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Implicit layers
Backpropagation through root finder, constrained and 
unconstrained optimization and ODE solvers



Explicit layers Implicit layers

ω, θ, μ arg min
x

f(x, ω) x⋆

g(x, θ) ≤ 0

Constrained optimizer:

h(x, μ) = 0

ω x⋆
solve: f(x, ω) = 0

Root finder:

ω arg min
x

f(x, ω) x⋆
Unconstrained optimizer:

ω x⋆
solve: ·x = f(x, ω)

ODE solver:

x
σ(x)

y
Sigmoid:

x conv(x, w)
y

w
Convolution:

x BNγ,β(x)
yγ, β

Batch-norm:

Can I use autodiff on the problem solver?



<latexit sha1_base64="1rZffJ1E+aCClaf+0sIFgMrXXCo="></latexit>

SGD: argmin
x

f!(x)

<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0
<latexit sha1_base64="EN/PWGZ0ImdUPPy7rivWZ/lwAv4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI8BL3qLYB6QLGF20puMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1hSZVXOlORAxwJqFpmeXQSTQQEXFoR+Obmd9+Am2Ykg92kkAoyFCymFFindTqKQFD0i9X/Ko/B14lQU4qKEejX/7qDRRNBUhLOTGmG/iJDTOiLaMcpqVeaiAhdEyG0HVUEgEmzObXTvGZUwY4VtqVtHiu/p7IiDBmIiLXKYgdmWVvJv7ndVMbX4cZk0lqQdLFojjl2Co8ex0PmAZq+cQRQjVzt2I6IppQ6wIquRCC5ZdXSeuiGlxWa/e1Sv0uj6OITtApOkcBukJ1dIsaqIkoekTP6BW9ecp78d69j0VrwctnjtEfeJ8/lTqPKw==</latexit>!

<latexit sha1_base64="Wl3ke5hSFt8sy6p7iQwp2f6Txjs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REinoseNFbBfsBTSiT7aZdutmE3YlQSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0IwXArFmyhQ8k6qOcSh5O1wdDvz209cG5GoRxynPIhhoEQkGKCVfB9kOoQLP+QIvXLFrbpz0FXi5aRCcjR65S+/n7As5gqZBGO6nptiMAGNgkk+LfmZ4SmwEQx411IFMTfBZH7zlJ5ZpU+jRNtSSOfq74kJxMaM49B2xoBDs+zNxP+8bobRTTARKs2QK7ZYFGWSYkJnAdC+0JyhHFsCTAt7K2VD0MDQxlSyIXjLL6+S1mXVu6rWHmqV+n0eR5GckFNyTjxyTerkjjRIkzCSkmfySt6czHlx3p2PRWvByWeOyR84nz/ABJGI</latexit>

↵,�
… criterion params
… initial point

… optimizer params

<latexit sha1_base64="+nT8bJqqdwcqu4v1jxruJiUoh6Q=">AAAB83icbVDLSsNAFL2pr1pfVZduBosgLkoiRV0W3Oiugn1AE8tkOmmHTiZhZiKWkN9w40IRt/6MO//GSZuFth4YOJxzL/fM8WPOlLbtb6u0srq2vlHerGxt7+zuVfcPOipKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1J9e5332kUrFI3OtpTL0QjwQLGMHaSK4bYj32g/QpezgbVGt23Z4BLROnIDUo0BpUv9xhRJKQCk04Vqrv2LH2Uiw1I5xmFTdRNMZkgke0b6jAIVVeOsucoROjDFEQSfOERjP190aKQ6WmoW8m84xq0cvF/7x+ooMrL2UiTjQVZH4oSDjSEcoLQEMmKdF8aggmkpmsiIyxxESbmiqmBGfxy8ukc153LuqNu0ateVvUUYYjOIZTcOASmnADLWgDgRie4RXerMR6sd6tj/loySp2DuEPrM8fI0iRyA==</latexit>

x⇤
<latexit sha1_base64="bPY7qf8WMbs290yKO4vjU2NdbiU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQFyUpRV0W3Oiugn1Ak4bJdNIOnUzCzESsafFX3LhQxK3/4c6/cdJmoa0HBg7n3Ms9c/yYUaks69tYWl5ZXVsvbBQ3t7Z3ds29/aaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OFV5rfuiZA04ndqFBM3RH1OA4qR0pJnHjpjJ0Rq4Afpw6R75oy9SrfimSWrbE0BF4mdkxLIUffML6cX4SQkXGGGpOzYVqzcFAlFMSOTopNIEiM8RH3S0ZSjkEg3naafwBOt9GAQCf24glP190aKQilHoa8ns6Ry3svE/7xOooJLN6U8ThTheHYoSBhUEcyqgD0qCFZspAnCguqsEA+QQFjpwoq6BHv+y4ukWSnb5+XqbbVUu8nrKIAjcAxOgQ0uQA1cgzpoAAwewTN4BW/Gk/FivBsfs9ElI985AH9gfP4AOomVGg==</latexit>

kx⇤k22
<latexit sha1_base64="rTknJfZoeXEFFSmQZtwF3ApzOsM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNwouKtgHTIeSSTNtaCYZkoxQhn6GGxeKuPVr3Pk3ZtpZaOuBwOGce8m5J0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKkLbRHKpeiHWlDNB24YZTnuJojgOOe2Gk5vc7z5RpZkUj2aa0CDGI8EiRrCxkt+PsRkTzLP72aBac+vuHGiVeAWpQYHWoPrVH0qSxlQYwrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LBY6pDrJ55Bk6s8oQRVLZJwyaq783MhxrPY1DO5lH1MteLv7n+amJroOMiSQ1VJDFR1HKkZEovx8NmaLE8KklmChmsyIyxgoTY1uq2BK85ZNXSeei7l3WGw+NWvOuqKMMJ3AK5+DBFTThFlrQBgISnuEV3hzjvDjvzsditOQUO8fwB87nD4YOkXI=</latexit>

