV7rMxkgGnKp70I="></latexit>

p
<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

    Euclidean transformation of a rigid body

world



Let us now work only with two coordinate frames: 
• lidar_p in which points are denoted as  
• lidar_q in which points are denoted as 
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lidar_p

p 2 R3
<latexit sha1_base64="2i7lvnKIiir8aV7rMxkgGnKp70I="></latexit>

lidar_q

q 2 R3
<latexit sha1_base64="hu3Gu8HeSJ80wCMyJbt1GtW7Jvc="></latexit>

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

R, t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

    Euclidean transformation of a rigid body

world



Let us now work only with two coordinate frames: 
• lidar_p in which points are denoted as  
• lidar_q in which points are denoted as 
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lidar_p

p 2 R3
<latexit sha1_base64="2i7lvnKIiir8aV7rMxkgGnKp70I="></latexit>

lidar_q

q 2 R3
<latexit sha1_base64="hu3Gu8HeSJ80wCMyJbt1GtW7Jvc="></latexit>

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

R, t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

q = Rp+ t
<latexit sha1_base64="QIjCOI5dIMRmvMrbYV+YPNk3qM4=">AAACF3icbZBLS8NAEMc3Pmt9RT16WSyCIJREBb0IRS8eq9gHtKFstpt26ebh7kQoId/Ci1/FiwdFvOrNb+OmTUVbBxZ++58ZZubvRoIrsKwvY25+YXFpubBSXF1b39g0t7brKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iDyyzfuGdS8TC4hWHEHJ/0Au5xSkBLHbOM2z6Bvusldyk+//ncpBOK0sMJQoo7ZskqW6PAs2DnUEJ5VDvmZ7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NAbEZ8pJRneleF8rXeyFUr8A8Ej93ZEQX6mh7+rKbEU1ncvE/3KtGLwzJ+FBFAML6HiQFwsMIc5Mwl0uGQUx1ECo5HpXTPtEEgrayqI2wZ4+eRbqR2X7uGxdn5QqF7kdBbSL9tABstEpqqArVEU1RNEDekIv6NV4NJ6NN+N9XDpn5D076E8YH9938qAg</latexit>

    Euclidean transformation of a rigid body

Transformation between measurements uniquely determined:



Euclidean transformation of a rigid body
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SO(3)={R 2 R
3⇥3

| R>R = I, det(R) = +1}
<latexit sha1_base64="h0BaD9TakfIMUP00Wx26pDxC9Y8="></latexit>

• Euclidean transformation q = Rp+ t
<latexit sha1_base64="QIjCOI5dIMRmvMrbYV+YPNk3qM4=">AAACF3icbZBLS8NAEMc3Pmt9RT16WSyCIJREBb0IRS8eq9gHtKFstpt26ebh7kQoId/Ci1/FiwdFvOrNb+OmTUVbBxZ++58ZZubvRoIrsKwvY25+YXFpubBSXF1b39g0t7brKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iDyyzfuGdS8TC4hWHEHJ/0Au5xSkBLHbOM2z6Bvusldyk+//ncpBOK0sMJQoo7ZskqW6PAs2DnUEJ5VDvmZ7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NAbEZ8pJRneleF8rXeyFUr8A8Ej93ZEQX6mh7+rKbEU1ncvE/3KtGLwzJ+FBFAML6HiQFwsMIc5Mwl0uGQUx1ECo5HpXTPtEEgrayqI2wZ4+eRbqR2X7uGxdn5QqF7kdBbSL9tABstEpqqArVEU1RNEDekIv6NV4NJ6NN+N9XDpn5D076E8YH9938qAg</latexit>

R 2 SO(3)
<latexit sha1_base64="FKBMSAxtFdoqgddJxrQjpoZVn1A=">AAACB3icbVDLSgMxFL3js9bXqEtBgkWomzJjBV0W3bizPvqATimZNNOGZjJDkhHKMDs3/oobF4q49Rfc+Temj4W2HgicnHMv997jx5wp7Tjf1sLi0vLKam4tv76xubVt7+zWVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPLkd+44FKxSJxr4cxbYe4J1jACNZG6tgHyAux7vtBept5TEx+BPP07jorlo87dsEpOWOgeeJOSQGmqHbsL68bkSSkQhOOlWq5TqzbKZaaEU6zvJcoGmMywD3aMlTgkKp2Or4jQ0dG6aIgkuYJjcbq744Uh0oNQ99UjtZUs95I/M9rJTo4b6dMxImmgkwGBQlHOkKjUFCXSUo0HxqCiWRmV0T6WGKiTXR5E4I7e/I8qZ+U3HLJuTktVC6mceRgHw6hCC6cQQWuoAo1IPAIz/AKb9aT9WK9Wx+T0gVr2rMHf2B9/gD5vZi4</latexit>

where t 2 R3
<latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit>



Euclidean transformation of a rigid body in homogeneous coordinates
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<latexit sha1_base64="416D6elzPdS0IRlDzUByKX9y8oI=">AAACLXicbZDLSsNAFIYn9VbjrerSzWARXJVERN0IBV3oroK9QFPKZHrSDp1MwsxEWkNfyI2vIoKLirj1NZymRbT1h4GP/5zDmfP7MWdKO87Yyi0tr6yu5dftjc2t7Z3C7l5NRYmkUKURj2TDJwo4E1DVTHNoxBJI6HOo+/2rSb3+AFKxSNzrYQytkHQFCxgl2ljtwrUXEt3zgzQe4Utsez50mUh9Y0o2GNnYaIA9L4OhAZzRo+2B6Py0tQtFp+RkwovgzqCIZqq0C69eJ6JJCEJTTpRquk6sWymRmlEOI9tLFMSE9kkXmgYFCUG10uzaET4yTgcHkTRPaJy5vydSEio1DH3TOblNzdcm5n+1ZqKDi1bKRJxoEHS6KEg41hGeRIc7TALVfGiAUMnMXzHtEUmoNgHbJgR3/uRFqJ2U3LPS6d1psXw7iyOPDtAhOkYuOkdldIMqqIooekIvaIzerWfrzfqwPqetOWs2s4/+yPr6Bs+wpNU=</latexit>

p =

2

4
x
y
z

3

5

Euclidean Homogeneous (projective)
<latexit sha1_base64="Ancj6i61+V2r3wfTLuagoPpdinE="></latexit>

p =


p
1

�
=

2

664

x
y
z
1

3

775

• The representation    of a geometric object is homogeneous  
iff       and        represent the same object for any           .<latexit sha1_base64="M99u6SOeNOyx0yyBPKkiB7bex20=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN7qrYB/YDiWT3mlDM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcS849QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSYy+iZhSEWTLtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzRNPyZlVBiSMlX3SkLn6eyOjkdaTKLCTs4R62ZuJ/3nd1ITXfsZlkhqUbPFRmApiYjI7nwy4QmbExBLKFLdZCRtRRZmxJZVsCd7yyaukdVH1Lqu1+1qlfpfXUYQTOIVz8OAK6nALDWgCAwnP8ApvjnZenHfnYzFacPKdY/gD5/MH9hqRJA==</latexit>p

<latexit sha1_base64="M99u6SOeNOyx0yyBPKkiB7bex20=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN7qrYB/YDiWT3mlDM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcS849QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSYy+iZhSEWTLtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzRNPyZlVBiSMlX3SkLn6eyOjkdaTKLCTs4R62ZuJ/3nd1ITXfsZlkhqUbPFRmApiYjI7nwy4QmbExBLKFLdZCRtRRZmxJZVsCd7yyaukdVH1Lqu1+1qlfpfXUYQTOIVz8OAK6nALDWgCAwnP8ApvjnZenHfnYzFacPKdY/gD5/MH9hqRJA==</latexit>p
<latexit sha1_base64="2aNXaSvFDVMWm/pAentsFmXizuc=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqMuCG91VsA9oQ5lMJu3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3PP5Z45fsKZ0o7zbZXW1jc2t8rblZ3dvf0Du3rYUXEqCW2TmMey52NFORO0rZnmtJdIiiOf064/uc7n3QcqFYvFvZ4m1IvwSLCQEayNNLSrA27MAR5EWI/9MEtmQ7vm1J050CpxC1KDAq2h/TUIYpJGVGjCsVJ910m0l2GpGeF0VhmkiiaYTPCI9g0VOKLKy+bRZ+jUKAEKY2me0Giu/t7IcKTUNPKNM0+olme5+N+sn+rwysuYSFJNBVkcClOOdIzyHlDAJCWaTw3BRDKTFZExlpho01bFlOAuf3mVdM7r7kW9cdeoNW+LOspwDCdwBi5cQhNuoAVtIPAIz/AKb9aT9WK9Wx8La8kqdo7gD6zPH7tYlFg=</latexit>

�p
<latexit sha1_base64="5zkqQKOgRXAXbS1g2PyUb5yRXMI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN7qrYB/QDiWTudOGZjLTJFMopd/hxoUibv0Yd/6N6WOhrQcCh3PO5d6cIBVcG9f9dnIbm1vbO/ndwt7+weFR8fikoZNMMayzRCSqFVCNgkusG24EtlKFNA4ENoPB3cxvjlBpnsgnM07Rj2lP8ogzaqzkd4SNhrQjcUjcbrHklt05yDrxlqQES9S6xa9OmLAsRmmYoFq3PTc1/oQqw5nAaaGTaUwpG9Aeti2VNEbtT+ZHT8mFVUISJco+achc/T0xobHW4ziwyZiavl71ZuJ/Xjsz0a0/4TLNDEq2WBRlgpiEzBogIVfIjBhbQpni9lbC+lRRZmxPBVuCt/rlddK4KnvX5cpjpVR9WNaRhzM4h0vw4AaqcA81qAODITzDK7w5I+fFeXc+FtGcs5w5hT9wPn8AJauRuQ==</latexit>

� 6= 0

<latexit sha1_base64="VBFEjl8FIGwuGF3h077vzzVuyoc="></latexit>

p =

2

664

a
b
c
d

3

775

• Euclidean transformation is given by matrix    

p =


p
1

�

<latexit sha1_base64="wQhrcXirnxBJYsDLygM3Zmx3JkM="></latexit>

where
<latexit sha1_base64="qbAKv7bI4e3rT7iSbllPPqgTxUc="></latexit>

q =


q
1

�
<latexit sha1_base64="O4PIBH52+Qh50qnmWMRV9lSVcbE="></latexit>

M =


R t
0> 1

�

<latexit sha1_base64="1UhGw+W1HAmFAkaPeIQT2c/QpxQ="></latexit>

q = Mp

https://en.wikipedia.org/wiki/August_Ferdinand_M%C3%B6bius

<latexit sha1_base64="w91LwL190gW4gEkwlPQIgIi7ooI="></latexit>

p =

2

4
a/d
b/d
c/d

3

5
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Example 1:
Euclidean transformation of a rigid body in homogeneous coordinates

map

lidar_p

<latexit sha1_base64="M99u6SOeNOyx0yyBPKkiB7bex20=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN7qrYB/YDiWT3mlDM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcS849QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSYy+iZhSEWTLtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzRNPyZlVBiSMlX3SkLn6eyOjkdaTKLCTs4R62ZuJ/3nd1ITXfsZlkhqUbPFRmApiYjI7nwy4QmbExBLKFLdZCRtRRZmxJZVsCd7yyaukdVH1Lqu1+1qlfpfXUYQTOIVz8OAK6nALDWgCAwnP8ApvjnZenHfnYzFacPKdY/gD5/MH9hqRJA==</latexit>p

<latexit sha1_base64="W6s6C2YMOgIBRkgAsSwKFDIrlm8="></latexit>

Mmp =

2

664

1 0 0 tx
0 1 0 ty
0 0 1 tz
0 0 0 1

3

775

<latexit sha1_base64="MXTuYejEkirf/vuks/FFpP0yeMY=">AAACMXicbZBNS8NAEIY3ftb6VfXoZbEInkoiol4EwUu9VbBVaErZbCft0s0m7E7EGvqXvPhPxEsPinj1T7hpK36+sPDwzgyz8waJFAZdd+TMzM7NLywWlorLK6tr66WNzYaJU82hzmMZ6+uAGZBCQR0FSrhONLAokHAV9M/y+tUNaCNidYmDBFoR6yoRCs7QWu1S1Y8Y9oIww+FJkVI/gK5QWWBNLW6H1sH2LfX9MQw+4S4HH1Tnq7HYLpXdijsW/QveFMpkqlq79Oh3Yp5GoJBLZkzTcxNsZUyj4BKGRT81kDDeZ11oWlQsAtPKxhcP6a51OjSMtX0K6dj9PpGxyJhBFNjO/D7zu5ab/9WaKYbHrUyoJEVQfLIoTCXFmObx0Y7QwFEOLDCuhf0r5T2mGUcbch6C9/vkv9DYr3iHlYOLg/Lp+TSOAtkmO2SPeOSInJIqqZE64eSePJFn8uI8OCPn1XmbtM4405kt8kPO+wfIh6eG</latexit>

t =

2

4
tx
ty
tz

3

5
source

target

What is the meaning of          ???

<latexit sha1_base64="W6s6C2YMOgIBRkgAsSwKFDIrlm8="></latexit>

Mmp =

2

664

1 0 0 tx
0 1 0 ty
0 0 1 tz
0 0 0 1

3

775

contains pose of source c.f. in target c.f.

<latexit sha1_base64="W6s6C2YMOgIBRkgAsSwKFDIrlm8="></latexit>

Mmp =

2

664

1 0 0 tx
0 1 0 ty
0 0 1 tz
0 0 0 1

3

7752.

transfers      from source c.f. to target c.f.

