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Backpropagation through the solver of an optimization problem
w* = arg min ||[SGD: argmin f,,(x)]|*

S

Xo... Initial point L

w ... Criterion params
a, B... optimizer params

X

SGD: argmin f, (x) ik




Backpropagation through the solver of an optimization problem

Py lorch:

for 1 in range(iter):

X = X - torch.autograd.grad(f, x, ..
create graph=True,..
retain graph=True)

loss = x.norm()
torch.autograd.grad(loss, omega)




Naive straightforward solution

 Feedforward pass through the implicit layer (solver) is a code
=> Its computational graph can be backpropagated via autograd.

 Disadvantage:
* Problems of autodiff in complex solvers (“if” has often zero or undefined grad)

solver(x, w):

2*X Py

 Memory and computationaly inefficient (e.g. iterations of simplex method)

 Advantage:

* |t can backpropagate towards internal parameters of the solver and optimize
the optimization itself.
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Root finder

Let’'s assume that root finder is a compiled binary w/o the access to its source

Given parameters @, the code delivers solution X* such that f(x*, w) = 0

This solution depends on parameters, we refer it x*(w) : R" — R
ox* . .
We want to find a(w) = 7 can we do better than a numerical differentiations?
Q)
f(x*(w), ) =0 Given w, the root function X*(w) satisfy this equation.

of(x*(w), ) _ 0 @ I1s allowed to change only in directions which
dw does not change the value of f(X*(a)), a)) in order
to stay within the solution manifold
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While changing w, root function X*(w)
follows the yellow curve

f(X*(a)), a)) = x*(w)’ —w =0

of (X*(a)), a)) Yellow space is locally defined as the direction in w-domain

0w 0 which locally preserves zero value of f(X*(a)), a)) function
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While changing w, root function X*(w)
follows the yellow curve

f(X*(a)), a)) = x*(w)’ —w =0

of (X*(w), 60) Yellow space is locally defined as the direction in w-domain
Ow =0 which locally preserves zero value of f(X*(a)), a)) function
OX* () Can you compute gradient ???
2x*(w) - - 1=0 = How is it for w = (0 ?2?

How is it for other root ???




Root finder
of(x* (o), ) w is allowed to change only in directions which

0w does not change the value of f(X*(a)), a)) In order
to stay within the solution manifold

df(a, b) df(a, b)

Introduce notation: = 0.f(a, b),
oa J(a.0) ob

— aZf(aa b)

0xX* ()
ow

Differentiation of compound function yields manifold eq. for searched

of ( x*(w), x* (o
f(X a(z))) a)) _ alf *(a)) a) + azf *(a)) 0)) _
ox* ()] * N

—1
Py l 1f *(60)»60)] azf *(60) 60




Root finder

*
0, X
—p|solve: f(x,w) =0 |

Implicit gradient

1
= — |o, f(x*(w). 9, f(x*(w). (terms can be
l X @) m)] 2f(X (@), ) obtained by autograd)

The implicit function theorem. Let f : RY x R" — R" andag € R?, zy € R" be such that

1. f(i(l.(), Z'()) — (0, and

2. f is continuously differentiable with non-singular Jacobian 01 f(ag, zg) € R™"™".

-t

Then there exist open sets S,, C R¥ and S

.o C R" containing ag and zy, respectively, and a unique continuous function z* : S,y — S
such that

1 zy = z"(ag).
2 fla,z*(a)) =0 VaeS§,, and

3. z* Is differentiable on S

al)’



Root finder

*
0 X
—|solve: (X, w) =077

o 1 Implicit gradient
X (W -
= — |0 f(x* (@), 0)| 0uf(x*(@), o) (tEMS can be
0w obtained by autograd)

Example: f(X,®) = sin(X + )

*
0 , X
——|solve: sinx+w)=0 |

5 N
''''
-----
.............................

cos(x* + w)

-1
= —[0/(x" (@), 0)| 0f(x"(@),0) =~ 1

cos(X* + w) -



Root finder (backprop through linear srstem / Inverse matrix)

2 -2 1
. f(x,A) = Ax — b A = b=
Example2: f(x,A) = Ax _2 ()] b [O]
. [ o
oo e x*', 0' 0'
PP — ) I P o
S = —lalf(x*(A),A)] 0, f(x*(4),A) =—A". |

You can learn to predict equations 0", 0" ... x*T
the solution of which is equal to something

—1
_ 2 =2 |« x® 0 0] _Jo 0o 0 025
-2 0 0 0 xt xf 0 025 0 0.25

X star = torch.linalg.inv(A) @ b Do not have to preserve
torch.autograd.grad(x star[0], A)[0O].reshape(4) computationa| graph

torch.autograd.grad(x star[1l], A)[0O].reshape(4) of the matrix inverse
computation !!!