L

Backpropagation through the solver of an optimization problem

<latexit sha1_base64="qmVzio7yt4zR4nMDOacYrY1h1Tc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2m8dRhCM4hlPw4BJqcAN1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PNY2v</latexit>x0

<latexit sha1_base64="0WMq2/EhaCNVJex0rtBEZ+3HeOg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2m8dRhCM4hlPw4BJqcAN1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8QuY2w</latexit>x1

<latexit sha1_base64="pAeo5KAN/B8Xos/NqO7XnwBLVOA=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0GIIGFXgnoMeNFbBPOAJCyzk9lkyDyWmVlNWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dYcyoNp737aysrq1vbOa28ts7u3v7buGgoWWiMKljyaRqhUgTRgWpG2oYacWKIB4y0gyH11O/+UCUplLcm3FMuhz1BY0oRsZKgVuIgo7kpI9Ko8A7GwX+aeAWvbI3A1wmfkaKIEMtcL86PYkTToTBDGnd9r3YdFOkDMWMTPKdRJMY4SHqk7alAnGiu+ns9Ak8sUoPRlLZEgbO1N8TKeJaj3loOzkyA73oTcX/vHZioqtuSkWcGCLwfFGUMGgknOYAe1QRbNjYEoQVtbdCPEAKYWPTytsQ/MWXl0njvOxflCt3lWL1NosjB47AMSgBH1yCKrgBNVAHGDyCZ/AK3pwn58V5dz7mrStONnMI/sD5/AHXOZMb</latexit> f !
(x

0
,x

1
)

<latexit sha1_base64="2BtAOVCZXR0eClyDcqYjP4QCUZA="></latexit>

!⇤ = argmin
!

kSGD: argmin
x

f!(x)k2



<latexit sha1_base64="qmVzio7yt4zR4nMDOacYrY1h1Tc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK9089t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2m8dRhCM4hlPw4BJqcAN1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PNY2v</latexit>x0

<latexit sha1_base64="0WMq2/EhaCNVJex0rtBEZ+3HeOg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2m8dRhCM4hlPw4BJqcAN1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8QuY2w</latexit>x1

<latexit sha1_base64="pAeo5KAN/B8Xos/NqO7XnwBLVOA=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0GIIGFXgnoMeNFbBPOAJCyzk9lkyDyWmVlNWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dYcyoNp737aysrq1vbOa28ts7u3v7buGgoWWiMKljyaRqhUgTRgWpG2oYacWKIB4y0gyH11O/+UCUplLcm3FMuhz1BY0oRsZKgVuIgo7kpI9Ko8A7GwX+aeAWvbI3A1wmfkaKIEMtcL86PYkTToTBDGnd9r3YdFOkDMWMTPKdRJMY4SHqk7alAnGiu+ns9Ak8sUoPRlLZEgbO1N8TKeJaj3loOzkyA73oTcX/vHZioqtuSkWcGCLwfFGUMGgknOYAe1QRbNjYEoQVtbdCPEAKYWPTytsQ/MWXl0njvOxflCt3lWL1NosjB47AMSgBH1yCKrgBNVAHGDyCZ/AK3pwn58V5dz7mrStONnMI/sD5/AHXOZMb</latexit> f !
(x

0
,x

1
)

<latexit sha1_base64="+nT8bJqqdwcqu4v1jxruJiUoh6Q=">AAAB83icbVDLSsNAFL2pr1pfVZduBosgLkoiRV0W3Oiugn1AE8tkOmmHTiZhZiKWkN9w40IRt/6MO//GSZuFth4YOJxzL/fM8WPOlLbtb6u0srq2vlHerGxt7+zuVfcPOipKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1J9e5332kUrFI3OtpTL0QjwQLGMHaSK4bYj32g/QpezgbVGt23Z4BLROnIDUo0BpUv9xhRJKQCk04Vqrv2LH2Uiw1I5xmFTdRNMZkgke0b6jAIVVeOsucoROjDFEQSfOERjP190aKQ6WmoW8m84xq0cvF/7x+ooMrL2UiTjQVZH4oSDjSEcoLQEMmKdF8aggmkpmsiIyxxESbmiqmBGfxy8ukc153LuqNu0ateVvUUYYjOIZTcOASmnADLWgDgRie4RXerMR6sd6tj/loySp2DuEPrM8fI0iRyA==</latexit>

x⇤
<latexit sha1_base64="bPY7qf8WMbs290yKO4vjU2NdbiU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQFyUpRV0W3Oiugn1Ak4bJdNIOnUzCzESsafFX3LhQxK3/4c6/cdJmoa0HBg7n3Ms9c/yYUaks69tYWl5ZXVsvbBQ3t7Z3ds29/aaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OFV5rfuiZA04ndqFBM3RH1OA4qR0pJnHjpjJ0Rq4Afpw6R75oy9SrfimSWrbE0BF4mdkxLIUffML6cX4SQkXGGGpOzYVqzcFAlFMSOTopNIEiM8RH3S0ZSjkEg3naafwBOt9GAQCf24glP190aKQilHoa8ns6Ry3svE/7xOooJLN6U8ThTheHYoSBhUEcyqgD0qCFZspAnCguqsEA+QQFjpwoq6BHv+y4ukWSnb5+XqbbVUu8nrKIAjcAxOgQ0uQA1cgzpoAAwewTN4BW/Gk/FivBsfs9ElI985AH9gfP4AOomVGg==</latexit>