<latexit sha1_base64="W6s6C2YMOgIBRkgAsSwKFDIrlm8="></latexit>

Mmp =

2

664

1 0 0 tx
0 1 0 ty
0 0 1 tz
0 0 0 1

3

7751. <latexit sha1_base64="M99u6SOeNOyx0yyBPKkiB7bex20=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN7qrYB/YDiWT3mlDM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcS849QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSYy+iZhSEWTLtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzRNPyZlVBiSMlX3SkLn6eyOjkdaTKLCTs4R62ZuJ/3nd1ITXfsZlkhqUbPFRmApiYjI7nwy4QmbExBLKFLdZCRtRRZmxJZVsCd7yyaukdVH1Lqu1+1qlfpfXUYQTOIVz8OAK6nALDWgCAwnP8ApvjnZenHfnYzFacPKdY/gD5/MH9hqRJA==</latexit>p
<latexit sha1_base64="FYOmSiPZIwPS5AwGOn5PUDShtD0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN7qrYB/YDiWTZtrQJDMkGaEM/Qs3LhRx69+482/MTGehrQcCh3PuJeeeIOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcn87hNVmkXywcxi6gs8lixkBBsrPQ4ENpMgTMV8WK25dTcHWiVeQWpQoDWsfg1GEUkElYZwrHXfc2Pjp1gZRjidVwaJpjEmUzymfUslFlT7aZ54js6sMkJhpOyTBuXq740UC61nIrCTWUK97GXif14/MeG1nzIZJ4ZKsvgoTDgyEcrORyOmKDF8ZgkmitmsiEywwsTYkiq2BG/55FXSuah7l/XGfaPWvCvqKMMJnMI5eHAFTbiFFrSBgIRneIU3RzsvzrvzsRgtOcXOMfyB8/kD8YuRIQ==</latexit>m

<latexit sha1_base64="fxP5gTl2S4vl9v93wy2cCe5Ly0w=">AAACJXicbVDLSgMxFM3UV62vUZdugkVwVWakqAuFghtdCBWsLXSGkkkzbWgyMyQZoQz5GTf+ihsXFhFc+Stm2hG09ULg5Jx7uPeeIGFUKsf5tEpLyyura+X1ysbm1vaOvbv3IONUYNLCMYtFJ0CSMBqRlqKKkU4iCOIBI+1gdJXr7UciJI2jezVOiM/RIKIhxUgZqmdfeLGRc3fmcaSGQZhxreEl/Pnd6l7GE73Ylmjds6tOzZkWXARuAaqgqGbPnnj9GKecRAozJGXXdRLlZ0goihnRFS+VJEF4hAaka2CEOJF+Nr1SwyPD9GEYC/MiBafsb0eGuJRjHpjOfEU5r+Xkf1o3VeG5n9EoSRWJ8GxQmDKoYphHBvtUEKzY2ACEBTW7QjxEAmFlgq2YENz5kxfBw0nNPa3V7+rVxk0RRxkcgENwDFxwBhrgGjRBC2DwBF7AG5hYz9ar9W59zFpLVuHZB3/K+voGXMinsA==</latexit>

m = Mmpp
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lidar_p

lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

Example 2:
Given transformation from lidar_p to lidar_q        ,  
what is inverse transformation        ?<latexit sha1_base64="ciAPwWz076SUZtugkWNyOWayddo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFN7oQKtgHtKFMppN26GQSZyZCDfkSNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKK6tr6xvlzcrW9s5u1d7bb6sokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zlfueRSsUica+nMfVCPBIsYARrIw3saj/EeuwH6W02SOOHbGDXnLozA1ombkFqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeekseIaOjTJEQSTNExrN1N8bKQ6Vmoa+mcxjqkUvF//zeokOLr2UiTjRVJD5oSDhSEcobwENmaRE86khmEhmsiIyxhITbbqqmBLcxS8vk/Zp3T2vn92d1Ro3RR1lOIQjOAEXLqAB19CEFhBI4Ble4c16sl6sd+tjPlqyip0D+APr8wdnSpOc</latexit>

Mpq

<latexit sha1_base64="qFtFSgQpX24y0kUvH+wCUhcH11w=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFN7oQKtgHtKFMppN26GQSZyZCDfkSNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKK6tr6xvlzcrW9s5u1d7bb6sokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zlfueRSsUica+nMfVCPBIsYARrIw3saj/EeuwH6W02SB/ibGDXnLozA1ombkFqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeekseIaOjTJEQSTNExrN1N8bKQ6Vmoa+mcxjqkUvF//zeokOLr2UiTjRVJD5oSDhSEcobwENmaRE86khmEhmsiIyxhITbbqqmBLcxS8vk/Zp3T2vn92d1Ro3RR1lOIQjOAEXLqAB19CEFhBI4Ble4c16sl6sd+tjPlqyip0D+APr8wdnS5Oc</latexit>

Mqp

?
<latexit sha1_base64="JNiSaz9CQB2Gnbj6L94uCtPcWgU="></latexit>

Mpq
=


R

> �R
> t

000
1

�

Euclidean transformation of a rigid body in homogeneous coordinates

<latexit sha1_base64="4XtI11A6U2JIldYlCI8LXEtdCco="></latexit>

Mqp =


R t
000 1

�

<latexit sha1_base64="qFtFSgQpX24y0kUvH+wCUhcH11w=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFN7oQKtgHtKFMppN26GQSZyZCDfkSNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKK6tr6xvlzcrW9s5u1d7bb6sokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zlfueRSsUica+nMfVCPBIsYARrIw3saj/EeuwH6W02SB/ibGDXnLozA1ombkFqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeekseIaOjTJEQSTNExrN1N8bKQ6Vmoa+mcxjqkUvF//zeokOLr2UiTjRVJD5oSDhSEcobwENmaRE86khmEhmsiIyxhITbbqqmBLcxS8vk/Zp3T2vn92d1Ro3RR1lOIQjOAEXLqAB19CEFhBI4Ble4c16sl6sd+tjPlqyip0D+APr8wdnS5Oc</latexit>

Mqp
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lidar_p

lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

Example 2:
Given transformation from lidar_p to lidar_q        ,  
what is inverse transformation        ?<latexit sha1_base64="ciAPwWz076SUZtugkWNyOWayddo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFN7oQKtgHtKFMppN26GQSZyZCDfkSNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKK6tr6xvlzcrW9s5u1d7bb6sokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zlfueRSsUica+nMfVCPBIsYARrIw3saj/EeuwH6W02SOOHbGDXnLozA1ombkFqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeekseIaOjTJEQSTNExrN1N8bKQ6Vmoa+mcxjqkUvF//zeokOLr2UiTjRVJD5oSDhSEcobwENmaRE86khmEhmsiIyxhITbbqqmBLcxS8vk/Zp3T2vn92d1Ro3RR1lOIQjOAEXLqAB19CEFhBI4Ble4c16sl6sd+tjPlqyip0D+APr8wdnSpOc</latexit>

Mpq

<latexit sha1_base64="qFtFSgQpX24y0kUvH+wCUhcH11w=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFN7oQKtgHtKFMppN26GQSZyZCDfkSNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKK6tr6xvlzcrW9s5u1d7bb6sokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zlfueRSsUica+nMfVCPBIsYARrIw3saj/EeuwH6W02SB/ibGDXnLozA1ombkFqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeekseIaOjTJEQSTNExrN1N8bKQ6Vmoa+mcxjqkUvF//zeokOLr2UiTjRVJD5oSDhSEcobwENmaRE86khmEhmsiIyxhITbbqqmBLcxS8vk/Zp3T2vn92d1Ro3RR1lOIQjOAEXLqAB19CEFhBI4Ble4c16sl6sd+tjPlqyip0D+APr8wdnS5Oc</latexit>

Mqp

?
<latexit sha1_base64="JNiSaz9CQB2Gnbj6L94uCtPcWgU="></latexit>

Mpq
=


R

> �R
> t

000
1

�

<latexit sha1_base64="yRRfrMfmEEl0nBuc47LdFHkTLsc="></latexit>

Mpq
2 SE(3)

Euclidean transformation of a rigid body in homogeneous coordinates

<latexit sha1_base64="4XtI11A6U2JIldYlCI8LXEtdCco="></latexit>

Mqp =


R t
000 1

�

<latexit sha1_base64="JNiSaz9CQB2Gnbj6L94uCtPcWgU="></latexit>

Mpq =


R> �R>t
000 1

�

<latexit sha1_base64="3EqCjm0QAGxsu6crVXBxKx4sdcs=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEN5ZEiroRCm50IVSwD2hjmUwn7dDJw5mJUGIW/oobF4q49Tfc+TdO2iy09cDA4Zx7uWeOG3EmlWV9G3PzC4tLy4WV4ura+samubXdkGEsCK2TkIei5WJJOQtoXTHFaSsSFPsup013eJH5zQcqJAuDWzWKqOPjfsA8RrDSUtfcPUcdH6uB6yXXaTe5j9K75MhOu2bJKltjoFli56QEOWpd86vTC0ns00ARjqVs21aknAQLxQinabETSxphMsR92tY0wD6VTjLOn6IDrfSQFwr9AoXG6u+NBPtSjnxXT2ZZ5bSXif957Vh5Z07CgihWNCCTQ17MkQpRVgbqMUGJ4iNNMBFMZ0VkgAUmSldW1CXY01+eJY3jsn1SrtxUStWrvI4C7ME+HIINp1CFS6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx+3upXz</latexit>

= M�1
qp
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q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

<latexit sha1_base64="101Hyr5iXpKmAzRNF7u+4ZY1JH0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN7qrYB/YDiWT3mlDM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcS849QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSYy+iZhSEmZr2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5omn5MwqAxLGyj5pyFz9vZHRSOtJFNjJWUK97M3E/7xuasJrP+MySQ1KtvgoTAUxMZmdTwZcITNiYgllitushI2ooszYkkq2BG/55FXSuqh6l9Xafa1Sv8vrKMIJnMI5eHAFdbiFBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kD+SSRJg==</latexit>r

Example 3:
Given transformation from lidar_p to lidar_q        , 
and transformation from lidar_q to lidar_r  
what is  transformation from lidar_p to lidar r ?

=???
<latexit sha1_base64="GF7CRucj7BLfCku4LEQMrDp5y10="></latexit>

Mrp
2 SE(

3)

lidar_p

lidar_q

lidar_r

Euclidean transformation of a rigid body in homogeneous coordinates

<latexit sha1_base64="qPexFlc9oVJLJVhvBXOrxMce23g="></latexit>

Mrp = MrqMqp =


RrqRqp Rrqtqp + trq

0 1

�

<latexit sha1_base64="qPexFlc9oVJLJVhvBXOrxMce23g="></latexit>

Mrp = MrqMqp =


RrqRqp Rrqtqp + trq

0 1

� <latexit sha1_base64="qFtFSgQpX24y0kUvH+wCUhcH11w=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFN7oQKtgHtKFMppN26GQSZyZCDfkSNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKK6tr6xvlzcrW9s5u1d7bb6sokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zlfueRSsUica+nMfVCPBIsYARrIw3saj/EeuwH6W02SB/ibGDXnLozA1ombkFqUKA5sL/6w4gkIRWacKxUz3Vi7aVYakY4zSr9RNEYkwke0Z6hAodUeekseIaOjTJEQSTNExrN1N8bKQ6Vmoa+mcxjqkUvF//zeokOLr2UiTjRVJD5oSDhSEcobwENmaRE86khmEhmsiIyxhITbbqqmBLcxS8vk/Zp3T2vn92d1Ro3RR1lOIQjOAEXLqAB19CEFhBI4Ble4c16sl6sd+tjPlqyip0D+APr8wdnS5Oc</latexit>

Mqp

<latexit sha1_base64="eAH1sxDig0GverLnol4mGbMsEgs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFN7oQKtgHtKFMppN26GQSZyZCDfkSNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKK6tr6xvlzcrW9s5u1d7bb6sokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zlfueRSsUica+nMfVCPBIsYARrIw3saj/EeuwH6W02SOVDNrBrTt2ZAS0TtyA1KNAc2F/9YUSSkApNOFaq5zqx9lIsNSOcZpV+omiMyQSPaM9QgUOqvHQWPEPHRhmiIJLmCY1m6u+NFIdKTUPfTOYx1aKXi/95vUQHl17KRJxoKsj8UJBwpCOUt4CGTFKi+dQQTCQzWREZY4mJNl1VTAnu4peXSfu07p7Xz+7Oao2boo4yHMIRnIALF9CAa2hCCwgk8Ayv8GY9WS/Wu/UxHy1Zxc4B/IH1+QNqVpOe</latexit> M
rq



<latexit sha1_base64="M99u6SOeNOyx0yyBPKkiB7bex20=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN7qrYB/YDiWT3mlDM5khyQhl6F+4caGIW//GnX9j2s5CWw8EDufcS849QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSYy+iZhSEWTLtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzRNPyZlVBiSMlX3SkLn6eyOjkdaTKLCTs4R62ZuJ/3nd1ITXfsZlkhqUbPFRmApiYjI7nwy4QmbExBLKFLdZCRtRRZmxJZVsCd7yyaukdVH1Lqu1+1qlfpfXUYQTOIVz8OAK6nALDWgCAwnP8ApvjnZenHfnYzFacPKdY/gD5/MH9hqRJA==</latexit>p
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Example 4:
Euclidean transformation of a rigid body in homogeneous coordinates

map

lidar_p
source

target
lidar_q

<latexit sha1_base64="j2yjigJvSwPiXSYqdn7ngJlGnFk=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sh5JJ77ShmcyYZIQy9C/cuFDErX/jzr8xbWehrQcCh3PuJeeeIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR9dRvPaHSPJb3ZpygH9GB5CFn1FjpoRtRMwzC7HHSK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/myWekBOr9EkYK/ukITP190ZGI63HUWAnpwn1ojcV//M6qQmv/IzLJDUo2fyjMBXExGR6PulzhcyIsSWUKW6zEjakijJjSyrZErzFk5dJ86zqXVTP784rtdu8jiIcwTGcggeXUIMbqEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/95+RJQ==</latexit>q

What is the meaning of           ???
<latexit sha1_base64="dOx4dSuZEUqQgtxIzGuV4Rk+VMs=">AAACPnicbVDLSsNAFJ34rPUVdelmsAhuLIkUdSMU3OhCqGDaQhvDZDpph84k6cxEKCFf5sZvcOfSjQtF3Lp00nbRhwcGzpx7Lvfe48eMSmVZb8bS8srq2npho7i5tb2za+7t12WUCEwcHLFINH0kCaMhcRRVjDRjQRD3GWn4/eu83ngiQtIofFDDmLgcdUMaUIyUljzTaXOken6Q3mVeOoizKzgj8Gz6y+MMzhr4IHtMT+15l2eWrLI1Alwk9oSUwAQ1z3xtdyKccBIqzJCULduKlZsioShmJCu2E0lihPuoS1qahogT6aaj8zN4rJUODCKhX6jgSJ3uSBGXcsh97czXlPO1XPyv1kpUcOmmNIwTRUI8HhQkDKoI5lnCDhUEKzbUBGFB9a4Q95BAWOnEizoEe/7kRVI/K9vn5cp9pVS9ncRRAIfgCJwAG1yAKrgBNeAADJ7BO/gEX8aL8WF8Gz9j65Ix6TkAMzB+/wD4QbIE</latexit>

Mqp = MqmMmp = M�1
mqMmp

= ???