Root finder: backprop through set of equations typical applicati
OOt TInaer. DaCkprop tnrougn set or equations typica appéclzgd%g fruth

motion

predicted l o
motion A

X*
T2
—_—) HX*_XG Hz

mage correspondences

—_—

transformer/CNN

f(x, w) =0 Is set of
non-linear equations



Backprop through fixed point layer ground truth

motion

predicted
Cowespondences

image motion
GT
transtormer/CNN I L —> solve: f(x, w) = X —»m
imagez
—_—

o |nfinitely deep residual network layer
o Q-learning as a feed-forward pass

o Convergence assured for some function (contractivity or monotocinity)
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Explicit layers The rest will not be
In the exam test Root finder:
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Unconstrained optimizer

. . . . . >* af(X*a 60)
Unconstrained local optimizer provides solution X™ such that Par 0
X
| | of (x*, w)
Let’s denote gradient Foran o(x*, ) = 0
X

This solution depends on parameters, we refer it x*(w) : R" - R™

We treat unconstrained optimizer as gradient root finder => the rest is the same

w Is allowed to change only in directions which
=0 does not change the gradient g(X*(a)), a)) In order
to stay within the solution manifold

0g(x* (), w)
0w

g (X*(w), 0X*
8( &:;) a)) _ 81g<x*(a)),a)) X" ()

ow
ox* -
Xa;w) — _ ldlg(x*(a)),a))] &2g(x*(a)),a))

+ 0,8 (x* (@), w) =0




Unconstrained optimizer

*
_ @ | argminfix,0) —=
X

DRt g
ox* -1
Xa;w) ldlg( *(w), a))] 82g(x*(a)),a)) where  o(x*, w)
Example: f(X,®) = sin(X - ®) = 8(X,w) =w - cos(X - w)

.
.
.....
.....
-------------------------

0x™(w) _ [_ o sin(a)X)] - (— wX SIn(wX) + cos(a)X))
Ow - 5 0

X o




Unconstrained optimizer

€)
Example: —»
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Unconstrained optimizer
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Unconstrained optimizer

0 L
Example: ——| argmin sin(X- w)
X
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Unconstrained optimizer

Example:

f(x, omega):
torch.sin(x*omega)

omega = torch.tensor ( = )
X = torch.tensor )

J (225):

X = X - 0.1*torch.autograd.grad(f(x, omega), X

explicit gradient

torch.autograd.grad(x, omega)[0]

|

|
S
~
el

implicit gradient

- (-torch.sin(omega*x)*omega*x + torch.cos(omega*x))/(-torch.sin(omega*x)* (omega**2)



Unconstrained optimizer

0 L
Example: ——| argmin sin(X- w)

X

What happens to explicit gradient if number of iterations are decreased?

J (25):

X = X - 0.1*torch.autograd.grad(f(x, omega), X

torch.autograd.grad(x.norm(), omega)[0]

J (0):

X = X - 0.1*torch.autograd.grad(f(x, omega), X

torch.autograd.grad(x.norm(), omega)|[0]

Is It correct?



Unconstrained optimizer

0 L
Example: ——| argmin sin(X- w)
X

What happens to explicit-gradient if number of iterations are decreased?

J range(25): J range(5):
1.00
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0.00 - 0.00 -
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~0.50 - e
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Constrained optimizer

h(X: W) )

. Given parameters w, typical optimizer provides primal-dual solution x*, 1*, v*

that satisfy necessary and sufficient optimality conditions (KKT):

Lagrangian: L(x,4,v) = f(X,w) + lelgl(x ) + 2 vh(X, )

= (

X gx
oL(X™, A ) 8f(x , @) le ()gl(x W) N 2 y oh(X, w)
ox*

Stationarity:
ox* 7). 4 ). %)

Complementarity: 1% o g(x*, w) =
Primal feasibility: gx*,w) <0



Constrained optimizer

h(X: ) — ()

. Given parameters w, typical optimizer provides primal-dual solution x*, 1*, v*

that satisfy necessary and sufficient optimality conditions (KKT):