kx⇤k22
<latexit sha1_base64="rTknJfZoeXEFFSmQZtwF3ApzOsM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNwouKtgHTIeSSTNtaCYZkoxQhn6GGxeKuPVr3Pk3ZtpZaOuBwOGce8m5J0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKkLbRHKpeiHWlDNB24YZTnuJojgOOe2Gk5vc7z5RpZkUj2aa0CDGI8EiRrCxkt+PsRkTzLP72aBac+vuHGiVeAWpQYHWoPrVH0qSxlQYwrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LBY6pDrJ55Bk6s8oQRVLZJwyaq783MhxrPY1DO5lH1MteLv7n+amJroOMiSQ1VJDFR1HKkZEovx8NmaLE8KklmChmsyIyxgoTY1uq2BK85ZNXSeei7l3WGw+NWvOuqKMMJ3AK5+DBFTThFlrQBgISnuEV3hzjvDjvzsditOQUO8fwB87nD4YOkXI=</latexit>

L<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd 91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0

<latexit sha1_base64="EN/PWGZ0ImdUPPy7rivWZ/lwAv4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI8BL3qLYB6QLGF20puMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1hSZVXOlORAxwJqFpmeXQSTQQEXFoR+Obmd9+Am2Ykg92kkAoyFCymFFindTqKQFD0i9X/Ko/B14lQU4qKEejX/7qDRRNBUhLOTGmG/iJDTOiLaMcpqVeaiAhdEyG0HVUEgEmzObXTvGZUwY4VtqVtHiu/p7IiDBmIiLXKYgdmWVvJv7ndVMbX4cZk0lqQdLFojjl2Co8ex0PmAZq+cQRQjVzt2I6IppQ6wIquRCC5ZdXSeuiGlxWa/e1Sv0uj6OITtApOkcBukJ1dIsaqIkoekTP6BW9ecp78d69j0VrwctnjtEfeJ8/lTqPKw==</latexit>!
<latexit sha1_base64="Wl3ke5hSFt8sy6p7iQwp2f6Txjs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REinoseNFbBfsBTSiT7aZdutmE3YlQSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0IwXArFmyhQ8k6qOcSh5O1wdDvz209cG5GoRxynPIhhoEQkGKCVfB9kOoQLP+QIvXLFrbpz0FXi5aRCcjR65S+/n7As5gqZBGO6nptiMAGNgkk+LfmZ4SmwEQx411IFMTfBZH7zlJ5ZpU+jRNtSSOfq74kJxMaM49B2xoBDs+zNxP+8bobRTTARKs2QK7ZYFGWSYkJnAdC+0JyhHFsCTAt7K2VD0MDQxlSyIXjLL6+S1mXVu6rWHmqV+n0eR5GckFNyTjxyTerkjjRIkzCSkmfySt6czHlx3p2PRWvByWeOyR84nz/ABJGI</latexit>

↵,� <latexit sha1_base64="EN/PWGZ0ImdUPPy7rivWZ/lwAv4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI8BL3qLYB6QLGF20puMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1hSZVXOlORAxwJqFpmeXQSTQQEXFoR+Obmd9+Am2Ykg92kkAoyFCymFFindTqKQFD0i9X/Ko/B14lQU4qKEejX/7qDRRNBUhLOTGmG/iJDTOiLaMcpqVeaiAhdEyG0HVUEgEmzObXTvGZUwY4VtqVtHiu/p7IiDBmIiLXKYgdmWVvJv7ndVMbX4cZk0lqQdLFojjl2Co8ex0PmAZq+cQRQjVzt2I6IppQ6wIquRCC5ZdXSeuiGlxWa/e1Sv0uj6OITtApOkcBukJ1dIsaqIkoekTP6BW9ecp78d69j0VrwctnjtEfeJ8/lTqPKw==</latexit>!
<latexit sha1_base64="Wl3ke5hSFt8sy6p7iQwp2f6Txjs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REinoseNFbBfsBTSiT7aZdutmE3YlQSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0IwXArFmyhQ8k6qOcSh5O1wdDvz209cG5GoRxynPIhhoEQkGKCVfB9kOoQLP+QIvXLFrbpz0FXi5aRCcjR65S+/n7As5gqZBGO6nptiMAGNgkk+LfmZ4SmwEQx411IFMTfBZH7zlJ5ZpU+jRNtSSOfq74kJxMaM49B2xoBDs+zNxP+8bobRTTARKs2QK7ZYFGWSYkJnAdC+0JyhHFsCTAt7K2VD0MDQxlSyIXjLL6+S1mXVu6rWHmqV+n0eR5GckFNyTjxyTerkjjRIkzCSkmfySt6czHlx3p2PRWvByWeOyR84nz/ABJGI</latexit>

↵,�

<latexit sha1_base64="LPSAiRkubCNwL5tkXDdXKD0TISU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIUZcFN7qrYB/QhjKZTtqhk0mYmRRLyJ+4caGIW//EnX/jpM1CWw8MHM65l3vm+DFnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yW3ud6ZUKhaJRz2LqRfikWABI1gbaWDb/RDrsR+kT9kgnVy42cCuOjVnDrRK3IJUoUBzYH/1hxFJQio04VipnuvE2kux1IxwmlX6iaIxJhM8oj1DBQ6p8tJ58gydGWWIgkiaJzSaq783UhwqNQt9M5nnVMteLv7n9RId3HgpE3GiqSCLQ0HCkY5QXgMaMkmJ5jNDMJHMZEVkjCUm2pRVMSW4y19eJe3LmntVqz/Uq437oo4ynMApnIML19CAO2hCCwhM4Rle4c1KrRfr3fpYjJasYucY/sD6/AGvypO5</latexit>xk�1
<latexit sha1_base64="BMEKeOKCRxNDySp4Yv5byEmCZh0=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJmoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/uvktw=</latexit>x1 …

for i in range(iter):
  x = x - torch.autograd.grad(f, x, …  
                  create_graph=True,…  
                  retain_graph=True)

PyTorch:

loss = x.norm()
torch.autograd.grad(loss, omega)

<latexit sha1_base64="xfbtLf6zH54PgGf653ncQJTY6K0="></latexit>

x1 = x0�↵rxf!(x0)
<latexit sha1_base64="he6HA6ZKkHYNP0n1fG5nkxdrU/k="></latexit>

xk�1�↵rxf!(xk�1)

Backpropagation through the solver of an optimization problem



• Feedforward pass through the implicit layer (solver) is a code  
=> Its computational graph can be backpropagated via autograd.