<latexit sha1_base64="W6s6C2YMOgIBRkgAsSwKFDIrlm8="></latexit>

Mmp =

2

664

1 0 0 tx
0 1 0 ty
0 0 1 tz
0 0 0 1

3

775

<latexit sha1_base64="yFzYU6HyLs1kYECTp1HaCtyPevY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFN7oQKtgHtKFMppN26EwSZyZCDfkSNy4UceunuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKK6tr6xvlzcrW9s5u1d7bb6sokYS2SMQj2fWxopyFtKWZ5rQbS4qFz2nHn1zlfueRSsWi8F5PY+oJPApZwAjWRhrY1b7AeuwH6W02SMVDNrBrTt2ZAS0TtyA1KNAc2F/9YUQSQUNNOFaq5zqx9lIsNSOcZpV+omiMyQSPaM/QEAuqvHQWPEPHRhmiIJLmhRrN1N8bKRZKTYVvJvOYatHLxf+8XqKDSy9lYZxoGpL5oSDhSEcobwENmaRE86khmEhmsiIyxhITbbqqmBLcxS8vk/Zp3T2vn92d1Ro3RR1lOIQjOAEXLqAB19CEFhBI4Ble4c16sl6sd+tjPlqyip0D+APr8wdiuJOZ</latexit>

Mmq

<latexit sha1_base64="dOx4dSuZEUqQgtxIzGuV4Rk+VMs=">AAACPnicbVDLSsNAFJ34rPUVdelmsAhuLIkUdSMU3OhCqGDaQhvDZDpph84k6cxEKCFf5sZvcOfSjQtF3Lp00nbRhwcGzpx7Lvfe48eMSmVZb8bS8srq2npho7i5tb2za+7t12WUCEwcHLFINH0kCaMhcRRVjDRjQRD3GWn4/eu83ngiQtIofFDDmLgcdUMaUIyUljzTaXOken6Q3mVeOoizKzgj8Gz6y+MMzhr4IHtMT+15l2eWrLI1Alwk9oSUwAQ1z3xtdyKccBIqzJCULduKlZsioShmJCu2E0lihPuoS1qahogT6aaj8zN4rJUODCKhX6jgSJ3uSBGXcsh97czXlPO1XPyv1kpUcOmmNIwTRUI8HhQkDKoI5lnCDhUEKzbUBGFB9a4Q95BAWOnEizoEe/7kRVI/K9vn5cp9pVS9ncRRAIfgCJwAG1yAKrgBNeAADJ7BO/gEX8aL8WF8Gz9j65Ix6TkAMzB+/wD4QbIE</latexit>

Mqp = MqmMmp = M�1
mqMmp

<latexit sha1_base64="dOx4dSuZEUqQgtxIzGuV4Rk+VMs=">AAACPnicbVDLSsNAFJ34rPUVdelmsAhuLIkUdSMU3OhCqGDaQhvDZDpph84k6cxEKCFf5sZvcOfSjQtF3Lp00nbRhwcGzpx7Lvfe48eMSmVZb8bS8srq2npho7i5tb2za+7t12WUCEwcHLFINH0kCaMhcRRVjDRjQRD3GWn4/eu83ngiQtIofFDDmLgcdUMaUIyUljzTaXOken6Q3mVeOoizKzgj8Gz6y+MMzhr4IHtMT+15l2eWrLI1Alwk9oSUwAQ1z3xtdyKccBIqzJCULduKlZsioShmJCu2E0lihPuoS1qahogT6aaj8zN4rJUODCKhX6jgSJ3uSBGXcsh97czXlPO1XPyv1kpUcOmmNIwTRUI8HhQkDKoI5lnCDhUEKzbUBGFB9a4Q95BAWOnEizoEe/7kRVI/K9vn5cp9pVS9ncRRAIfgCJwAG1yAKrgBNeAADJ7BO/gEX8aL8WF8Gz9j65Ix6TkAMzB+/wD4QbIE</latexit>

Mqp = MqmMmp = M�1
mqMmp



    Summary: Euclidean transformation of a rigid body

24

SO(3)={R 2 R
3⇥3

| R>R = I, det(R) = +1}
<latexit sha1_base64="h0BaD9TakfIMUP00Wx26pDxC9Y8="></latexit>

• Euclidean transformation q = Rp+ t
<latexit sha1_base64="QIjCOI5dIMRmvMrbYV+YPNk3qM4=">AAACF3icbZBLS8NAEMc3Pmt9RT16WSyCIJREBb0IRS8eq9gHtKFstpt26ebh7kQoId/Ci1/FiwdFvOrNb+OmTUVbBxZ++58ZZubvRoIrsKwvY25+YXFpubBSXF1b39g0t7brKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iDyyzfuGdS8TC4hWHEHJ/0Au5xSkBLHbOM2z6Bvusldyk+//ncpBOK0sMJQoo7ZskqW6PAs2DnUEJ5VDvmZ7sb0thnAVBBlGrZVgROQiRwKlhabMeKRYQOSI+1NAbEZ8pJRneleF8rXeyFUr8A8Ej93ZEQX6mh7+rKbEU1ncvE/3KtGLwzJ+FBFAML6HiQFwsMIc5Mwl0uGQUx1ECo5HpXTPtEEgrayqI2wZ4+eRbqR2X7uGxdn5QqF7kdBbSL9tABstEpqqArVEU1RNEDekIv6NV4NJ6NN+N9XDpn5D076E8YH9938qAg</latexit>

R 2 SO(3)
<latexit sha1_base64="FKBMSAxtFdoqgddJxrQjpoZVn1A=">AAACB3icbVDLSgMxFL3js9bXqEtBgkWomzJjBV0W3bizPvqATimZNNOGZjJDkhHKMDs3/oobF4q49Rfc+Temj4W2HgicnHMv997jx5wp7Tjf1sLi0vLKam4tv76xubVt7+zWVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPLkd+44FKxSJxr4cxbYe4J1jACNZG6tgHyAux7vtBept5TEx+BPP07jorlo87dsEpOWOgeeJOSQGmqHbsL68bkSSkQhOOlWq5TqzbKZaaEU6zvJcoGmMywD3aMlTgkKp2Or4jQ0dG6aIgkuYJjcbq744Uh0oNQ99UjtZUs95I/M9rJTo4b6dMxImmgkwGBQlHOkKjUFCXSUo0HxqCiWRmV0T6WGKiTXR5E4I7e/I8qZ+U3HLJuTktVC6mceRgHw6hCC6cQQWuoAo1IPAIz/AKb9aT9WK9Wx+T0gVr2rMHf2B9/gD5vZi4</latexit>

where t 2 R3
<latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit><latexit sha1_base64="zRWSXdqTHB6dd3M8H/ZU3ZWT3NU="></latexit>

• Euclidean transformation in h.c.                 is given by 4x4 matrix    

p =


p
1

�

<latexit sha1_base64="wQhrcXirnxBJYsDLygM3Zmx3JkM="></latexit>

where
<latexit sha1_base64="qbAKv7bI4e3rT7iSbllPPqgTxUc="></latexit>

q =


q
1

�
<latexit sha1_base64="O4PIBH52+Qh50qnmWMRV9lSVcbE="></latexit>

M =


R t
0> 1

�

<latexit sha1_base64="1UhGw+W1HAmFAkaPeIQT2c/QpxQ="></latexit>

q = Mp

• Set of all transformations forms Special Euclidean group under matrix multiplic,
<latexit sha1_base64="cCw3h0LFIgKIRHLCa5PkAFJ/MOU="></latexit>

SE(3) = {M =


R t
0 1

�
| R 2 SO(3), t 2 R

3
}

• Since SO(3) constraint is sometimes unsuitable (3-dim manifold in 9-dim space)

• Alternative representations are also used.
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Different representations of the rotation: Euler angles

<latexit sha1_base64="enQuLjfIiVR/yIHtvoM8brumsYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMkId+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPBBORKg==</latexit>z

<latexit sha1_base64="uU4ZsFE1Jenr8R26O4qJKYrjpNc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMmIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAQmRKA==</latexit>x

<latexit sha1_base64="Agl67ZpaPpPgcaRlCrY4hwwirKs=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeCF71VsLXYhrLZbtqlm03YfRFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEYX+f+wxPXRsTqHicJ9yM6VCIUjKKVHnsRxVEQZpNpv1pz6+4MZJl4BalBgWa/+tUbxCyNuEImqTFdz03Qz6hGwSSfVnqp4QllYzrkXUsVjbjxs1niKTmxyoCEsbZPIZmpvzcyGhkziQI7mSc0i14u/ud1Uwyv/EyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jJpn9W9i7p7d15r3BZ1lOEIjuEUPLiEBtxAE1rAQMEzvMKbY5wX5935mI+WnGLnEP7A+fwBAo6RKQ==</latexit>y

<latexit sha1_base64="Wn+HqNXXhUCllW3V4pJeFeviPT8=">AAACRnicbVDLSgMxFL1T3/VVdekmWIQKUmZE1I0guNGdilWhM5Q7aaYNJjNDkhHr0K9z49qdn+DGhSJuTeuA9XEh4XAe5OaEqeDauO6TUxobn5icmp4pz87NLyxWlpYvdJIpyho0EYm6ClEzwWPWMNwIdpUqhjIU7DK8PhzolzdMaZ7E56aXskBiJ+YRp2gs1aoEvkTTDaP8rF/zUaRd3PRDZuzdQSlxg+yTb0frrvBsjHC92jAwSt3WinSrUnXr7nDIX+AVoArFnLQqj347oZlksaECtW56bmqCHJXhVLB+2c80S5FeY4c1LYxRMh3kwxr6ZN0ybRIlyp7YkCE7mshRat2ToXUOdtW/tQH5n9bMTLQX5DxOM8Ni+vVQlAliEjLolLS5YtSIngVIFbe7EtpFhdTY5su2BO/3l/+Ci626t1N3T7erB8dFHdOwCmtQAw924QCO4AQaQOEenuEV3pwH58V5dz6+rCWnyKzAjynBJ30Esc0=</latexit>

R(↵,�, �) = Rz(↵)Ry(�)Rx(�)

2. pitch:

<latexit sha1_base64="rzCN/XrjQFU8YtfBbJAlpcCRDS0="></latexit>

Ry(�) =

2

4
cos� 0 sin�
0 1 0

� sin� 0 cos�

3

5

pitch

Any rotation can be achieved by 3 successive rotations around axes of coord. s.