Lagrangian: L(x,4,v) =f(X,w) + Z 1.g(X, w) + 2 vh(X, )
, | OL(X*, 1™, ™) 8f(x L) ()gl(x ) oh(X, w)
Stat ty: A, + . —
ationarity ok Fum Z P Z 2 Fw 0
Complementarity: A% g(x*, ®) =

Primal feasibility: gx*,w) <0
h(x*, ) =0
Dual feasibility: A¥>0



Constrained optimizer

h(x,w) =0

o (Given parameters w, typical optimizer provides primal-dual solution X*, A%, v*
that satisfy necessary and sufficient optimality conditions (KKT):

of(x*, 0g(X, @ oh(X, @
f( a)) 1 Z /Il.* g( ) n Z I/l.* ( )
ax* i ox* ox*

* 1% o % — i =
G(X 9/1 » U 960)_ /1*°g(X*,a))

h(xX*, w)

Inequalities can be ignored due to complementarity condition
(.e. c.s. implies that one of them have to be zero,

A* 20 if o(x*, w) = 0 and A > 0 then small change of A will
preserve positivity of A and the other way around )

g(x*, w) <0



Constrained optimizer

h(x,w) =0

o (Given parameters w, typical optimizer provides primal-dual solution X*, A%, v*
that satisfy necessary and sufficient optimality conditions (KKT):

of(x*, 0g(X, @ oh(X, @
f( a)) 1 Z /Il.* g( ) n Z I/l.* ( )
ax* i ox* ox*

*x 1k ok — i :O
G(X 9/1 » U 90)) /1*°g(X*,a))

h(x*, @
o Input params @ can change output so(lutiorz (x*,/l*, v*)(a)) = [x*(w), 1" (w), v (®)]
only in direction that preserves these conditions, therefore:
()G(X*(a)), 1 (), v (W), a))
ow

= ()




Constrained optimizer

0G (x*(w), A (w), v*(w), w) Computing derivative of the compound function
Py =0 yields desired equation for the gradient

o(x*, 1%, v*)(w)
0w

09126 (X" (), A* (@), v*(w), ®) + 0,G (x*(0), A (w), v (@), w) = 0

o(x*, 1, v*)(w)
0w

— _ laO,LZG(X*(a)), (), v (), a))] _183G(X*(a)), A (w), v (w), a))



Constrained optimizer

Example:

of(x*, ) 0g(X, ®)

@ + 24X
Ax? = 1)

— + /1

ox* p—

G(x*(w), A *(w),w) = | ox
Ag(X*, )

o(x*, 1*)(w) l

o -

001G (X*(@), 2*(@), ) " 0,6 (x* (@), 2*(@), )

o2 o2 17T . [2 -2 []_[o
2% (xY)E -1 of  [-2 o0 o  |1/2

-inv([2 -2 ; -2 O])* [1;0]



Constrained optimizer

. @ 1
Example2: __, arg min EXTQX +p'x

Gx <h
Ax =D

O G' Al
012G (X*, A*,v*, @) = | diag(1*)G diag(Gx* —h) 0
A 0 0

o(x*, 1%, v*)(w)
0w

~1
= — laoal,zG(X*,/l*, u*,a))] 0;G(x*, A*, 1", w)
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Application: MPC with non-linear system
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Application: MPC with non-linear system

aremin (X —r)' O(x—r)+u'Ru relu (ObS_diSt(X*))

u
X1 = AX, + Buy
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0.25 -

0.00 -

—0.25 -

—0.50 -

—0.75 -

—-1.00
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PyTorch embedded modeling language for convex optimization problems

https://www.Ccvxpy.org/
[Boyd, et al, NIPS, 2019]

cvxpylayer = CvxpylLayer (problem, parameters=[A, b], variables=[x])
solution, = cvxpylayer(A, b) # feed-forward pass (solve the problem)
solution.sum( ) .backward() # backward pass (how A,b influnce solution)

O PyTo rch

X
subjectto g(x;0) <0
h(x;0) =0

Also optnet: https://github.com/locuslab/optnet


https://www.cvxpy.org/

Differentiable MPC control, [Amos et al. NIPS 2018]
https://arxiv.org/abs/1810.13400

QP lterate i
! = argmin Z C‘é (7,)
7

T Optimal actions
subject to x; = Xjnit to take next

: 11 = F4Cr)
nitial State t+1 o\t
- Usu=<su

System
Dnamios



https://arxiv.org/abs/1810.13400
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ODE solver
X =f(X, a))

Any solution X*(¢, @) (obtained from an arbitrary ODE solver) have to follow:

0
—x*(t, ) — f(x*(t, ), ) =0 Given w, the ODE solution X*(w) satisfy this eq.