Naive straightforward solution

• Problems of autodiff in complex solvers  (“if” has often zero or undefined grad)
def solver(x, w):
    if x>w:

y = 2*x
 else: 
    y = sin(x)

    return y

∂solver(x, ω)
∂ω

=
0 x ≠ ω

nan x = ω

• Memory and computationaly inefficient (e.g. iterations of simplex method)

• It can backpropagate towards internal parameters of the solver and optimize 
the optimization itself.

• Disadvantage:

• Advantage:



Explicit layers Implicit layers

ω, θ, μ arg min
x

f(x, ω) x⋆

g(x, θ) ≤ 0

Constrained optimizer:

h(x, μ) = 0

ω x⋆
solve: f(x, ω) = 0

Root finder:

ω arg min
x

f(x, ω) x⋆
Unconstrained optimizer:

ω x⋆
solve: ·x = f(x, ω)

ODE solver:

x
σ(x)

y
Sigmoid:

x conv(x, w)
y

w
Convolution:

x BNγ,β(x)
yγ, β

Batch-norm:



Root finder

• Let’s assume that root finder is a compiled binary w/o the access to its source

• Given parameters , the code delivers solution  such that ω x⋆ f(x⋆, ω) = 0

• This solution depends on parameters, we refer it x⋆(ω) : ℝn → ℝm

f(x⋆(ω), ω) = 0 Given , the root  function  satisfy this equation.  ω x⋆(ω)

∂f(x⋆(ω), ω)
∂ω

= 0  is allowed to change only in directions which  
does not change the value of  in order 
to stay within the solution manifold

ω
f(x⋆(ω), ω)

• We want  to find                    can we do better than a numerical differentiations?∂x⋆(ω)
∂ω

= ?



ω x⋆(ω)
solve: f(x, ω) = x2 − ω = 0

∂x⋆(ω)
∂ω

= ?

Example:



ω
solve: f(x, ω) = x2 − ω = 0

Example:

ω
x

f(x⋆(ω), ω) = x⋆(ω)2 − ω = 0

While changing , root function  
follows the yellow curve

ω x⋆(ω)

x⋆(ω)

∂x⋆(ω)
∂ω

= ?

x⋆(ω)



ω
solve: f(x, ω) = x2 − ω = 0

Example:

ω
x

f(x⋆(ω), ω) = x⋆(ω)2 − ω = 0

While changing , root function  
follows the yellow curve

ω x⋆(ω)

x⋆(ω)

∂x⋆(ω)
∂ω
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ω
solve: f(x, ω) = x2 − ω = 0

Example:

ω
x

f(x⋆(ω), ω) = x⋆(ω)2 − ω = 0

While changing , root function  
follows the yellow curve
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ω
solve: f(x, ω) = x2 − ω = 0

Example:

ω
x

f(x⋆(ω), ω) = x⋆(ω)2 − ω = 0

While changing , root function  
follows the yellow curve

ω x⋆(ω)

x⋆(ω)

∂f(x⋆(ω), ω)
∂ω

= 0
Yellow space is locally defined as the direction in -domain 
which locally preserves zero value of  function

ω
f(x⋆(ω), ω)

∂x⋆(ω)
∂ω

= ?

x⋆(ω)



ω
solve: f(x, ω) = x2 − ω = 0

∂x⋆(ω)
∂ω

= ?

2x⋆(ω) ⋅
∂x⋆(ω)

∂ω
− 1 = 0

Example:

ω
x

⇒ ∂x⋆(ω)
∂ω

=
1

2x⋆(ω)

f(x⋆(ω), ω) = x⋆(ω)2 − ω = 0

While changing , root function  
follows the yellow curve

ω x⋆(ω)

x⋆(ω)

How is it for other root ???

x⋆(ω)

Can you compute gradient ???
How is it for  ???ω = 0

∂f(x⋆(ω), ω)
∂ω

= 0
Yellow space is locally defined as the direction in -domain 
which locally preserves zero value of  function

ω
f(x⋆(ω), ω)



Root finder

Introduce notation: ,  
∂f(a, b)

∂a
= ∂1 f(a, b)

∂f(a, b)
∂b

= ∂2 f(a, b)

Differentiation of compound function yields manifold eq. for searched ∂x⋆(ω)
∂ω

∂f(x⋆(ω), ω)
∂ω

= ∂1 f(x⋆(ω), ω) ∂x⋆(ω)
∂ω

+ ∂2 f(x⋆(ω), ω) = 0

∂x⋆(ω)
∂ω

= − [∂1 f(x⋆(ω), ω)]
−1

∂2 f(x⋆(ω), ω)

∂f(x⋆(ω), ω)
∂ω

= 0  is allowed to change only in directions which  
does not change the value of  in order 
to stay within the solution manifold

ω
f(x⋆(ω), ω)



Root finder

ω x⋆
solve: f(x, ω) = 0

∂x⋆(ω)
∂ω

= − [∂1 f(x⋆(ω), ω)]
−1

∂2 f(x⋆(ω), ω)
Implicit gradient 
(terms can be  
obtained by autograd)