3. yaw:

yaw

<latexit sha1_base64="BI6nEBkK+0bnapIND5c8f+WEQy8="></latexit>

Rz(↵) =

2

4
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

3

5

1. roll:

roll

<latexit sha1_base64="GS/jLVucR/ViEh4qzc/y+USEIjo="></latexit>

Rx(�) =

2

4
1 0 0
0 cos � � sin �
0 sin � cos �

3

5
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Different representations of the rotation: Euler angles

<latexit sha1_base64="enQuLjfIiVR/yIHtvoM8brumsYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMkId+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPBBORKg==</latexit>z

<latexit sha1_base64="uU4ZsFE1Jenr8R26O4qJKYrjpNc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMmIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAQmRKA==</latexit>x

<latexit sha1_base64="Agl67ZpaPpPgcaRlCrY4hwwirKs=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeCF71VsLXYhrLZbtqlm03YfRFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEYX+f+wxPXRsTqHicJ9yM6VCIUjKKVHnsRxVEQZpNpv1pz6+4MZJl4BalBgWa/+tUbxCyNuEImqTFdz03Qz6hGwSSfVnqp4QllYzrkXUsVjbjxs1niKTmxyoCEsbZPIZmpvzcyGhkziQI7mSc0i14u/ud1Uwyv/EyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jJpn9W9i7p7d15r3BZ1lOEIjuEUPLiEBtxAE1rAQMEzvMKbY5wX5935mI+WnGLnEP7A+fwBAo6RKQ==</latexit>y

<latexit sha1_base64="Wn+HqNXXhUCllW3V4pJeFeviPT8=">AAACRnicbVDLSgMxFL1T3/VVdekmWIQKUmZE1I0guNGdilWhM5Q7aaYNJjNDkhHr0K9z49qdn+DGhSJuTeuA9XEh4XAe5OaEqeDauO6TUxobn5icmp4pz87NLyxWlpYvdJIpyho0EYm6ClEzwWPWMNwIdpUqhjIU7DK8PhzolzdMaZ7E56aXskBiJ+YRp2gs1aoEvkTTDaP8rF/zUaRd3PRDZuzdQSlxg+yTb0frrvBsjHC92jAwSt3WinSrUnXr7nDIX+AVoArFnLQqj347oZlksaECtW56bmqCHJXhVLB+2c80S5FeY4c1LYxRMh3kwxr6ZN0ybRIlyp7YkCE7mshRat2ToXUOdtW/tQH5n9bMTLQX5DxOM8Ni+vVQlAliEjLolLS5YtSIngVIFbe7EtpFhdTY5su2BO/3l/+Ci626t1N3T7erB8dFHdOwCmtQAw924QCO4AQaQOEenuEV3pwH58V5dz6+rCWnyKzAjynBJ30Esc0=</latexit>

R(↵,�, �) = Rz(↵)Ry(�)Rx(�)

2. pitch:

pitch 3. yaw:

yaw

1. roll:

roll

Any rotation can be achieved by 3 successive rotations around axes of coord. s.
Example 1:
What is 90-rotation around axis y? 
What does this rotation preserve?

q =

2

4
0
3
3

3

5

<latexit sha1_base64="aD1wtavLNoTqLsN5zhJ0ypLaLjA=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyozWx0YounFZwT6gU0omvdOGZjJjkhHL0D9x46+4caGIuOvfmE6LaOuBhMM595Kc48ecKe04I2thcWl5ZTW3Zq9vbG5t53d2aypKJIUqjXgkGz5RwJmAqmaaQyOWQEKfQ93vX4/9+gNIxSJxpwcxtELSFSxglGgjtfNnXkh0zw/S+yG+xJ4PXSZS32iSPQ5tB3uefZJdtgei8+O08wWn6GTA88SdkgKaotLOf3mdiCYhCE05UarpOrFupURqRjkMbS9REBPaJ11oGipICKqVZvmG+NAoHRxE0hyhcab+3khJqNQg9M3kOI2a9cbif14z0cFFK2UiTjQIOnkoSDjWER6XhTtMAtV8YAihkpm/YtojklBtKrVNCe5s5HlSOy66peLpbalQvprWkUP76AAdIRedozK6QRVURRQ9oRf0ht6tZ+vV+rA+J6ML1nRnD/2BNfoGFnuhww==</latexit>

<latexit sha1_base64="rzCN/XrjQFU8YtfBbJAlpcCRDS0="></latexit>

Ry(�) =

2

4
cos� 0 sin�
0 1 0

� sin� 0 cos�

3

5

<latexit sha1_base64="BI6nEBkK+0bnapIND5c8f+WEQy8="></latexit>

Rz(↵) =

2

4
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

3

5

<latexit sha1_base64="GS/jLVucR/ViEh4qzc/y+USEIjo="></latexit>

Rx(�) =

2

4
1 0 0
0 cos � � sin �
0 sin � cos �

3

5



27

Different representations of the rotation: Euler angles

<latexit sha1_base64="enQuLjfIiVR/yIHtvoM8brumsYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMkId+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPBBORKg==</latexit>z

<latexit sha1_base64="uU4ZsFE1Jenr8R26O4qJKYrjpNc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMmIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAQmRKA==</latexit>x

<latexit sha1_base64="Agl67ZpaPpPgcaRlCrY4hwwirKs=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeCF71VsLXYhrLZbtqlm03YfRFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEYX+f+wxPXRsTqHicJ9yM6VCIUjKKVHnsRxVEQZpNpv1pz6+4MZJl4BalBgWa/+tUbxCyNuEImqTFdz03Qz6hGwSSfVnqp4QllYzrkXUsVjbjxs1niKTmxyoCEsbZPIZmpvzcyGhkziQI7mSc0i14u/ud1Uwyv/EyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jJpn9W9i7p7d15r3BZ1lOEIjuEUPLiEBtxAE1rAQMEzvMKbY5wX5935mI+WnGLnEP7A+fwBAo6RKQ==</latexit>y

<latexit sha1_base64="Wn+HqNXXhUCllW3V4pJeFeviPT8=">AAACRnicbVDLSgMxFL1T3/VVdekmWIQKUmZE1I0guNGdilWhM5Q7aaYNJjNDkhHr0K9z49qdn+DGhSJuTeuA9XEh4XAe5OaEqeDauO6TUxobn5icmp4pz87NLyxWlpYvdJIpyho0EYm6ClEzwWPWMNwIdpUqhjIU7DK8PhzolzdMaZ7E56aXskBiJ+YRp2gs1aoEvkTTDaP8rF/zUaRd3PRDZuzdQSlxg+yTb0frrvBsjHC92jAwSt3WinSrUnXr7nDIX+AVoArFnLQqj347oZlksaECtW56bmqCHJXhVLB+2c80S5FeY4c1LYxRMh3kwxr6ZN0ybRIlyp7YkCE7mshRat2ToXUOdtW/tQH5n9bMTLQX5DxOM8Ni+vVQlAliEjLolLS5YtSIngVIFbe7EtpFhdTY5su2BO/3l/+Ci626t1N3T7erB8dFHdOwCmtQAw924QCO4AQaQOEenuEV3pwH58V5dz6+rCWnyKzAjynBJ30Esc0=</latexit>

R(↵,�, �) = Rz(↵)Ry(�)Rx(�)

2. pitch:

pitch 3. yaw:

yaw

1. roll:

roll

Any rotation can be achieved by 3 successive rotations around axes of coord. s.

<latexit sha1_base64="vMeW375EyPfDpt0QnrPU8te8GkA=">AAACH3icbVDLSgMxFM3UVx1fVZdugkVwVWZUqhuh4EZ3FewDOqVk0jttaCYzJhmxDP0TN/6KGxeKiLv+jZm2iLYeSDiccy/JOX7MmdKOM7ZyS8srq2v5dXtjc2t7p7C7V1dRIinUaMQj2fSJAs4E1DTTHJqxBBL6HBr+4CrzGw8gFYvEnR7G0A5JT7CAUaKN1CmUvZDovh+k9yN8iT0fekykvtEkexzZp9jzppdjeyC6P06nUHRKzgR4kbgzUkQzVDuFL68b0SQEoSknSrVcJ9btlEjNKIeR7SUKYkIHpActQwUJQbXTSb4RPjJKFweRNEdoPFF/b6QkVGoY+mYyS6PmvUz8z2slOrhop0zEiQZBpw8FCcc6wllZuMskUM2HhhAqmfkrpn0iCdWmUtuU4M5HXiT1k5JbLjm3Z8XKzayOPDpAh+gYuegcVdA1qqIaougJvaA39G49W6/Wh/U5Hc1Zs5199AfW+BsXwqHH</latexit>

q =

2

4
3
3
0

3

5

<latexit sha1_base64="rzCN/XrjQFU8YtfBbJAlpcCRDS0="></latexit>

Ry(�) =

2

4
cos� 0 sin�
0 1 0

� sin� 0 cos�

3

5

<latexit sha1_base64="BI6nEBkK+0bnapIND5c8f+WEQy8="></latexit>

Rz(↵) =

2

4
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

3

5

<latexit sha1_base64="GS/jLVucR/ViEh4qzc/y+USEIjo="></latexit>

Rx(�) =

2

4
1 0 0
0 cos � � sin �
0 sin � cos �

3

5
Example 1:
What is 90-rotation around axis y? 
What does this rotation preserve?
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Different representations of the rotation: Euler angles

<latexit sha1_base64="enQuLjfIiVR/yIHtvoM8brumsYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMkId+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPBBORKg==</latexit>z

<latexit sha1_base64="uU4ZsFE1Jenr8R26O4qJKYrjpNc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMmIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAQmRKA==</latexit>x

<latexit sha1_base64="Agl67ZpaPpPgcaRlCrY4hwwirKs=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeCF71VsLXYhrLZbtqlm03YfRFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEYX+f+wxPXRsTqHicJ9yM6VCIUjKKVHnsRxVEQZpNpv1pz6+4MZJl4BalBgWa/+tUbxCyNuEImqTFdz03Qz6hGwSSfVnqp4QllYzrkXUsVjbjxs1niKTmxyoCEsbZPIZmpvzcyGhkziQI7mSc0i14u/ud1Uwyv/EyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jJpn9W9i7p7d15r3BZ1lOEIjuEUPLiEBtxAE1rAQMEzvMKbY5wX5935mI+WnGLnEP7A+fwBAo6RKQ==</latexit>y

<latexit sha1_base64="Wn+HqNXXhUCllW3V4pJeFeviPT8=">AAACRnicbVDLSgMxFL1T3/VVdekmWIQKUmZE1I0guNGdilWhM5Q7aaYNJjNDkhHr0K9z49qdn+DGhSJuTeuA9XEh4XAe5OaEqeDauO6TUxobn5icmp4pz87NLyxWlpYvdJIpyho0EYm6ClEzwWPWMNwIdpUqhjIU7DK8PhzolzdMaZ7E56aXskBiJ+YRp2gs1aoEvkTTDaP8rF/zUaRd3PRDZuzdQSlxg+yTb0frrvBsjHC92jAwSt3WinSrUnXr7nDIX+AVoArFnLQqj347oZlksaECtW56bmqCHJXhVLB+2c80S5FeY4c1LYxRMh3kwxr6ZN0ybRIlyp7YkCE7mshRat2ToXUOdtW/tQH5n9bMTLQX5DxOM8Ni+vVQlAliEjLolLS5YtSIngVIFbe7EtpFhdTY5su2BO/3l/+Ci626t1N3T7erB8dFHdOwCmtQAw924QCO4AQaQOEenuEV3pwH58V5dz6+rCWnyKzAjynBJ30Esc0=</latexit>

R(↵,�, �) = Rz(↵)Ry(�)Rx(�)

2. pitch:

pitch 3. yaw:

yaw

1. roll:

roll

Any rotation can be achieved by 3 successive rotations around axes of coord. s.

p =

2

4
0
3
0

3

5

<latexit sha1_base64="h3VAOw03Y/zFUBt2h4VFx104Yes=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyowWdSMU3bisYB/QKSWT3mlDM5khyYhlmD9x46+4caGIuOvfmGmLaOuBhMM595Kc48ecKe04Y2tpeWV1bb2wYW9ube/sFvf2GypKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9Mf3uR+8wGkYpG416MYOiHpCxYwSrSRusVzLyR64AdpnOEr7PnQZyL1jSbZY2Y72PPss/xybA9E78fpFktO2ZkALxJ3Rkpohlq3+OX1IpqEIDTlRKm268S6kxKpGeWQ2V6iICZ0SPrQNlSQEFQnneTL8LFRejiIpDlC44n6eyMloVKj0DeTeRo17+Xif1470cFlJ2UiTjQIOn0oSDjWEc7Lwj0mgWo+MoRQycxfMR0QSag2ldqmBHc+8iJpnJbdSrlyVylVr2d1FNAhOkInyEUXqIpuUQ3VEUVP6AW9oXfr2Xq1PqzP6eiSNds5QH9gjb8BD8Khvg==</latexit>

<latexit sha1_base64="rzCN/XrjQFU8YtfBbJAlpcCRDS0="></latexit>

Ry(�) =

2

4
cos� 0 sin�
0 1 0

� sin� 0 cos�

3

5

<latexit sha1_base64="BI6nEBkK+0bnapIND5c8f+WEQy8="></latexit>

Rz(↵) =

2

4
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

3

5

<latexit sha1_base64="GS/jLVucR/ViEh4qzc/y+USEIjo="></latexit>

Rx(�) =

2

4
1 0 0
0 cos � � sin �
0 sin � cos �

3

5
Example 1:
What is 90-rotation around axis y? 
What does this rotation preserve?
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Different representations of the rotation: Euler angles

<latexit sha1_base64="enQuLjfIiVR/yIHtvoM8brumsYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMkId+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPBBORKg==</latexit>z

<latexit sha1_base64="uU4ZsFE1Jenr8R26O4qJKYrjpNc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMmIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAQmRKA==</latexit>x

<latexit sha1_base64="Agl67ZpaPpPgcaRlCrY4hwwirKs=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeCF71VsLXYhrLZbtqlm03YfRFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEYX+f+wxPXRsTqHicJ9yM6VCIUjKKVHnsRxVEQZpNpv1pz6+4MZJl4BalBgWa/+tUbxCyNuEImqTFdz03Qz6hGwSSfVnqp4QllYzrkXUsVjbjxs1niKTmxyoCEsbZPIZmpvzcyGhkziQI7mSc0i14u/ud1Uwyv/EyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jJpn9W9i7p7d15r3BZ1lOEIjuEUPLiEBtxAE1rAQMEzvMKbY5wX5935mI+WnGLnEP7A+fwBAo6RKQ==</latexit>y