0 0 B of(x*(t,w), ) Change of @ generates ODE solution X*(w)
S of (1, ) = Py that satisfy this equation.
09 , N ox™(t, w) «
= — a ta ’ + a ta ’
= da)X (1, w) of(X (¢, w) 60) Py 1f<X (¢, w) 60)
Z(t, a)) Z(ta a))

g(z(t, ), w)
0
—Z(t, C()) — g(Z(t, C()), w, t)

ot
7 = g(z, W, t)
Since solvers often use adaptive step length, both ODEs solved jointly



ODE solver

Since solvers often use adaptive step length, both ODEs solved jointly

X :f(x, a)) o X 'f(x, a)) ] o 0x*(t, w)
2= g(z,0,1) 7| |0pf(x. @)z + 0,f(x, @) B . o
_ o c*(y —Xx)
Example: )yc = £ )yc P =[x -2 -y ODE solver: x*(o, p, )
Z < p Xy — fz

ox*(a, p, ) ox* (o, p, f) ox* (o, p, f)




Motivation

O Missing piece preventing reliable deployment in wild outdoor environment Is a
robust model that predicts robot-terrain behaviour from onboard sensors.
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loss = 19.085

WERE\ B

Terrain friction coefficient
500 0.571 0.643 0.714 0.786 0.857 0.929 1.00

K, R, t

heightmap+ visual f. forces

>
s L N Y 4

. %
. . T . controlu
""" 9vgeom(z) ovconv(h) T .
0 Vphysics(f) J||x — x™|

5 c



What do we offer to robotics community?

camera model parameter control, RL
recalibration identification learning  planning
‘90 Hg a . real robot trajectory
% & x*

B estim. trajectory

end-to-end differentiéble,lOS X real time, X
onboard Image conditioned simulation
camera
R R R A
Interpretable + ‘. + ' + '
Intermediate: heightmaps'-.forces *._contacts*. terrain ﬁrqperties
OUtpUtS ~~‘~.. ~~~ ~“~~ sss

el ‘.o *~.. self-supervision

N
N

'.--..
.-----‘-------*----------------



Fixedwing model
predicted control model

3D gridmap with Minkowski U-net 3D force field .
temperatures .- predicted N

. -_o-
v e 0T L . y
r').-f_"g ¥
— L ‘|
T : ﬁ' -
. o1 o 4L
: X -4
- * *“ofps > '
v i@t

ground truth

~ trajectory

2
| =]

trajectory

L
—

O predicted flow have to satisfy
Navier-Stokes equations

o add NS-loss: [[NS(f)|



Google’'s BRAX/ Nvidia's WARP - differentiable physics engine
https://github.com/google/brax

Brax simulates these environments at millions of physics steps per second on TPU

®*BRAX


https://github.com/google/brax

NVIDIA WARP
https://developer.nvidia.com/warp-python

Cloth simulation Particle-based simulation


https://developer.nvidia.com/warp-python

Grad SLAM [Murthy, ICRA, 2021]
https://gradslam.qgithub.io/



https://gradslam.github.io/

O

DIFFERENTIABLE REN

PyTorch3D
https://pytorch3d.org/

Q.0
L

Al | d(camera)

DERING

- dL

L l d(lights)

— | Transform

. dL
L. O(texture)

Scene Properties

p— Renderer S

RGB Image

oL

LOSS

d(Image)



https://pytorch3d.org/

Summary

If you know that the mapping is rendering use Vrendering layer
If you know that the mapping is solution of opt. problem use Vsolver layer

If you know that the mapping is ODE solution use VODE layer
Always use the right tool ;-)




References to differentiable physics

1D/2D examples:

https://towardsdatascience.com/physics-informed-neural-networks-pinns-an-
intuitive-guide-fff138069563

https://medium.com/@theo.wolf/physics-informed-neural-networks-a-simple-
tutorial-with-pytorch-128a890b874a

https://github.com/benmoseley/harmonic-oscillator-pinn-workshop/blob/main/
PINN_intro_workshop.ipynb

Stable simulation:
https://arxiv.org/pdf/2207.05060

https://www.researchgate.net/publication/
344464310_Detailed_Rigid_Body_Simulation_
using_Extended_Position_Based_Dynamics