Root finder

ω x⋆
solve: f(x, ω) = 0

Example: f(x, ω) = sin(x + ω)

ω x⋆
solve: sin(x + ω) = 0

∂x⋆(ω)
∂ω

=

−ω 2π − ω 3π − ω

sin(x + ω)

x
π − ω

−[∂0 f(x⋆(ω), ω)]
−1

∂1 f(x⋆(ω), ω) = −
cos(x⋆ + ω)
cos(x⋆ + ω)

= − 1

∂x⋆(ω)
∂ω

= − [∂1 f(x⋆(ω), ω)]
−1

∂2 f(x⋆(ω), ω)
Implicit gradient 
(terms can be  
obtained by autograd)



Root finder (backprop through linear system / inverse matrix)
Example2: f(x, A) = Ax − b

A x⋆
solve: Ax = b

∂x⋆(A)
∂A

= −[∂1 f(x⋆(A), A)]
−1

∂2 f(x⋆(A), A)

= − [ 2 −2
−2 0 ]

−1

⋅ [x⋆
1 x⋆

2 0 0
0 0 x⋆

1 x⋆
2 ] = − [0 0 0 0.25

0 0.25 0 0.25]

= − A−1 ⋅

x⋆⊤, 0⊤ … 0⊤

0⊤, x⋆⊤ … 0⊤

⋮ ⋮ ⋮
0⊤, 0⊤ … x⋆⊤

A = [ 2 −2
−2 0 ], b = [1

0]
= [ 0

−0.5]

x_star = torch.linalg.inv(A) @ b

torch.autograd.grad(x_star[0], A)[0].reshape(4)
> tensor([-0.0000, -0.0000, -0.0000, -0.2500])
torch.autograd.grad(x_star[1], A)[0].reshape(4)
> tensor([-0.0000, -0.2500, -0.0000, -0.2500])

Do not have to preserve 
computational graph  
of the matrix inverse 

computation !!!

You can learn to predict equations 
the solution of which is equal to something



Root finder: backprop through set of equations typical application

∂x⋆(ω)
∂ω

= −[∂0f(x⋆(ω), ω)]
−1

∂1f(x⋆(ω), ω)

image1

transformer/CNN
image2

x⋆

solve: f(x, ω) = 0

predicted 
motion

is set off(x, ω) = 0
non-linear equations

ω
correspondences

image1 image2

xGT

ground truth 
motion

∥x⋆ − xGT∥2
2



Backprop through fixed point layer

image1

transformer/CNN
image2

x⋆

solve: f(x, ω) = x

predicted 
motion

ω
correspondences xGT

ground truth 
motion

∥x⋆ − xGT∥2
2

Infinitely deep residual network layer

Convergence assured for some function (contractivity or monotocinity)
Q-learning as a feed-forward pass



Explicit layers Implicit layers

ω, θ, μ arg min
x

f(x, ω) x⋆

g(x, θ) ≤ 0

Constrained optimizer:

h(x, μ) = 0

ω x⋆
solve: f(x, ω) = 0

Root finder:

ω arg min
x

f(x, ω) x⋆
Unconstrained optimizer:

ω x⋆
solve: ·x = f(x, ω)

ODE solver:

x
σ(x)

y
Sigmoid:

x conv(x, w)
y

w
Convolution:

x BNγ,β(x)
yγ, β

Batch-norm:



Explicit layers Implicit layers

ω, θ, μ arg min
x

f(x, ω) x⋆

g(x, θ) ≤ 0

Constrained optimizer:

h(x, μ) = 0

ω x⋆
solve: f(x, ω) = 0

Root finder:

ω arg min
x

f(x, ω) x⋆
Unconstrained optimizer:

ω x⋆
solve: ·x = f(x, ω)

ODE solver:

x
σ(x)

y
Sigmoid:

x conv(x, w)
y

w
Convolution:

x BNγ,β(x)
yγ, β

Batch-norm:

The rest will not be 
in the exam test



Unconstrained optimizer

• Unconstrained local optimizer provides solution  such thatx⋆ ∂f(x⋆, ω)
∂x⋆

= 0

• Let’s denote gradient
∂f(x⋆, ω)

∂x⋆
= g(x⋆, ω) = 0

• This solution depends on parameters, we refer it x⋆(ω) : ℝn → ℝm

∂g(x⋆(ω), ω)
∂ω

= 0
 is allowed to change only in directions which  

does not change the gradient   in order 
to stay within the solution manifold

ω
g(x⋆(ω), ω)

∂g(x⋆(ω), ω)
∂ω

= ∂1g(x⋆(ω), ω) ∂x⋆(ω)
∂ω

+ ∂2g(x⋆(ω), ω) = 0

∂x⋆(ω)
∂ω

= − [∂1g(x⋆(ω), ω)]
−1

∂2g(x⋆(ω), ω)

• We treat unconstrained optimizer as gradient root finder => the rest is the same



Example: f(x, ω) = sin(x ⋅ ω)

ω x⋆
arg min

x
sin(x ⋅ ω)

∂x⋆(ω)
∂ω

= −[ − ω2 sin(ωx)]−1 ⋅ (− ωx sin(ωx) + cos(ωx))

Unconstrained optimizer

ω arg min
x

f(x, ω) x⋆

∂x⋆(ω)
∂ω

= − [∂1g(x⋆(ω), ω)]
−1

∂2g(x⋆(ω), ω) where g(x⋆, ω) =
∂f(x⋆, ω)

∂x⋆

−
π
2

ω 3π
2

ω

⇒ g(x, ω) = ω ⋅ cos(x ⋅ ω)

∂
∂x

∂
∂ω



Example:

Unconstrained optimizer

ω x⋆
arg min

x
sin(x ⋅ ω)

shape

x⋆

loc
al 

m
ini

m
um



Example:

Unconstrained optimizer

ω x⋆
arg min

x
sin(x ⋅ ω)

x⋆

shape

loc
al 

m
ini

m
um

∥x * ∥ ℒ

dis
tan

ce
 fro

m or
igi

n



Example:

Unconstrained optimizer

ω x⋆
arg min

x
sin(x ⋅ ω) ∥x * ∥ ℒ



Example:

∂x⋆(ω)
∂ω

=

Unconstrained optimizer

π
2

ω 3π
2

ω

def f(x, omega):
    return torch.sin(x*omega)
 
omega = torch.tensor(2.0, requires_grad=True)
x = torch.tensor(0.0, requires_grad=True)
for j in range(25):
   x = x - 0.1*torch.autograd.grad(f(x, omega), x, retain_graph=True, create_graph=True)[0]

ω x⋆
arg min

x
sin(x ⋅ ω)

torch.autograd.grad(x, omega)[0]
> tensor(0.3927)

-(-torch.sin(omega*x)*omega*x + torch.cos(omega*x))/(-torch.sin(omega*x)*(omega**2)
> tensor(0.3927)

explicit gradient

implicit gradient

−[ − ω2 sin(ωx)]−1 ⋅ (− ωx sin(ωx) + cos(ωx))



Example:

Unconstrained optimizer

ω x⋆
arg min

x
sin(x ⋅ ω) ∥x * ∥ ℒ

for j in range(25):
   x = x - 0.1*torch.autograd.grad(f(x, omega), x, retain_graph=True, create_graph=True)[0]

torch.autograd.grad(x.norm(), omega)[0]
> tensor(-0.3927)

for j in range(5):
   x = x - 0.1*torch.autograd.grad(f(x, omega), x, retain_graph=True, create_graph=True)[0]

torch.autograd.grad(x.norm(), omega)[0]
> tensor(0.4527)

What happens to explicit gradient if number of iterations are decreased?

Is it correct?



Example:

Unconstrained optimizer

ω x⋆
arg min

x
sin(x ⋅ ω) ∥x * ∥ ℒ

for j in range(5):for j in range(25):

What happens to explicit-gradient if number of iterations are decreased?
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Constrained optimizer

• Given parameters , typical optimizer provides primal-dual solution  
that satisfy necessary and sufficient optimality conditions (KKT):

ω x⋆, λ⋆, ν⋆

L(x, λ, ν) = f(x, ω) + ∑
i

λigi(x, ω) + ∑
i

νihi(x, ω)Lagrangian: 

∂L(x⋆, λ⋆, ν⋆)
∂x⋆

=Stationarity: 
∂f(x⋆, ω)

∂x⋆
+ ∑

i

λi
∂gi(x, ω)

∂x⋆
+ ∑

i

νi
∂hi(x, ω)

∂x⋆ = 0

λ⋆ ∘ g(x⋆, ω)Complementarity: = 0
g(x⋆, ω) ≤ 0Primal feasibility:
h(x⋆, ω) = 0

ω arg min
x

f(x, ω) x⋆

g(x, ω) ≤ 0
h(x, ω) = 0

λ⋆, ν⋆



Constrained optimizer

• Given parameters , typical optimizer provides primal-dual solution  
that satisfy necessary and sufficient optimality conditions (KKT):

ω x⋆, λ⋆, ν⋆

L(x, λ, ν) = f(x, ω) + ∑
i

λigi(x, ω) + ∑
i

νihi(x, ω)Lagrangian: 

∂L(x⋆, λ⋆, ν⋆)
∂x⋆

=Stationarity: 

Dual feasibility: λ⋆ ≥ 0

∂f(x⋆, ω)
∂x⋆

+ ∑
i

λi
∂gi(x, ω)

∂x⋆
+ ∑

i

νi
∂hi(x, ω)

∂x⋆ = 0

λ⋆ ∘ g(x⋆, ω)Complementarity: = 0
g(x⋆, ω) ≤ 0Primal feasibility:
h(x⋆, ω) = 0

ω arg min
x

f(x, ω) x⋆

g(x, ω) ≤ 0
h(x, ω) = 0

λ⋆, ν⋆



Constrained optimizer

• Given parameters , typical optimizer provides primal-dual solution  
that satisfy necessary and sufficient optimality conditions (KKT):

ω x⋆, λ⋆, ν⋆

g(x⋆, ω) ≤ 0

λ⋆ ≥ 0

Inequalities can be ignored due to complementarity condition  
(i.e. c.s. implies that one of them have to be zero,  

if  and  then small change of  will 
preserve positivity of  and the other way around )
g(x⋆, ω) = 0 λ > 0 λ

λ

G(x⋆, λ⋆, ν⋆, ω) =[ λ⋆ ∘ g(x⋆, ω)

h(x⋆, ω)

= 0]

ω arg min
x

f(x, ω) x⋆

g(x, ω) ≤ 0
h(x, ω) = 0

λ⋆, ν⋆

∂f(x⋆, ω)
∂x⋆

+ ∑
i

λ⋆
i

∂gi(x, ω)
∂x⋆

+ ∑
i

ν⋆
i

∂hi(x, ω)
∂x⋆



Constrained optimizer

• Given parameters , typical optimizer provides primal-dual solution  
that satisfy necessary and sufficient optimality conditions (KKT):

ω x⋆, λ⋆, ν⋆

G(x⋆, λ⋆, ν⋆, ω) =[ λ⋆ ∘ g(x⋆, ω)

h(x⋆, ω)