<latexit sha1_base64="Wn+HqNXXhUCllW3V4pJeFeviPT8=">AAACRnicbVDLSgMxFL1T3/VVdekmWIQKUmZE1I0guNGdilWhM5Q7aaYNJjNDkhHr0K9z49qdn+DGhSJuTeuA9XEh4XAe5OaEqeDauO6TUxobn5icmp4pz87NLyxWlpYvdJIpyho0EYm6ClEzwWPWMNwIdpUqhjIU7DK8PhzolzdMaZ7E56aXskBiJ+YRp2gs1aoEvkTTDaP8rF/zUaRd3PRDZuzdQSlxg+yTb0frrvBsjHC92jAwSt3WinSrUnXr7nDIX+AVoArFnLQqj347oZlksaECtW56bmqCHJXhVLB+2c80S5FeY4c1LYxRMh3kwxr6ZN0ybRIlyp7YkCE7mshRat2ToXUOdtW/tQH5n9bMTLQX5DxOM8Ni+vVQlAliEjLolLS5YtSIngVIFbe7EtpFhdTY5su2BO/3l/+Ci626t1N3T7erB8dFHdOwCmtQAw924QCO4AQaQOEenuEV3pwH58V5dz6+rCWnyKzAjynBJ30Esc0=</latexit>

R(↵,�, �) = Rz(↵)Ry(�)Rx(�)

2. pitch:

pitch 3. yaw:

yaw

1. roll:

roll

Any rotation can be achieved by 3 successive rotations around axes of coord. s.

p =

2

4
0
3
0

3

5

<latexit sha1_base64="h3VAOw03Y/zFUBt2h4VFx104Yes=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyowWdSMU3bisYB/QKSWT3mlDM5khyYhlmD9x46+4caGIuOvfmGmLaOuBhMM595Kc48ecKe04Y2tpeWV1bb2wYW9ube/sFvf2GypKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9Mf3uR+8wGkYpG416MYOiHpCxYwSrSRusVzLyR64AdpnOEr7PnQZyL1jSbZY2Y72PPss/xybA9E78fpFktO2ZkALxJ3Rkpohlq3+OX1IpqEIDTlRKm268S6kxKpGeWQ2V6iICZ0SPrQNlSQEFQnneTL8LFRejiIpDlC44n6eyMloVKj0DeTeRo17+Xif1470cFlJ2UiTjQIOn0oSDjWEc7Lwj0mgWo+MoRQycxfMR0QSag2ldqmBHc+8iJpnJbdSrlyVylVr2d1FNAhOkInyEUXqIpuUQ3VEUVP6AW9oXfr2Xq1PqzP6eiSNds5QH9gjb8BD8Khvg==</latexit>

<latexit sha1_base64="rzCN/XrjQFU8YtfBbJAlpcCRDS0="></latexit>

Ry(�) =

2

4
cos� 0 sin�
0 1 0

� sin� 0 cos�

3

5

<latexit sha1_base64="BI6nEBkK+0bnapIND5c8f+WEQy8="></latexit>

Rz(↵) =

2

4
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

3

5

<latexit sha1_base64="GS/jLVucR/ViEh4qzc/y+USEIjo="></latexit>

Rx(�) =

2

4
1 0 0
0 cos � � sin �
0 sin � cos �

3

5
Example 1:
What is 90-rotation around axis y? 
What does this rotation preserve?
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Different representations of the rotation: Euler angles

<latexit sha1_base64="enQuLjfIiVR/yIHtvoM8brumsYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMkId+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPBBORKg==</latexit>z

<latexit sha1_base64="uU4ZsFE1Jenr8R26O4qJKYrjpNc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMmIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAQmRKA==</latexit>x

<latexit sha1_base64="Agl67ZpaPpPgcaRlCrY4hwwirKs=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeCF71VsLXYhrLZbtqlm03YfRFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEYX+f+wxPXRsTqHicJ9yM6VCIUjKKVHnsRxVEQZpNpv1pz6+4MZJl4BalBgWa/+tUbxCyNuEImqTFdz03Qz6hGwSSfVnqp4QllYzrkXUsVjbjxs1niKTmxyoCEsbZPIZmpvzcyGhkziQI7mSc0i14u/ud1Uwyv/EyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jJpn9W9i7p7d15r3BZ1lOEIjuEUPLiEBtxAE1rAQMEzvMKbY5wX5935mI+WnGLnEP7A+fwBAo6RKQ==</latexit>y

<latexit sha1_base64="Wn+HqNXXhUCllW3V4pJeFeviPT8=">AAACRnicbVDLSgMxFL1T3/VVdekmWIQKUmZE1I0guNGdilWhM5Q7aaYNJjNDkhHr0K9z49qdn+DGhSJuTeuA9XEh4XAe5OaEqeDauO6TUxobn5icmp4pz87NLyxWlpYvdJIpyho0EYm6ClEzwWPWMNwIdpUqhjIU7DK8PhzolzdMaZ7E56aXskBiJ+YRp2gs1aoEvkTTDaP8rF/zUaRd3PRDZuzdQSlxg+yTb0frrvBsjHC92jAwSt3WinSrUnXr7nDIX+AVoArFnLQqj347oZlksaECtW56bmqCHJXhVLB+2c80S5FeY4c1LYxRMh3kwxr6ZN0ybRIlyp7YkCE7mshRat2ToXUOdtW/tQH5n9bMTLQX5DxOM8Ni+vVQlAliEjLolLS5YtSIngVIFbe7EtpFhdTY5su2BO/3l/+Ci626t1N3T7erB8dFHdOwCmtQAw924QCO4AQaQOEenuEV3pwH58V5dz6+rCWnyKzAjynBJ30Esc0=</latexit>

R(↵,�, �) = Rz(↵)Ry(�)Rx(�)

2. pitch:

pitch 3. yaw:

yaw

1. roll:

roll

Any rotation can be achieved by 3 successive rotations around axes of coord. s.

<latexit sha1_base64="rzCN/XrjQFU8YtfBbJAlpcCRDS0="></latexit>

Ry(�) =

2

4
cos� 0 sin�
0 1 0

� sin� 0 cos�

3

5

<latexit sha1_base64="BI6nEBkK+0bnapIND5c8f+WEQy8="></latexit>

Rz(↵) =

2

4
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

3

5

<latexit sha1_base64="GS/jLVucR/ViEh4qzc/y+USEIjo="></latexit>

Rx(�) =

2

4
1 0 0
0 cos � � sin �
0 sin � cos �

3

5Gimbal lock: [  :,   90,    0 ]
[ 0,   90,     : ]

roll pitch yaw
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Different representations of the rotation: Euler angles

<latexit sha1_base64="Wn+HqNXXhUCllW3V4pJeFeviPT8=">AAACRnicbVDLSgMxFL1T3/VVdekmWIQKUmZE1I0guNGdilWhM5Q7aaYNJjNDkhHr0K9z49qdn+DGhSJuTeuA9XEh4XAe5OaEqeDauO6TUxobn5icmp4pz87NLyxWlpYvdJIpyho0EYm6ClEzwWPWMNwIdpUqhjIU7DK8PhzolzdMaZ7E56aXskBiJ+YRp2gs1aoEvkTTDaP8rF/zUaRd3PRDZuzdQSlxg+yTb0frrvBsjHC92j AwSt3WinSrUnXr7nDIX+AVoArFnLQqj347oZlksaECtW56bmqCHJXhVLB+2c80S5FeY4c1LYxRMh3kwxr6ZN0ybRIlyp7YkCE7mshRat2ToXUOdtW/tQH5n9bMTLQX5DxOM8Ni+vVQlAliEjLolLS5YtSIngVIFbe7EtpFhdTY5su2BO/3l/+Ci626t1N3T7erB8dFHdOwCmtQAw924QCO4AQaQOEenuEV3pwH58V5dz6+rCWnyKzAjynBJ30Esc0=</latexit>

R(↵,�, �) = Rz(↵)Ry(�)Rx(�)

2. pitch: 3. yaw:1. roll:

Any rotation can be achieved by 3 successive rotations around axes of coord. s.

Gimbal lock: [  :,   90,    0 ]
[ 0,   90,     : ]

roll pitch yaw

<latexit sha1_base64="rzCN/XrjQFU8YtfBbJAlpcCRDS0="></latexit>

Ry(�) =

2

4
cos� 0 sin�
0 1 0

� sin� 0 cos�

3

5

<latexit sha1_base64="BI6nEBkK+0bnapIND5c8f+WEQy8="></latexit>

Rz(↵) =

2

4
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

3

5

<latexit sha1_base64="GS/jLVucR/ViEh4qzc/y+USEIjo="></latexit>

Rx(�) =

2

4
1 0 0
0 cos � � sin �
0 sin � cos �

3

5
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Different representations of the rotation: Euler angles

<latexit sha1_base64="Wn+HqNXXhUCllW3V4pJeFeviPT8=">AAACRnicbVDLSgMxFL1T3/VVdekmWIQKUmZE1I0guNGdilWhM5Q7aaYNJjNDkhHr0K9z49qdn+DGhSJuTeuA9XEh4XAe5OaEqeDauO6TUxobn5icmp4pz87NLyxWlpYvdJIpyho0EYm6ClEzwWPWMNwIdpUqhjIU7DK8PhzolzdMaZ7E56aXskBiJ+YRp2gs1aoEvkTTDaP8rF/zUaRd3PRDZuzdQSlxg+yTb0frrvBsjHC92j AwSt3WinSrUnXr7nDIX+AVoArFnLQqj347oZlksaECtW56bmqCHJXhVLB+2c80S5FeY4c1LYxRMh3kwxr6ZN0ybRIlyp7YkCE7mshRat2ToXUOdtW/tQH5n9bMTLQX5DxOM8Ni+vVQlAliEjLolLS5YtSIngVIFbe7EtpFhdTY5su2BO/3l/+Ci626t1N3T7erB8dFHdOwCmtQAw924QCO4AQaQOEenuEV3pwH58V5dz6+rCWnyKzAjynBJ30Esc0=</latexit>

R(↵,�, �) = Rz(↵)Ry(�)Rx(�)

2. pitch: 3. yaw:1. roll:

Any rotation can be achieved by 3 successive rotations around axes of coord. s.

Gimbal lock: [  :,   90,    0 ]
[ 0,   90,     : ]

roll pitch yaw

<latexit sha1_base64="BI6nEBkK+0bnapIND5c8f+WEQy8="></latexit>

Rz(↵) =

2

4
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

3

5

<latexit sha1_base64="GS/jLVucR/ViEh4qzc/y+USEIjo="></latexit>

Rx(�) =

2

4
1 0 0
0 cos � � sin �
0 sin � cos �

3

5

<latexit sha1_base64="kYCLvjiI7p0zRRjE8rxjaspwUrk="></latexit>

Ry(�) =

2

4
0 0 1
0 1 0
�1 0 0

3

5

<latexit sha1_base64="EbgHl/fbeRHVXD/0PkIJkIrBxnc="></latexit>

=

2

4
0 0 1

sin(↵+ �) cos(↵+ �) 0
� cos(↵+ �) sin(↵+ �) 0

3

5
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Different representations of the rotation: Quaternions

<latexit sha1_base64="enQuLjfIiVR/yIHtvoM8brumsYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMkId+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPBBORKg==</latexit>z

<latexit sha1_base64="Agl67ZpaPpPgcaRlCrY4hwwirKs=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeCF71VsLXYhrLZbtqlm03YfRFK6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEYX+f+wxPXRsTqHicJ9yM6VCIUjKKVHnsRxVEQZpNpv1pz6+4MZJl4BalBgWa/+tUbxCyNuEImqTFdz03Qz6hGwSSfVnqp4QllYzrkXUsVjbjxs1niKTmxyoCEsbZPIZmpvzcyGhkziQI7mSc0i14u/ud1Uwyv/EyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jJpn9W9i7p7d15r3BZ1lOEIjuEUPLiEBtxAE1rAQMEzvMKbY5wX5935mI+WnGLnEP7A+fwBAo6RKQ==</latexit>y

Euler rotation theorem: Any sequence of rotations is equivalent to single rotation 
around fixed axis.

<latexit sha1_base64="UY2deuAReZe023aBg8KHV9XJXDw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV0R9RjworcI5gHJEmYnvcmYeSwzs0II+QcvHhTx6v9482+cJHvQxIKGoqqb7q445czYIPj2VlbX1jc2C1vF7Z3dvf3SwWHDqExTrFPFlW7FxCBnEuuWWY6tVCMRMcdmPLyZ+s0n1IYp+WBHKUaC9CVLGCXWSY2OEtgn3VI5qAQz+MskzEkZctS6pa9OT9FMoLSUE2PaYZDaaEy0ZZTjpNjJDKaEDkkf245KItBE49m1E//UKT0/UdqVtP5M/T0xJsKYkYhdpyB2YBa9qfif185sch2NmUwzi5LOFyUZ963yp6/7PaaRWj5yhFDN3K0+HRBNqHUBFV0I4eLLy6RxXgkvK8H9Rbl6l8dRgGM4gTMI4QqqcAs1qAOFR3iGV3jzlPfivXsf89YVL585gj/wPn8Ak/KPJw==</latexit>!

<latexit sha1_base64="Qcvg2J2ZKPR7/5X9hHLYct+8WkQ=">AAACF3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sh5JJM21okhmSjFCG/oUbF/or7sStS//EpZl2FvZxIHA4517uyQlizrRx3R+nsLa+sblV3C7t7O7tH5QPj5o6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaPbzG89U6VZJB/NOKa+wAPJQkawsdJTV2AzDMI0mfTKFbfqToGWiZeTCuSo98q/3X5EEkGlIRxr3fHc2PgpVoYRTielbqJpjMkID2jHUokF1X46TTxBZ1bpozBS9kmDpur/jRQLrccisJNZQr3oZeIqr5OY8MZPmYwTQyWZHQoTjkyEsu+jPlOUGD62BBPFbFZEhlhhYmxJKxPMiUEgJiVblbdYzDJpXlS9q6r7cFmp3eelFeEETuEcPLiGGtxBHRpAQMILvMG78+p8OJ/O12y04OQ7xzAH5/sP4WqhJA==</latexit>u

<latexit sha1_base64="nkOW4BqiKS7Ff1H5EaGX4pskP/U=">AAACGXicbVDLSgMxFM34rOOr6tJNsBRclRkRdVlwo7sK9oHtUJI004YmmSHJCGWYv3An+i/uxK0rf8WVmXYW9nEgcDjnXu7JwTFn2njej7O2vrG5tV3acXf39g8Oy0fHLR0litAmiXikOhhpypmkTcMMp51YUSQwp208vs399jNVmkXy0UxiGgg0lCxkBBkrPfUEMiMcpnHWL1e8mjcFXCZ+QSqgQKNf/u0NIpIIKg3hSOuu78UmSJEyjHCaub1E0xiRMRrSrqUSCaqDdJo4g1WrDGAYKfukgVP1/0aKhNYTge1knlAverm4yusmJrwJUibjxFBJZofChEMTwfz7cMAUJYZPLEFEMZsVkhFSiBhbkltdFWFexVhkri3LX6xmmbQuav5VzXu4rNTvi9pK4BScgXPgg2tQB3egAZqAAAlewBt4d16dD+fT+ZqNrjnFzgmYg/P9BxJyoXU=</latexit>p

<latexit sha1_base64="uU4ZsFE1Jenr8R26O4qJKYrjpNc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91VsA9sS8mkd9rQTGZIMmIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxdea3HlFpHsl7M4mxF9Kh5AFn1FjpoRtSM/KD9GnaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTdu/NK7TavowhHcAyn4MEl1OAG6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAQmRKA==</latexit>x

<latexit sha1_base64="KYiIqcEaBS62yKlZg3cch5hJmfI=">AAACK3icbVBLSwMxGMz6rPW16k0vwVLwVHZV1GPBi96q2Ae0tSRptg1NskuSFcqy4K/xJvpfPCle/ROezLY92MdAYDLzfWQyOOJMG8/7dJaWV1bX1nMb+c2t7Z1dd2+/psNYEVolIQ9VAyNNOZO0apjhtBEpigTmtI4H15lff6JKs1A+mGFE2wL1JAsYQcZKHfewJZDp4yCJ0haT4wtO7tPHM9hxC17JGwHOE39CCmCCSsf9bXVDEgsqDeFI66bvRaadIGUY4TTNt2JNI0QGqEeblkokqG4noz+ksGiVLgxCZY80cKT+30iQ0HoosJ3MQupZLxMXec3YBFfthMkoNlSS8UNBzKEJYVYI7DJFieFDSxBRzGaFpI8UIsbWli8uijCtYizSvC3Ln61mntROS/5Fybs7L5RvJ7XlwBE4BifAB5egDG5ABVQBAc/gBbyBd+fV+XC+nO/x6JIz2TkAU3B+/gBRy6g+</latexit>

p 2 R3
<latexit sha1_base64="4x38XQ23DlPREeCqQSmmQL/i2Ns="></latexit>

p = (px, py, pz) = pxi+ pyj+ pzk

… cartesian axes
<latexit sha1_base64="hTj+KbgxYdFX4taXfCLk8eR9EUU="></latexit>

i, j,k

<latexit sha1_base64="Rdw0Zr8d1x5mQPSNm9NulAbtYMA=">AAACKXicbVBLSwMxGMzWV62vVW96CRbBU9kVUY8FL/VWwT6gu5Rsmm1Dk+ySZIWyLPhrvHjQv+JNvfonPJpt92AfA4HJzPeRyQQxo0o7zpdVWlvf2Nwqb1d2dvf2D+zDo7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgu9ztPRCoaiUc9iYnP0VDQkGKkjdS3TzyO9CgIeBpn0KMCFve0kfXtqlNzpoDLxC1IFRRo9u1fbxDhhBOhMUNK9Vwn1n6KpKaYkaziJYrECI/RkPQMFYgT5afTP2Tw3CgDGEbSHKHhVP2/kSKu1IQHZjJPqBa9XFzl9RId3vopFXGiicCzh8KEQR3BvBA4oJJgzSaGICypyQrxCEmEtaltZYI50VSXVUxV7mIxy6R9WXOva87DVbV+X5RWBqfgDFwAF9yAOmiAJmgBDJ7BC3gD79ar9WF9Wt+z0ZJV7ByDOVg/f+eFp9Y=</latexit>

2 H

<latexit sha1_base64="0NSgVUAjOLWfj36QUYalZHUWR08="></latexit>

= (0, px, py, pz) = 0 + px î+ py ĵ+ pzk̂
<latexit sha1_base64="Y6IAd/PEkdq1WzZU5mm7muvCFDA="></latexit>

î, ĵ, k̂ fundamental quaternions units  
such that

<latexit sha1_base64="q5c8lJK2NFCvVbkNw8/Poecg+oo="></latexit>

î2 = ĵ2 = k̂2 = î̂jk̂ = �1
…

<latexit sha1_base64="NPehjBtB9w3WrJHzMsPTQ6y1oVk="></latexit> 0 2 H

<latexit sha1_base64="mNAs6BkUMWyxagXWf3AFCC3j6HA=">AAACSXicbZDLSsNAFIYnrZdab1GXboJFcGNJRFQEoeBGdxXsBZq0TKaTduhMEmcmQgl5F5/GjQvd+hjuiisnaZDeDgz8fP85nDO/G1IipGl+a4Xi2vrGZmmrvL2zu7evHxw2RRBxhBsooAFvu1BgSnzckERS3A45hsyluOWO7lO/9Yq5IIH/LMchdhgc+MQjCEqFevqtzaAcui6Lw6Rrh5wwfPePXpIZd4Z243MrKff0ilk1szKWhZWLCsir3tMndj9AEcO+RBQK0bHMUDox5JIgipOyHQkcQjSCA9xR0ocMCyfO/pgYp4r0DS/g6vnSyOjsRAyZEGPmqs70ULHopXCV14mkd+PExA8jiX00XeRF1JCBkQZm9AnHSNKxEhBxom410BByiKSKdeUFc1AllkVlLQazLJoXVeuqaj5dVmqPeWglcAxOwBmwwDWogQdQBw2AwBt4B5/gS/vQfrSJ9jttLWj5zBGYq0LxD7datUs=</latexit> 0 = �1… rotated point in quaternion

<latexit sha1_base64="Iak0F+W+SAeAgzBEkcYAu2EPv/o="></latexit>

= cos
!

2
+ (ux î+ uy ĵ+ uzk̂) sin

!

2
<latexit sha1_base64="f0o/H0F+6FTbO9zIc3bCipQVQFM="></latexit>

2 H

<latexit sha1_base64="MlXdDccd7lGWCl54tm9UgRjOl/0="></latexit> �1 2 H

<latexit sha1_base64="iVgGcvmkHHLzxtwpRt7I9pfLkpc="></latexit>

�1 = cos
!

2
� (ux î+ uy ĵ+ uzk̂) sin

!

2

<latexit sha1_base64="yQDFdL30Qy6lSmvCMJYbCWXVrV0="></latexit> 0 = (0, p0x, p
0
y, p

0
z) 2 H ) p0 = (p0x, p

0
y, p

0
z) 2 R

3
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from scipy.spatial.transform import Rotation as Rot
Rot.from_matrix(R).as_euler(‘xyz’)
Rot.from_quat(q).to_matrix(‘xyz’)

9-dim representation with constraint on SO3 manifold
SO(3)={R 2 R

3⇥3
| R>R = I, det(R) = +1}

<latexit sha1_base64="h0BaD9TakfIMUP00Wx26pDxC9Y8="></latexit>

with constrain of                 R 2 SO(3)
<latexit sha1_base64="FKBMSAxtFdoqgddJxrQjpoZVn1A=">AAACB3icbVDLSgMxFL3js9bXqEtBgkWomzJjBV0W3bizPvqATimZNNOGZjJDkhHKMDs3/oobF4q49Rfc+Temj4W2HgicnHMv997jx5wp7Tjf1sLi0vLKam4tv76xubVt7+zWVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPLkd+44FKxSJxr4cxbYe4J1jACNZG6tgHyAux7vtBept5TEx+BPP07jorlo87dsEpOWOgeeJOSQGmqHbsL68bkSSkQhOOlWq5TqzbKZaaEU6zvJcoGmMywD3aMlTgkKp2Or4jQ0dG6aIgkuYJjcbq744Uh0oNQ99UjtZUs95I/M9rJTo4b6dMxImmgkwGBQlHOkKjUFCXSUo0HxqCiWRmV0T6WGKiTXR5E4I7e/I8qZ+U3HLJuTktVC6mceRgHw6hCC6cQQWuoAo1IPAIz/AKb9aT9WK9Wx+T0gVr2rMHf2B9/gD5vZi4</latexit>

<latexit sha1_base64="EUpcGXJnd8A+NIFAWXvrX7mQWrg=">AAACLHicbVBNS8NAEN34WetX1KOXxSJUhJKIqBeh0IveqtgPaGLZbDft0t0k7G6EEvqDvPhXBPFgEa/+DjdtSrX1wcCbNzPMzPMiRqWyrJGxtLyyurae28hvbm3v7Jp7+3UZxgKTGg5ZKJoekoTRgNQUVYw0I0EQ9xhpeP1KWm88ESFpGDyoQURcjroB9SlGSkttswIdjlTP85No+OhEgnJSnCr3wxN4DWfZrBMen04TNYRts2CVrDHgIrEzUgAZqm3zzemEOOYkUJghKVu2FSk3QUJRzMgw78SSRAj3UZe0NA0QJ9JNxs/q1VrpQD8UOgIFx+rviQRxKQfc053piXK+lor/1Vqx8q/chAZRrEiAJ4v8mEEVwtQ52KGCYMUGmiAsqL4V4h4SCCvtb16bYM+/vEjqZyX7omTdnRfKt5kdOXAIjkAR2OASlMENqIIawOAZvIIPMDJejHfj0/iatC4Z2cwB+APj+wewsKiA</latexit>

p0(R) = Rp

(1) Rotation matrix R 2 SO(3)
<latexit sha1_base64="FKBMSAxtFdoqgddJxrQjpoZVn1A=">AAACB3icbVDLSgMxFL3js9bXqEtBgkWomzJjBV0W3bizPvqATimZNNOGZjJDkhHKMDs3/oobF4q49Rfc+Temj4W2HgicnHMv997jx5wp7Tjf1sLi0vLKam4tv76xubVt7+zWVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPLkd+44FKxSJxr4cxbYe4J1jACNZG6tgHyAux7vtBept5TEx+BPP07jorlo87dsEpOWOgeeJOSQGmqHbsL68bkSSkQhOOlWq5TqzbKZaaEU6zvJcoGmMywD3aMlTgkKp2Or4jQ0dG6aIgkuYJjcbq744Uh0oNQ99UjtZUs95I/M9rJTo4b6dMxImmgkwGBQlHOkKjUFCXSUo0HxqCiWRmV0T6WGKiTXR5E4I7e/I8qZ+U3HLJuTktVC6mceRgHw6hCC6cQQWuoAo1IPAIz/AKb9aT9WK9Wx+T0gVr2rMHf2B9/gD5vZi4</latexit>

<latexit sha1_base64="lQBaogjMA/JzYNFtizTlMYB5hEQ=">AAACVnicbZBdS8MwFIaz6tycX1UvvSkOYV44WhH1Rhh4od5NcB+wdiPNshmWtDVJhVH6k/w13ijo//BKTLsi3ceBwJvnnEPevG5AiZCm+VnQ1taLG6XyZmVre2d3T98/aAs/5Ai3kE993nWhwJR4uCWJpLgbcAyZS3HHndwm/c4r5oL43pOcBthhcOyREUFQKjTQ72wG5bPrsiiI+3bACcO1f/QSn97kLrnRHO1HZ1ZcGehVs26mZSwLKxNVkFVzoP/YQx+FDHsSUShEzzID6USQS4Iojit2KHAA0QSOcU9JDzIsnCj9cGycKDI0Rj5Xx5NGSvMbEWRCTJmrJhOjYrGXwFW9XihH105EvCCU2EOzh0YhNaRvJOkZQ8IxknSqBEScKK8GeoYcIqkyXulgDqrE0qisxWCWRfu8bl3WzceLauMhC60MjsAxqAELXIEGuAdN0AIIvIF38AW+Cx+FX62olWajWiHbOQRzpel/2iG4wA==</latexit> 0( ) = �1