∂f(x⋆, ω)
∂x⋆

+ ∑
i

λ⋆
i

∂gi(x, ω)
∂x⋆

+ ∑
i

ν⋆
i

∂hi(x, ω)
∂x⋆

= 0]
• Input params  can change output solution   

only in direction that preserves these conditions, therefore:
ω (x⋆, λ⋆, ν⋆)(ω) = [x⋆(ω), λ⋆(ω), ν⋆(ω)]

∂G(x⋆(ω), λ⋆(ω), ν⋆(ω), ω)
∂ω

= 0

ω arg min
x

f(x, ω) x⋆

g(x, ω) ≤ 0
h(x, ω) = 0

λ⋆, ν⋆



Constrained optimizer

Computing derivative of the compound function 
yields desired equation for the gradient

∂G(x⋆(ω), λ⋆(ω), ν⋆(ω), ω)
∂ω

= 0

∂0,1,2G(x⋆(ω), λ⋆(ω), ν⋆(ω), ω)
∂(x⋆, λ⋆, ν⋆)(ω)

∂ω
+ ∂3G(x⋆(ω), λ⋆(ω), ν⋆(ω), ω) = 0

∂(x⋆, λ⋆, ν⋆)(ω)
∂ω

= − [∂0,1,2G(x⋆(ω), λ⋆(ω), ν⋆(ω), ω)]
−1

∂3G(x⋆(ω), λ⋆(ω), ν⋆(ω), ω)

ω arg min
x

f(x, ω) x⋆

g(x, ω) ≤ 0
h(x, ω) = 0

λ⋆, ν⋆



Constrained optimizer
ω x⋆

∂(x⋆, λ⋆)(ω)
∂ω

= − [∂0,1G(x⋆(ω), λ⋆(ω), ω)]
−1

∂2G(x⋆(ω), λ⋆(ω), ω)

λ⋆
Example:

x2 − 1 ≤ 0

arg min
x

x ⋅ ω

G(x⋆(ω), λ⋆(ω), ω) =
∂f(x⋆, ω)

∂x⋆ + λ ∂g(x, ω)
∂x⋆

λg(x⋆, ω)
= [ ω + 2λx

λ(x2 − 1)]

= 2 = − 1

= 1

= − [ 2λ⋆ 2x⋆

2λ⋆x⋆ (x⋆)2 − 1]
−1

⋅ [1
0] = − [ 2 −2

−2 0 ]
−1

⋅ [1
0] = [ 0

1/2]

x
x ⋅ ω

x2 − 1 ≤ 0
−1 +1

ω+1

−1

x⋆(ω)

-inv([2 -2 ; -2 0])* [1;0]



Constrained optimizer
ω x⋆

λ⋆
Example2: arg min

x

1
2

x⊤Qx + p⊤x

Gx ≤ h
Ax = b

∂0,1,2G(x⋆, λ⋆, ν⋆, ω) =
Q G⊤ A⊤

diag(λ⋆)G diag(Gx⋆ − h) 0
A 0 0

∂(x⋆, λ⋆, ν⋆)(ω)
∂ω

= − [∂0,1,2G(x⋆, λ⋆, ν⋆, ω)]
−1

∂3G(x⋆, λ⋆, ν⋆, ω)



Application: MPC with non-linear system
ω = r u⋆, x⋆

arg min
u

(x − r)⊤Q(x − r) + u⊤Ru

xk+1 = Axk + Buk+1

r

x ob
st

ac
le

ob
st

ac
le

relu(obs_dist(x⋆))conv 
network

img



ω = r
arg min

u
(x − r)⊤Q(x − r) + u⊤Ru

xk+1 = Axk + Buk+1

u⋆, x⋆

relu(obs_dist(x⋆))conv 
network

img

Application: MPC with non-linear system



PyTorch embedded modeling language for convex optimization problems

cvxpylayer = CvxpyLayer(problem, parameters=[A, b], variables=[x])
solution, = cvxpylayer(A, b) # feed-forward pass (solve the problem)
solution.sum().backward()    # backward pass (how A,b influnce solution)

[Boyd, et al, NIPS, 2019]
https://www.cvxpy.org/

https://github.com/locuslab/optnetAlso optnet:

https://www.cvxpy.org/


Differentiable MPC control, [Amos et al. NIPS 2018]
https://arxiv.org/abs/1810.13400

https://arxiv.org/abs/1810.13400
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x

f(x, ω) x⋆
Unconstrained optimizer:

ω x⋆
solve: ·x = f(x, ω)

ODE solver:

x
σ(x)

y
Sigmoid:

x conv(x, w)
y

w
Convolution:

x BNγ,β(x)
yγ, β

Batch-norm:
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z(t, ω)

g(z(t, ω), ω)
z(t, ω)

ODE solver
·x = f(x, ω)

Any solution  (obtained from an arbitrary ODE solver) have to follow:x⋆(t, ω)

∂
∂t

∂
∂ω

x⋆(t, ω) = ∂0 f(x⋆(t, ω), ω) ∂x⋆(t, ω)
∂ω

+ ∂1 f(x⋆(t, ω), ω)

∂
∂t

z(t, ω) = g(z(t, ω), ω, t)
·z = g(z, ω, t)

Since solvers often use adaptive step length, both ODEs solved jointly

∂
∂t

x⋆(t, ω) − f(x⋆(t, ω), ω) = 0 Given , the ODE solution  satisfy this eq.ω x⋆(ω)

∂
∂ω

∂
∂t

x⋆(t, ω) =
∂f(x⋆(t, ω), ω)

∂ω
Change of  generates ODE solution   
that satisfy this equation.  