(3) Quaternions
<latexit sha1_base64="f0o/H0F+6FTbO9zIc3bCipQVQFM="></latexit>

2 H 4-dim representation

(2) Euler angles
<latexit sha1_base64="WfW0L+Bif2c6tWBeGrIgrUwRRvs="></latexit>

p0(↵,�, �) = R(↵,�, �)p

<latexit sha1_base64="CP5/cKvWMqmLDSU6kpx6zCmtDE0=">AAACNnicbVBNSwMxFMz6WetX1aOXYBEVpOxqUY8FL3qrYqvQXcvbNG1Dk+ySZIWy9Cf4a7x40B/ixZt49ejRtN2DrQ4Ehpn3eJMJY860cd03Z2Z2bn5hMbeUX15ZXVsvbGzWdZQoQmsk4pG6C0FTziStGWY4vYsVBRFyehv2zof+7QNVmkXyxvRjGgjoSNZmBIyVmoW9fR943IVDP6QGDrHfASHgwGcS+wJMlwBPrwf3x81C0S25I+C/xMtIEWWoNgvffisiiaDSEA5aNzw3NkEKyjDC6SDvJ5rGQHrQoQ1LJQiqg3T0oQHetUoLtyNlnzR4pP7eSEFo3RehnRyG1NPeUPzPaySmfRakTMaJoZKMD7UTjk2Eh+3gFlOUGN63BIhiNismXVBAjO3w3wQTYhiKQd5W5U0X85fUj0reSal8VS5WLrPScmgb7aB95KFTVEEXqIpqiKBH9IRe0Kvz7Lw7H87neHTGyXa20AScrx+gy6wm</latexit>

(↵,�, �) 2 R3 3-dim representation
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Rot.from_quat(q).to_matrix(‘xyz’)

where 

for example:

https://en.wikipedia.org/wiki/Quaternions_and_spatial_rotation
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lidar_p

lidar_q

q
<latexit sha1_base64="WNu78XHlq8x8IZQO2+XIrTASjFU="></latexit>p

<latexit sha1_base64="2hBF3DfW4/5rXvCpzKdM5I+bqYc="></latexit>

R, t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• How do we estimate          ?R, t
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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\lidar_q

world



world

Mutual calibration of two coordinate frames
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\lidar_q \lidar_p
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\lidar_q \lidar_p
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\lidar_q \lidar_p

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

3D-3D correspondences
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\lidar_q \lidar_p

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

3D-3D correspondences
q2

<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>
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\lidar_q \lidar_p

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>
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\lidar_q \lidar_p

q1 = Rp1 + t
<latexit sha1_base64="7wPpnVCYO8rUndptSIQt0wMsmxQ=">AAACDnicbVDLSsNAFL3xWesr6tJNsBQEoSQq6EYounFZxT6gDWEynbRDJ5M4MxFK6Be48VfcuFDErWt3/o2TNgVtPTBwzrn3MvceP2ZUKtv+NhYWl5ZXVgtrxfWNza1tc2e3IaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cJXVmw9ESBrxOzWMiRuiHqcBxUhpyzPLnRCpvh+k9yPPuZiK21iro6lSI88s2RV7DGueODkpQY6aZ351uhFOQsIVZkjKtmPHyk2RUBQzMip2EklihAeoR9qachQS6abjc0ZWWTtdK4iEflxZY/f3RIpCKYehrzuzDeVsLTP/q7UTFZy7KeVxogjHk4+ChFkqsrJsrC4VBCs21ARhQfWuFu4jgbDSCRZ1CM7syfOkcVxxTir2zWmpepnHUYB9OIBDcOAMqnANNagDhkd4hld4M56MF+Pd+Ji0Lhj5zB78gfH5A+ESnKA=</latexit>

q2 = Rp2 + t
<latexit sha1_base64="caRy3GzxniySzkwWaywan1tI7BU=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgCCWpgm6EohuXVewD2hAm00k7dDKJMxOhhHyBG3/FjQtF3Lp25984aVPQ1gMD55x7L3Pv8SJGpbKsb6OwtLyyulZcL21sbm3vmLt7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o6us3n4gQtKQ36lxRJwADTj1KUZKW65Z6QVIDT0/uU/d2sVM3EZaHc+USl2zbFWtCeAisXNSBjkarvnV64c4DghXmCEpu7YVKSdBQlHMSFrqxZJECI/QgHQ15Sgg0kkm56Swop0+9EOhH1dw4v6eSFAg5TjwdGe2oZyvZeZ/tW6s/HMnoTyKFeF4+pEfM6hCmGUD+1QQrNhYE4QF1btCPEQCYaUTLOkQ7PmTF0mrVrVPqtbNabl+mcdRBAfgEBwBG5yBOrgGDdAEGDyCZ/AK3own48V4Nz6mrQUjn9kHf2B8/gDkPpyi</latexit>

R, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>
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\lidar_q \lidar_p

q1 = Rp1 + t
<latexit sha1_base64="7wPpnVCYO8rUndptSIQt0wMsmxQ=">AAACDnicbVDLSsNAFL3xWesr6tJNsBQEoSQq6EYounFZxT6gDWEynbRDJ5M4MxFK6Be48VfcuFDErWt3/o2TNgVtPTBwzrn3MvceP2ZUKtv+NhYWl5ZXVgtrxfWNza1tc2e3IaNEYFLHEYtEy0eSMMpJXVHFSCsWBIU+I01/cJXVmw9ESBrxOzWMiRuiHqcBxUhpyzPLnRCpvh+k9yPPuZiK21iro6lSI88s2RV7DGueODkpQY6aZ351uhFOQsIVZkjKtmPHyk2RUBQzMip2EklihAeoR9qachQS6abjc0ZWWTtdK4iEflxZY/f3RIpCKYehrzuzDeVsLTP/q7UTFZy7KeVxogjHk4+ChFkqsrJsrC4VBCs21ARhQfWuFu4jgbDSCRZ1CM7syfOkcVxxTir2zWmpepnHUYB9OIBDcOAMqnANNagDhkd4hld4M56MF+Pd+Ji0Lhj5zB78gfH5A+ESnKA=</latexit>

q2 = Rp2 + t
<latexit sha1_base64="caRy3GzxniySzkwWaywan1tI7BU=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgCCWpgm6EohuXVewD2hAm00k7dDKJMxOhhHyBG3/FjQtF3Lp25984aVPQ1gMD55x7L3Pv8SJGpbKsb6OwtLyyulZcL21sbm3vmLt7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o6us3n4gQtKQ36lxRJwADTj1KUZKW65Z6QVIDT0/uU/d2sVM3EZaHc+USl2zbFWtCeAisXNSBjkarvnV64c4DghXmCEpu7YVKSdBQlHMSFrqxZJECI/QgHQ15Sgg0kkm56Swop0+9EOhH1dw4v6eSFAg5TjwdGe2oZyvZeZ/tW6s/HMnoTyKFeF4+pEfM6hCmGUD+1QQrNhYE4QF1btCPEQCYaUTLOkQ7PmTF0mrVrVPqtbNabl+mcdRBAfgEBwBG5yBOrgGDdAEGDyCZ/AK3own48V4Nz6mrQUjn9kHf2B8/gDkPpyi</latexit>

R, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>

qi = Rpi + t 8i=1...N
<latexit sha1_base64="OZQvdTXbzK/Dv0RJoVp7pXzUQXI="></latexit>

3N equations (        unknowns):
<latexit sha1_base64="trHLMVLgSee+dOm118ZkVGdIZ4U=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZRERF0W3Oiuin1AG8pkOmmHTiZhZiKUEPBX3LhQxK3f4c6/cdJG0NYDA4dz7uWeOX7MmdKO82UtLC4tr6yW1srrG5tb2/bOblNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/ugq91sPVCoWiXs9jqkX4oFgASNYG6ln73dDrId+kN5lJz9UZz274lSdCdA8cQtSgQL1nv3Z7UckCanQhGOlOq4Tay/FUjPCaVbuJorGmIzwgHYMFTikyksn8TN0ZJQ+CiJpntBoov7eSHGo1Dj0zWSeUM16ufif10l0cOmlTMSJpoJMDwUJRzpCeReozyQlmo8NwUQykxWRIZaYaNNY2ZTgzn55njRPq+551bk9q9RuijpKcACHcAwuXEANrqEODSCQwhO8wKv1aD1bb9b7dHTBKnb24A+sj2/CuZYH</latexit>

R, t
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\lidar_q \lidar_pR, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>

qi = Rpi + t 8i=1...N
<latexit sha1_base64="OZQvdTXbzK/Dv0RJoVp7pXzUQXI="></latexit>

3N equations (        unknowns):
<latexit sha1_base64="trHLMVLgSee+dOm118ZkVGdIZ4U=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZRERF0W3Oiuin1AG8pkOmmHTiZhZiKUEPBX3LhQxK3f4c6/cdJG0NYDA4dz7uWeOX7MmdKO82UtLC4tr6yW1srrG5tb2/bOblNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/ugq91sPVCoWiXs9jqkX4oFgASNYG6ln73dDrId+kN5lJz9UZz274lSdCdA8cQtSgQL1nv3Z7UckCanQhGOlOq4Tay/FUjPCaVbuJorGmIzwgHYMFTikyksn8TN0ZJQ+CiJpntBoov7eSHGo1Dj0zWSeUM16ufif10l0cOmlTMSJpoJMDwUJRzpCeReozyQlmo8NwUQykxWRIZaYaNNY2ZTgzn55njRPq+551bk9q9RuijpKcACHcAwuXEANrqEODSCQwhO8wKv1aD1bb9b7dHTBKnb24A+sj2/CuZYH</latexit>

R, t
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\lidar_q \lidar_pR, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>

qi = Rpi + t 8i=1...N
<latexit sha1_base64="OZQvdTXbzK/Dv0RJoVp7pXzUQXI="></latexit>

3N equations (        unknowns):
<latexit sha1_base64="trHLMVLgSee+dOm118ZkVGdIZ4U=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZRERF0W3Oiuin1AG8pkOmmHTiZhZiKUEPBX3LhQxK3f4c6/cdJG0NYDA4dz7uWeOX7MmdKO82UtLC4tr6yW1srrG5tb2/bOblNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/ugq91sPVCoWiXs9jqkX4oFgASNYG6ln73dDrId+kN5lJz9UZz274lSdCdA8cQtSgQL1nv3Z7UckCanQhGOlOq4Tay/FUjPCaVbuJorGmIzwgHYMFTikyksn8TN0ZJQ+CiJpntBoov7eSHGo1Dj0zWSeUM16ufif10l0cOmlTMSJpoJMDwUJRzpCeReozyQlmo8NwUQykxWRIZaYaNNY2ZTgzn55njRPq+551bk9q9RuijpKcACHcAwuXEANrqEODSCQwhO8wKv1aD1bb9b7dHTBKnb24A+sj2/CuZYH</latexit>

R, t

noise => no exact solution
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\lidar_q \lidar_pR, t
<latexit sha1_base64="VFYrbrEHTzNHka7GMZY+diqNtWo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi6LblxWsQ9oQplMJ+3QyYOZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn0ih0ba/rdLK6tr6RnmzsrW9s7tX3T9o6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb3O/88SVFnH0iJOEeyEdRiIQjKKRXDekOPKD7OEMp/1qza7bM5Bl4hSkBgWa/eqXO4hZGvIImaRa9xw7QS+jCgWTfFpxU80TysZ0yHuGRjTk2stmmafkxCgDEsTKvAjJTP29kdFQ60nom8k8o170cvE/r5dicO1lIkpS5BGbHwpSSTAmeQFkIBRnKCeGUKaEyUrYiCrK0NRUMSU4i19eJu3zunNRt+8va42boo4yHMExnIIDV9CAO2hCCxgk8Ayv8Gal1ov1bn3MR0tWsXMIf2B9/gAIs5Gs</latexit>

qi = Rpi + t 8i=1...N
<latexit sha1_base64="OZQvdTXbzK/Dv0RJoVp7pXzUQXI="></latexit>

noise => no exact solution

ML estimate wrt:  
 - gaussian noise
 - i.i.d measurements

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Minimize sum of squared 
differences between left 
and right-hand side.

3N equations (        unknowns):
<latexit sha1_base64="trHLMVLgSee+dOm118ZkVGdIZ4U=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZRERF0W3Oiuin1AG8pkOmmHTiZhZiKUEPBX3LhQxK3f4c6/cdJG0NYDA4dz7uWeOX7MmdKO82UtLC4tr6yW1srrG5tb2/bOblNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/ugq91sPVCoWiXs9jqkX4oFgASNYG6ln73dDrId+kN5lJz9UZz274lSdCdA8cQtSgQL1nv3Z7UckCanQhGOlOq4Tay/FUjPCaVbuJorGmIzwgHYMFTikyksn8TN0ZJQ+CiJpntBoov7eSHGo1Dj0zWSeUM16ufif10l0cOmlTMSJpoJMDwUJRzpCeReozyQlmo8NwUQykxWRIZaYaNNY2ZTgzn55njRPq+551bk9q9RuijpKcACHcAwuXEANrqEODSCQwhO8wKv1aD1bb9b7dHTBKnb24A+sj2/CuZYH</latexit>

R, t
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Solution:

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>



x
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Solution:

p1
<latexit sha1_base64="9+oIXGNRhQD41k07sm4VAb534lw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Q8mkmTY0kwlJRhiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmVtfWNzq7pd29nd2z+oHx51dZIqQjsk4Ynqh1hTzgTtGGY47UtFcRxy2gund4Xfe6JKs0Q8mkzSIMZjwSJGsLGS78fYTMIol7OhN6w33KY7B1olXkkaUKI9rH/5o4SkMRWGcKz1wHOlCXKsDCOczmp+qqnEZIrHdGCpwDHVQT7PPENnVhmhKFH2CYPm6u+NHMdaZ3FoJ4uMetkrxP+8QWqimyBnQqaGCrI4FKUcmQQVBaARU5QYnlmCiWI2KyITrDAxtqaaLcFb/vIq6V40vcum+3DVaN2WdVThBE7hHDy4hhbcQxs6QEDCM7zCm5M6L86787EYrTjlzjH8gfP5Ax7Skbo=</latexit>

p2
<latexit sha1_base64="hiqk3EAkTzMJ/fdEz5f1+bZWBT8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA/oDCWTZtrQTCYkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6iRVhHZIwhPVD7GmnAnaMcxw2peK4jjktBdO73K/90SVZol4NDNJgxiPBYsYwcZKvh9jMwmjTM6HjWG15tbdBdA68QpSgwLtYfXLHyUkjakwhGOtB54rTZBhZRjhdF7xU00lJlM8pgNLBY6pDrJF5jm6sMoIRYmyTxi0UH9vZDjWehaHdjLPqFe9XPzPG6QmugkyJmRqqCDLQ1HKkUlQXgAaMUWJ4TNLMFHMZkVkghUmxtZUsSV4q19eJ91G3buquw/NWuu2qKMMZ3AOl+DBNbTgHtrQAQISnuEV3pzUeXHenY/laMkpdk7hD5zPHyBWkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>

p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>

p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>

x
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Solution: p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>

p0
1

<latexit sha1_base64="3lO2l1Hcc7h7EmLHWY1AHJtdK9A="></latexit>

p0
2

<latexit sha1_base64="DMEuZ3FT9L7pV05PvGnLqG39T58="></latexit>q0
2

<latexit sha1_base64="DFhRu+5cWCY5NfbusJfz7Fv068o="></latexit>

q0
1

<latexit sha1_base64="L18j9plJ9p+l7Y1O/I3FIppM6UA="></latexit>

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>
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p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>

p0
1

<latexit sha1_base64="3lO2l1Hcc7h7EmLHWY1AHJtdK9A="></latexit>

p0
2

<latexit sha1_base64="DMEuZ3FT9L7pV05PvGnLqG39T58="></latexit>q0
2

<latexit sha1_base64="DFhRu+5cWCY5NfbusJfz7Fv068o="></latexit>

q0
1

<latexit sha1_base64="L18j9plJ9p+l7Y1O/I3FIppM6UA="></latexit>

<latexit sha1_base64="CX1p5G/HsTZEyOex53THirEGRzw="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kRep+ t� eq| {z }

t0

k22 =

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Solution:
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p0
i = pi �

1

N

X

i

pi

| {z }
ep

, q0
i = qi �

1

N

X

i

qi

| {z }
eq

<latexit sha1_base64="frDdhYO97R/7OtJJCUIuhBHeZYE="></latexit>

p0
1

<latexit sha1_base64="3lO2l1Hcc7h7EmLHWY1AHJtdK9A="></latexit>

p0
2

<latexit sha1_base64="DMEuZ3FT9L7pV05PvGnLqG39T58="></latexit>q0
2

<latexit sha1_base64="DFhRu+5cWCY5NfbusJfz7Fv068o="></latexit>

q0
1

<latexit sha1_base64="L18j9plJ9p+l7Y1O/I3FIppM6UA="></latexit>

<latexit sha1_base64="CX1p5G/HsTZEyOex53THirEGRzw="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kRep+ t� eq| {z }

t0

k22 =

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Solution:

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>
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p0
1

<latexit sha1_base64="3lO2l1Hcc7h7EmLHWY1AHJtdK9A="></latexit>

p0
2

<latexit sha1_base64="DMEuZ3FT9L7pV05PvGnLqG39T58="></latexit>q0
2

<latexit sha1_base64="DFhRu+5cWCY5NfbusJfz7Fv068o="></latexit>

q0
1

<latexit sha1_base64="L18j9plJ9p+l7Y1O/I3FIppM6UA="></latexit>

Solution: estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>

<latexit sha1_base64="CX1p5G/HsTZEyOex53THirEGRzw="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kRep+ t� eq| {z }

t0

k22 =

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>
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p0
1

<latexit sha1_base64="3lO2l1Hcc7h7EmLHWY1AHJtdK9A="></latexit>

p0
2

<latexit sha1_base64="DMEuZ3FT9L7pV05PvGnLqG39T58="></latexit>q0
2

<latexit sha1_base64="DFhRu+5cWCY5NfbusJfz7Fv068o="></latexit>

q0
1

<latexit sha1_base64="L18j9plJ9p+l7Y1O/I3FIppM6UA="></latexit>

Solution:

H = USV
>

<latexit sha1_base64="smvUT0qhAU82qbwqEqjzcCY2egE=">AAACGXicbZBNS8NAEIY3ftb6FfXoZbEInkqigl6EopceK5q20MSy2W7apZts2N0IJeRvePGvePGgiEc9+W/ctKlo68DCs+/MMDOvHzMqlWV9GQuLS8srq6W18vrG5ta2ubPblDwRmDiYMy7aPpKE0Yg4iipG2rEgKPQZafnDqzzfuidCUh7dqlFMvBD1IxpQjJSWuqblhkgN/CCtZ/ACTj9ONqWbH2pmd67icdesWFVrHHAe7AIqoIhG1/xwexwnIYkUZkjKjm3FykuRUBQzkpXdRJIY4SHqk47GCIVEeun4sgweaqUHAy70ixQcq787UhRKOQp9XZmvKWdzufhfrpOo4NxLaRQnikR4MihIGFQc5jbBHhUEKzbSgLCgeleIB0ggrLSZZW2CPXvyPDSPq/ZJ1bo+rdQuCztKYB8cgCNggzNQA3XQAA7A4AE8gRfwajwaz8ab8T4pXTCKnj3wJ4zPb9UzoXU=</latexit>

find SVD decomposition:

estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>

<latexit sha1_base64="CX1p5G/HsTZEyOex53THirEGRzw="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kRep+ t� eq| {z }

t0

k22 =

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>
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Solution:

H = USV
>

<latexit sha1_base64="smvUT0qhAU82qbwqEqjzcCY2egE=">AAACGXicbZBNS8NAEIY3ftb6FfXoZbEInkqigl6EopceK5q20MSy2W7apZts2N0IJeRvePGvePGgiEc9+W/ctKlo68DCs+/MMDOvHzMqlWV9GQuLS8srq6W18vrG5ta2ubPblDwRmDiYMy7aPpKE0Yg4iipG2rEgKPQZafnDqzzfuidCUh7dqlFMvBD1IxpQjJSWuqblhkgN/CCtZ/ACTj9ONqWbH2pmd67icdesWFVrHHAe7AIqoIhG1/xwexwnIYkUZkjKjm3FykuRUBQzkpXdRJIY4SHqk47GCIVEeun4sgweaqUHAy70ixQcq787UhRKOQp9XZmvKWdzufhfrpOo4NxLaRQnikR4MihIGFQc5jbBHhUEKzbSgLCgeleIB0ggrLSZZW2CPXvyPDSPq/ZJ1bo+rdQuCztKYB8cgCNggzNQA3XQAA7A4AE8gRfwajwaz8ab8T4pXTCKnj3wJ4zPb9UzoXU=</latexit>

find SVD decomposition:

estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>

R⇤ = VU>
<latexit sha1_base64="lQbVZKyAHtskKbPweaZSYD65eqA="></latexit>

estimate optimal rotation:

<latexit sha1_base64="CX1p5G/HsTZEyOex53THirEGRzw="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kRep+ t� eq| {z }

t0

k22 =

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>



Mutual calibration of two coordinate frames

56

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>

Solution:

H = USV
>

<latexit sha1_base64="smvUT0qhAU82qbwqEqjzcCY2egE=">AAACGXicbZBNS8NAEIY3ftb6FfXoZbEInkqigl6EopceK5q20MSy2W7apZts2N0IJeRvePGvePGgiEc9+W/ctKlo68DCs+/MMDOvHzMqlWV9GQuLS8srq6W18vrG5ta2ubPblDwRmDiYMy7aPpKE0Yg4iipG2rEgKPQZafnDqzzfuidCUh7dqlFMvBD1IxpQjJSWuqblhkgN/CCtZ/ACTj9ONqWbH2pmd67icdesWFVrHHAe7AIqoIhG1/xwexwnIYkUZkjKjm3FykuRUBQzkpXdRJIY4SHqk47GCIVEeun4sgweaqUHAy70ixQcq787UhRKOQp9XZmvKWdzufhfrpOo4NxLaRQnikR4MihIGFQc5jbBHhUEKzbSgLCgeleIB0ggrLSZZW2CPXvyPDSPq/ZJ1bo+rdQuCztKYB8cgCNggzNQA3XQAA7A4AE8gRfwajwaz8ab8T4pXTCKnj3wJ4zPb9UzoXU=</latexit>

find SVD decomposition:

estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>

R⇤ = VU>
<latexit sha1_base64="lQbVZKyAHtskKbPweaZSYD65eqA="></latexit>

estimate optimal rotation:

<latexit sha1_base64="CX1p5G/HsTZEyOex53THirEGRzw="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kRep+ t� eq| {z }

t0

k22 =

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>
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q1
<latexit sha1_base64="+uoEXodBjHWZsM3OQUhChINTne0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpeb1qza27M5Bl4hWkBgWaveqX309YFnOFTFJjup6bYpBTjYJJPqn4meEpZSM64F1LFY25CfJZ5gk5sUqfRIm2TyGZqb83chobM45DOznNaBa9qfif180wugpyodIMuWLzQ1EmCSZkWgDpC80ZyrEllGlhsxI2pJoytDVVbAne4peXSfus7p3X3buLWuO6qKMMR3AMp+DBJTTgFprQAgYpPMMrvDmZ8+K8Ox/z0ZJT7BzCHzifPyBZkbs=</latexit>

q2
<latexit sha1_base64="AUs1WH7BxHXkz4rXHORtlLE/m6k=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsK9gFNKJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7T1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc4GjUG15tbdOdAq8QpSgwKtQfXLHybExFRowrFSfc9NdZBhqRnhdFbxjaIpJhM8on1LBY6pCrJ55hk6s8oQRYm0T2g0V39vZDhWahqHdjLPqJa9XPzP6xsdXQcZE6nRVJDFochwpBOUF4CGTFKi+dQSTCSzWREZY4mJtjVVbAne8pdXSadR9y7q7v1lrXlT1FGGEziFc/DgCppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDyHdkbw=</latexit>

R⇤p1 + t⇤
<latexit sha1_base64="jm6hxfal1hx+NFzhrKK9FDU1Tn4="></latexit>

R⇤p2 + t⇤
<latexit sha1_base64="7v/uhvLUQmh6jxhkxGw7iI/M5wc="></latexit>

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>

Solution:

H = USV
>

<latexit sha1_base64="smvUT0qhAU82qbwqEqjzcCY2egE=">AAACGXicbZBNS8NAEIY3ftb6FfXoZbEInkqigl6EopceK5q20MSy2W7apZts2N0IJeRvePGvePGgiEc9+W/ctKlo68DCs+/MMDOvHzMqlWV9GQuLS8srq6W18vrG5ta2ubPblDwRmDiYMy7aPpKE0Yg4iipG2rEgKPQZafnDqzzfuidCUh7dqlFMvBD1IxpQjJSWuqblhkgN/CCtZ/ACTj9ONqWbH2pmd67icdesWFVrHHAe7AIqoIhG1/xwexwnIYkUZkjKjm3FykuRUBQzkpXdRJIY4SHqk47GCIVEeun4sgweaqUHAy70ixQcq787UhRKOQp9XZmvKWdzufhfrpOo4NxLaRQnikR4MihIGFQc5jbBHhUEKzbSgLCgeleIB0ggrLSZZW2CPXvyPDSPq/ZJ1bo+rdQuCztKYB8cgCNggzNQA3XQAA7A4AE8gRfwajwaz8ab8T4pXTCKnj3wJ4zPb9UzoXU=</latexit>

find SVD decomposition:

estimate covariante matrix: H =
X

i

p
0
iq

0>
i

<latexit sha1_base64="koECwbc2xQQKUkUhY05HFTbghr0="></latexit>

R⇤ = VU>
<latexit sha1_base64="lQbVZKyAHtskKbPweaZSYD65eqA="></latexit>

estimate optimal rotation:

<latexit sha1_base64="CX1p5G/HsTZEyOex53THirEGRzw="></latexit>

= argmin
R2SO(3),t2R3

X

i

kRp0
i
� q0

i
k22 + kRep+ t� eq| {z }

t0

k22 =

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>
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Solution: R⇤ = VU>
<latexit sha1_base64="lQbVZKyAHtskKbPweaZSYD65eqA="></latexit>

t⇤ = eq�R⇤ep
<latexit sha1_base64="MsjMwUhHxZe4FGIqtMXxgMXOnS4="></latexit>

H = P @ Q.T
U, S, V = np.linalg.svd(H, full_matrices=True)

In python:

Broadcasting static transformation between two c.f. in ROS:

broadcaster = tf2_ros.StaticTransformBroadcaster()
transform = geometry_msgs.msg.TransformStamped()
# compute transform from 3D-3D correspondences
broadcaster.sendTransform(transform)

R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

(2) Solve:

(1) Record pointclouds and manually estimate 3D-3D correspondences
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• Application in Robotics for SLAM. 
• Application in Computer graphics for alignment of 3D models 

• Robot consist of many distributed components (sensors, actuators, joints), each 
operating in its own dynamically evolving coordinate frame

• Transformation between two different poinclouds corresponding to a single rigid 
body is Euclidean motion (i.e. rotation R and translation t)

• Given 3D-3D correspondences, globally optimal alignment in L2 has closed-form 
solution (i.e. least-squares solution constrained SE(3) manifold) 

• Next: ICP SLAM 
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22 =
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we can reach second term zero by t = eq�Rep = t⇤
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… expand into two rotations
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