ω x⋆(ω)



ODE solver

·x = f(x, ω)

Since solvers often use adaptive step length, both ODEs solved jointly

·z = g(z, ω, t) [            ][ ]·x f(x, ω)
·z ∂0 f(x, ω)z + ∂1 f(x, ω)==>

Example:
·x
·y
·z

= f([
x
y
z], [

σ
ρ
β]) =

σ * (y − x)
x(ρ − z) − y

xy − βz
∂x⋆(σ, ρ, β)

∂σ
∂x⋆(σ, ρ, β)

∂ρ
∂x⋆(σ, ρ, β)

∂β

x⋆(σ, ρ, β)ODE solver:

=> z⋆ =
∂x⋆(t, ω)

∂ω



Motivation

Missing piece preventing reliable deployment in wild outdoor environment is a 
robust model that predicts robot-terrain behaviour from onboard sensors.



camera

𝛁conv(  )h

∂∇physics(f)
∂f

∂∥x − x⋆∥
∂x

camera

estim. trajectory
xfhz

𝛁geom(  )z 𝛁physics(   )f

control u

real robot trajectory
x⋆

∥x − x⋆∥

θg θc
∂∇geom(z)

∂θg

∂∇conv(h)
∂θc

model

estimated 
trajectory

real  
trajectory

K, R, t
heightmap+ visual f. forces



estim. trajectory
xz

𝛁 h
fh

𝛁 z

𝛁p
f

real robot trajectory
x⋆

∥x − x⋆∥

estimated 
trajectory

real  
trajectory

K, R, t

end-to-end differentiable, real time,  
image conditioned simulation

105 ×

camera 
recalibration

θgθc

parameter 
learning

u

control, RL 

planning

model  
identification

heightmaps forces contacts terrain properties
Interpretable 
 Intermediate: 

Outputs
self-supervision

onboard 
camera

What do we offer to robotics community?



Fixedwing model

𝛁physics(   )

3D gridmap with 
temperatures Minkowski U-net

modelcontrolpredicted

3D force field

f

f

<latexit sha1_base64="5+nyS8hU2hxnqdw8c1v+IWfwmYw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l048JFBfuA6VAyaaYNzSRDckcoQz/DjQtF3Po17vwbM+0stPVA4HDOveTcEyaCG3Ddb6e0srq2vlHerGxt7+zuVfcP2kalmrIWVULpbkgME1yyFnAQrJtoRuJQsE44vs39zhPThiv5CJOEBTEZSh5xSsBKfi8mMKJEZPfTfrXm1t0Z8DLxClJDBZr96ldvoGgaMwlUEGN8z00gyIgGTgWbVnqpYQmhYzJkvqWSxMwE2SzyFJ9YZYAjpe2TgGfq742MxMZM4tBO5hHNopeL/3l+CtF1kHGZpMAknX8UpQKDwvn9eMA1oyAmlhCquc2K6YhoQsG2VLEleIsnL5P2Wd27rF88nNcaN0UdZXSEjtEp8tAVaqA71EQtRJFCz+gVvTngvDjvzsd8tOQUO4foD5zPH4RFkWw=</latexit>

L
∥ − ∥2

predicted 
trajectory

ground truth 
trajectory

predicted flow have to satisfy 
Navier-Stokes equations
add NS-loss: ||NS(f)||



Google’s BRAX/ Nvidia’s WARP - differentiable physics engine
https://github.com/google/brax

Brax simulates these environments at millions of physics steps per second on TPU

https://github.com/google/brax


NVIDIA WARP
https://developer.nvidia.com/warp-python

Cloth simulation Particle-based simulation

https://developer.nvidia.com/warp-python


Grad SLAM [Murthy, ICRA, 2021]
https://gradslam.github.io/

SLAM

<latexit sha1_base64="DUnt8zNF6xtHKzj7P0RKCjJ3icI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FL3qrYD+gDWWz3TRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBQln2rjut1Pa2Nza3invVvb2Dw6PqscnXR2nitAOiXms+gHWlDNJO4YZTvuJolgEnPaC6W3u956o0iyWj2aWUF/giWQhI9jk0rAdsVG15tbdBdA68QpSgwLtUfVrOI5JKqg0hGOtB56bGD/DyjDC6bwyTDVNMJniCR1YKrGg2s8Wt87RhVXGKIyVLWnQQv09kWGh9UwEtlNgE+lVLxf/8wapCW/8jMkkNVSS5aIw5cjEKH8cjZmixPCZJZgoZm9FJMIKE2PjqdgQvNWX10n3qu41642HRq11X8RRhjM4h0vw4BpacAdt6ACBCJ7hFd4c4bw4787HsrXkFDOn8AfO5w/nwo4v</latexit>

�

map:

pose:

<latexit sha1_base64="Nl3wDU8vEGsXLlrAj1tEmA5ca18="></latexit>

@SLAM(x1, . . . ,xt)

@x1, . . . ,xt
=?

https://gradslam.github.io/


PyTorch3D
https://pytorch3d.org/

https://pytorch3d.org/


Summary

• If you know that the mapping is rendering use rendering layer∇
• If you know that the mapping is solution of opt. problem use solver layer∇
• If you know that the mapping is ODE solution use ODE layer∇
• Always use the right tool ;-)



References to differentiable physics

https://arxiv.org/pdf/2207.05060

https://towardsdatascience.com/physics-informed-neural-networks-pinns-an-
intuitive-guide-fff138069563

https://medium.com/@theo.wolf/physics-informed-neural-networks-a-simple-
tutorial-with-pytorch-f28a890b874a
https://github.com/benmoseley/harmonic-oscillator-pinn-workshop/blob/main/
PINN_intro_workshop.ipynb

1D/2D examples:

https://www.researchgate.net/publication/
344464310_Detailed_Rigid_Body_Simulation_
using_Extended_Position_Based_Dynamics

Stable simulation:


