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Pravdépodobnost (nejistota) je viude

VYV VYV VVYVY

Pravdépodobnost srazek zitra je 70%.

Jakou mam Sanci vyhrat v loterii?

Mam pozitivni test na nemoc X, jsem opravdu nemocny?
Svédectvi jsou X, Y, a Z, je obvinény vinen?
Nezaméstnanost se zménila o X, jaka bude inflace?

Jak se bude vyvijet cena akcii?

Vybrana akce je X, o kolik se robot pohne?

Jaka je pravdépodobnost, ze na fotce je osoba XY?

Jak dlouho mi bude trvat cesta, kdyz pojedu tramvaji?

> ...

Potfebujeme matematicky popis . ..
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Co se nauc¢ime

Nahodny vs. deterministicky pokus
Nahodny jev jako jeho vysledek; prostor jevi
Pravdépodobnost — naivni, axiomaticky definovana

Podminéna pravdépodobnost, nezavislé jevy

vVvyVvYyVvyy

Nahodna proménna a jeji ocekavana hodnota
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(Nahodny) pokus, jev

Pokus :
» Zjednodusené:
> Dgj i procedura, ktera

» mize byt libovolnékrat konzistentné opakovana a
» ma jednoznacné definovanou mnozinu moznych vysledka.

» Deterministicky pokus ma jediny mozny vysledek.
» Nahodny pokus ma vice moznych vysledkd.

» Nezname vysledek pred vykonanim nahodného pokusu. Po pokusu, je v3e jiz jasné,
nejistota mizi.

> Nahodny jev je vysledek nahodného pokusu.
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Nahodny pokus 1: Jeden hod hraci kostkou

Prostor (mnozina!) S vsech elementarnich jeva .

ORORE
@ ® ©®

(Nahodné) Jevy padne:
> A-6, P(A) =1

5/38



Nahodny pokus 1: Jeden hod hraci kostkou

Prostor (mnozina!) S vsech elementarnich jeva .

ORORE
@ ® ©®

(Nahodné) Jevy padne:
> A-6, P(A) =7
» B - liché ¢islo, P(B) =7

5/38



Nahodny pokus 1: Jeden hod hraci kostkou

Prostor (mnozina!) S vsech elementarnich jeva .

ORORE
@ ® ©®

(Nahodné) Jevy padne:

> A-6, P(A) =7

» B - liché ¢islo, P(B) =7

» C - Cislo vétsinez 2, P(C) =7 ...
» D - cislo vétsi nez 6, P(D) =7 ...

Think twice, DALL-E!
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(Random) Events /(Nahodné) jevy/

Elementary events /elementarni jevy/ are all possible, mutually exclusive outcomes of certain
experiment.

The set of elementary events is called a sample space /mnozina elementarnich jevii/ , denoted
as S.

An event /jev/ is any subset of the sample space, A C S.

» Event A occured if the experiment outcome
belongs to A.

> An event is any statement about the
experiment outcome for which we can decide if
it occured or not.

OO0
00O
O OO

DO O
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Naive probability (Bernoulli/Laplace)

_|A]'_ number of outcomes favorable to A

P(A)

~ S| total number of outcomes in S

» Limited to equally likely outcomes/elementary events. (Equally likely?)

> |t does not allow for infinite sample spaces, geometric probability, ...

» Combinatorics! Counting (variations, permutations, combinations, . .

O

0,0 O O

O O

O

O O°

O
O

)
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Priklad 2: Vlastnosti P, hod kostkou

S={1,2,3,4,56)
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Priklad 2: Vlastnosti P, hod kostkou

§=1{1,2,3,4,5,6}
Uvazujme jevy:
> A- padne6

» B - padne sudé cislo
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@ ©
@ ©

8/38



Priklad 2: Vlastnosti P, hod kostkou

§=1{1,2,3,4,5,6}
Uvazujme jevy:
> A- padne6

» B - padne sudé cislo

Mnozinové:

ORC
@ ©
@ ©

8/38



Priklad 2: Vlastnosti P, hod kostkou

§=1{1,2,3,4,5,6}
Uvazujme jevy:
> A- padne6

» B - padne sudé cislo

Mnozinové: A C B

ORORO
ORORO,

Pravdépodobnost:

8/38



Priklad 2: Vlastnosti P, hod kostkou

S = {172’ 3747 57 6}
Uvazujme jevy:
> A- padne6

» B - padne sudé cislo

Mnozinové: A C B

ORORO
ORORO,

Pravdépodobnost: P(A) < P(B)
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Priklad 2: Vlastnosti P, hod kostkou

S=1{1,2,3,4,5,6} @ @ @
Uvazujme jevy:
ONONG

» B - padne sudé cislo

Mnozinové: A C B Pravdépodobnost: P(A) < P(B)
Dalsi jev:
» C - padne 2 nebo 4
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Uvazujme jevy:
> A- padne6

» B - padne sudé cislo

Mnozinové: A C B

Dalsi jev:
» C - padne 2 nebo 4

Mnozinové:

ORORO
ORORO,

Pravdépodobnost: P(A) < P(B)
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Priklad 2: Vlastnosti P, hod kostkou

S={1,2,3,4,5,6} @ @ @
Uvazujme jevy:
® 6@

» B - padne sudé cislo

Mnozinové: A C B Pravdépodobnost: P(A) < P(B)
Dalsi jev:
» C - padne 2 nebo 4

Mnozinové: C = B\ A Pravdépodobnost:
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Priklad 2: Vlastnosti P, hod kostkou

S={1,2,3,4,56) @ @ @
Uvazujme jevy:
ONONG

» B - padne sudé cislo

Mnozinové: A C B Pravdépodobnost: P(A) < P(B)
Dalsi jev:
» C - padne 2 nebo 4

Mnozinové: C = B\ A Pravdépodobnost: P(C) = P(B) — P(A)
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Priklad 2: Vlastnosti P (pokr.)

Hod kostkou,
§=11,2,3,4,5,6},

> A - padne 6,

» B - padne liché cislo.

ORC
(@ ©
(& @

Jaka je pravdépobnost, ze nastane jev A nebo B?
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Priklad 2: Vlastnosti P (pokr.)

Hod kostkou,
§=11,2,3,4,5,6},

> A - padne 6,

» B - padne liché cislo.
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Jaka je pravdépobnost, ze nastane jev A nebo B?
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P(AUB) =
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Priklad 2: Vlastnosti P (pokr.)

Hod kostkou,
§=11,2,3,4,5,6},
> A - padne 6,

» B - padne liché &islo. @ @ @
ONORO

Jaka je pravdépobnost, ze nastane jev A nebo B?
Zjevné AN B =),
P(AuUB) = P(A)+ P(B)

9/38



Priklad 2: Vlastnosti P (pokr.)

Hod kostkou,
§=11,2,3,4,5,6},

DO G
» B - padne liché cislo.

Jaka je pravdépobnost, ze nastane jev A nebo B?
Zjevné AN B =),

P(AUB) = P(A)+ P(B)

C - padne sudé ¢islo.
Jaka je pravdépobnost, ze nastane jev A nebo C?
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Vaznéjsi problém z oblasti pravdépodobnosti
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Vaznéjsi problém z oblasti pravdépodobnosti

Cerpadlo v elektrarné je zalohovano pomoci druhého identického Cerpadla. Jev A; znamena, ze
Cerpadlo i funguje. Jaka je pravdépodobnost, ze funguje alespon jedno?
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Vaznéjsi problém z oblasti pravdépodobnosti

Cerpadlo v elektrarné je zalohovano pomoci druhého identického Cerpadla. Jev A; znamena, ze
Cerpadlo i funguje. Jaka je pravdépodobnost, ze funguje alespon jedno?

P(A1 U A2) = P(A1) + P(A2) — P(A1 N Ag)
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Vaznéjsi problém z oblasti pravdépodobnosti

Cerpadlo v elektrarné je zalohovano pomoci druhého identického Cerpadla. Jev A; znamena, ze
Cerpadlo i funguje. Jaka je pravdépodobnost, ze funguje alespon jedno?

P(A1 U A2) = P(A1) + P(A2) — P(A1 N Ag)

Obé cerpadla funguji:
P(Al N A2) =7
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Nastanou jevy A a B soucasné. Hazime kostkou

> A: padne liché ¢&islo

» B: padne Cislo mensi nez tfi
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Nastanou jevy A a B soucasné. Hazime kostkou

> A: padne liché ¢&islo
» B: padne Cislo mensi nez tfi

Jaka je pravdépodobnost, ze nastanou oba jevy soucasné,
neboli P(A, B)?
A 1/4

ONORE
© ® ©®

B 1/6
C1/2
D 1/3
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Nastanou jevy A a B soucasné. Hazime kostkou

> A: padne sudé Cislo

» B: padne Cislo vétsi nez tFi
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Nastanou jevy A a B soucasné. Hazime kostkou

> A: padne sudé Cislo
» B: padne Cislo vétsi nez tFi

Jaka je pravdépodobnost, ze nastanou oba jevy soucasné,
neboli P(A, B)?
A 1/4

ONORE
© ® ©®

B 1/6
C1/2
D 1/3
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Nastane jev B; jak to ovlivni P(A)?

> A: padne sudé Cislo
» B: padne Cislo vétsi nez tFi

Mame informaci, ze nastal jev B. Jaka je pravdépodob-
nost, ze to sudé Cislo. Tedy: P(A|B) =7
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Nastane jev B; jak to ovlivni P(A)?

> A: padne sudé Cislo

» B: padne Cislo vétsi nez tFi
Mame informaci, ze nastal jev B. Jaka je pravdépodob-
nost, ze to sudé Cislo. Tedy: P(A|B) =7

A 1/4

B 2/3

Cc1/2

D 1/3

®» ©
(@ ©
(@ @
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Podminéna pravdépodobnost

Conditional probability of event A given event B is defined
as

P(AN B)
P(B)

P(A|B) = P(B) # 0.

O 0.0
OO0 O
Of@ O
OO0

» All probabilities are conditional: P(A) = P(A|S).
P Interpretation:

1. P(A) is our current belief that event A occurs.
2. We get a new information that a different event B occured.
3. P(A|B) is now our updated belief about A.

» Conditional probability is still a probability: it maps any event A C S to (0,1).
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Bayes rule

Probability of the intersection of two events A and B, P(AN B), can be expressed in 2 ways:
> P(ANB) = P(A|B)- P(B)
> P(AN B) = P(BJA)- P(A)
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Bayes rule

Probability of the intersection of two events A and B, P(AN B), can be expressed in 2 ways:

» P(AnB) = P(AB)-P(B)
> P(ANB) = P(B|A) - P(A)

From that it follows Bayes rule
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Bayes rule

Probability of the intersection of two events A and B, P(AN B), can be expressed in 2 ways:
» P(AnB) = P(AB)-P(B)
> P(ANB) = P(B|A) - P(A)

From that it follows Bayes rule

Applying the law of total probability from previous slide:

_ P(A|B)-P(B}))  P(A|B)-P(B))
PEIA = =3 =~ SPAB)-P(B)
jel
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Nahodny pokus 1: Hazime trikrat minci (Head/Tails)

(Nahodny) Jev — vysledek nahodného pokusu
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B 23
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D o
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Nahodny pokus 1: Hazime trikrat minci (Head/Tails)
(Nahodny) Jev — vysledek nahodného pokusu

Prostor (mnozina!) S vSech elementarnich jevi . Jak je velka?
A 32
B 23
c2-3

D o
(Nahodné) Jevy :

» A-3x panna (hlava), P(A) =7

» B - 3x stejny symbol, P(B) =7

» C - alespon jeden orel (tail), P(C) =7 ...
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Nahodna veli¢ina

Pracovat s ndhodnymi jevy je tézkopadné ...
Pokus: 3 hody minci. Elementarni jevy s € S. Jevy A; C S:

> A;: tfi hlavy
> Aj: alespon jedna hlava

> Aj: tfi stejné symboly
> ..
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Nahodna veli¢ina

Pracovat s ndhodnymi jevy je tézkopadné ...
Pokus: 3 hody minci. Elementarni jevy s € S. Jevy A; C S:
> Aj: tii hlavy — X(s) =3

> Ay: alespon jedna hlava - X(s) > 1

> As: tii stejné symboly — X(s) € {3,0}
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Nahodna veli¢ina

Pracovat s ndhodnymi jevy je tézkopadné ...
Pokus: 3 hody minci. Elementarni jevy s € S. Jevy A; C S:
> Aj: tii hlavy — X(s) =3

> Ay: alespon jedna hlava - X(s) > 1

> As: tii stejné symboly — X(s) € {3,0}
> ...

Muazeme definovat kazdy jev jako mnozinu (leckdy dost obsahlou) elementarnich jevi s.
Nebo si zavedeme nahodnou proménnou/veli¢inu  X:

X(s) = pocet hlav v s

Nahodna proménna je ve skutecnosti funkce!
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Random Variable

Random variable (nahodna proménna/veli¢ina) on
a probability space (S, P) is a function X mapping
elementary events s € S to real numbers R, i.e.,
X:S—=R

“Random variable is a numerical 'summary’ of an
aspect of the experiment.”
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Random Variable

Random variable (nahodna proménna/veli¢ina) on
a probability space (S, P) is a function X mapping
elementary events s € S to real numbers R, i.e.,
X:S—=R

“Random variable is a numerical 'summary’ of an
aspect of the experiment.”

5555 2

s O

e
O

O

—_

» R.v. X assigns a numerical value X(s) to each possible outcome s € S.

» The mapping is deterministic, the randomness comes from outcomes of random
experiment (with outcome probabilities described by probability function P).

0

1

‘R

» Before the experiment, we know neither the value of s, nor the value of X(s). But we can

compute the probability that X will take on a given value, or a range of values.

> After the experiment, s was realized, and the r.v. crystalizes into value X(s).
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Nahodné jevy vs hodnoty nahodné proménné

Let X be a random variable, i.e., X : S = R.

> X = x denotes the event {s € S : X(s) = x}, i.e., the event consisting of all outcomes s
such that X(s) = x.

> X € (a, b) denotes the event {s € S : a < X(s) < b}, i.e., the event consisting of all
outcomes s such that a < X(s) < b.
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Discrete Random Variable

Random variable X is called discrete if the values of 10 Probability mass function
X(s) for all s € S form either 08

> a finite set of values a1, as,...,ap, or o5 e

» an infinite set of countably many values aj, a5, . .. Zos
Support  of X: 02 g !
Sx={xeR:P(X=x)>0}={a1,a,...} L
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Discrete Random Variable

Random variable X is called discrete if the values of
X(s) for all s € S form either

» a finite set of values a1, a»,...,a,, or

> an infinite set of countably many values a1, as, . ..
Support  of X:
Sx={xeR:P(X=x)>0}={a1,a,...}

Probability Mass Function (PMF) /pstni fce/ of a dis-
crete r.v. X is the function px given by

px(x) = P(X = x) = P({s € S : X(s) = x}).

Probability mass function
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Discrete Random Variable

Random variable X is called discrete if the values of
X(s) for all s € S form either

» a finite set of values a1, a»,...,a,, or
» an infinite set of countably many values aj, a5, . ..
Support  of X:
={xeR:P(X=x)>0}={a1,a,...}

Probability Mass Function (PMF) /pstni fce/ of a dis-
crete r.v. X is the function px given by

px(x) = P(X = x) = P({s € S : X(s) = x}).

Cumulative Distribution Function (CDF) /distribu¢ni fce/
of a discrete r.v. X is the function Fx defined as

Fx(X) X < X pr

t<x

0.2

Probability mass function

Cumulative distribution function
e —

—
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Expected value
Pred zacatkem experimentu, kolik ocekavam , Ze padne hlav?
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Expected value
Pred zacatkem experimentu, kolik ocekavam , Ze padne hlav?
Expected value (stfedni hodnota) of a discrete r.v. X is denoted as E X and is defined as

EX = Zt px(t Zf px(t

teR teSx
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Expected value
Pred zacatkem experimentu, kolik ocekavam , Ze padne hlav?
Expected value (stfedni hodnota) of a discrete r.v. X is denoted as E X and is defined as

EX = Zt px(t Zf px(t

teR teSx
For equally probable outcomes s € S also EX = ZX
seS

Characteristics of E X:
» Er=r E(EX)=EX
» EX+Y)=EX+EY,E(X+r)=EX+r, E(X-Y)=EX-EY
> E(rX+sY)=rEX+sEY
» For independent rv.s: E(X-Y)=EX-EY.
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Nékdy nejsou elemenarni jevy stejné pravdépodobné

S={ABCD, -7}

Thttps://commons.wikimedia.org/wiki/File:Scrabble game in _progress.jpg
22/38


https://commons.wikimedia.org/wiki/File:Scrabble_game_in_progress.jpg

Axiomatic probability (Kolmogorov)

» Sample space S may be infinite.
» Elementary events do not have to be equally likely.

» Axiomatic:

1. state a set of constraints the probability function must obey
2. find a function that fulfills them (next slides)
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Definition of probability

» Probability function /pravdépodobnostni funkce/ P is a function that assigns a real
number between 0 and 1 to each event AC S.

» P must satisfy the following axioms:

1. P0) =0, P(S) =1 QAQ o O
2. For any mutually exclusive events
Ao t -1 O (OO
n n B
P(UA,):ZP(A,) O Q o Q

(n may be infinite)
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References, further reading

Klasické ceské ¢teni [2], na domaci strance https://cmp.felk.cvut.cz/ ~navara/stat/ mnoho
dalsich zajimavych studijnich materiala.

[1] Joseph K. Blitzstein and Jessica Hwang.
Introduction to Probability.
CRC Press, 2nd edition, 2019.
http://probabilitybook.net/.

[2] Mirko Navara.
Pravdépodobnost a matematicka statistika.
CVUT v Praze, Praha, 2007.
https://cmp.felk.cvut.cz/~navara/stat/.

[3] N. Silver.
Signal a sum.
Paseka, 2014.
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Zbytek prezentace pouzijte dle potreby . ..
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Events and their combinations

Important events:
> Certain event : S, 1

» Impossible event : (), 0
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Events and their combinations

Important events:
» Certain event : S, 1

» Impossible event : (), 0

Event combinations:
» Conjunction (Aand B): ANB

Disjuction (Aor B): AUB

Complementary event /jev opaény/ to A: A=S\ A

A= B:ACB

Disjoint events /jevy neslucitelné/ : Ay, ..., A,: (N Ai=0
i<n

» Mutually exclusive events /Jevy po dvou neslucitelné = vzajemné se vylucujici/ :
Al .. A Vi e {1, ... n}, i;éjiA;ﬂAj:(b
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Partition of sample space /Uplny systém jevii/

Partition of sample space S /Uplny systém jevii/ is composed of events By, ..., B, if they

n
are mutually exclusive and | B; = S.
i=1
» The sample space S is its own partition by definition.

» Events {C, C<} form a partition: CNC° =@ and CUC®=S.
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Partition of sample space /Uplny systém jevii/

Partition of sample space S /Uplny systém jevii/ is composed of events By, ..., B, if they
n
are mutually exclusive and |J B; = S.
i=1
» The sample space S is its own partition by definition.
» Events {C, C<} form a partition: CNC° =@ and CUC®=S.

Pro¢ je tplny systém jevii dilezity koncept?

28/38



Interpretations of probability

Frequentist :

> Relative frequency of an event after many repetitions of random experiment.

Bayesian
» Degree of belief that an event occurs.

» This allows us to assign probabilities to statements like “candidate A wins elections” or
“suspect X is guilty”, although we cannot repeat the same elections or the same crime over
and over.
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Properties of probability

For any valid probability function:

| 2

vVvyVvyvyyvyy

P(A) € (0,1) (definition)

P() =0, P(S) =1 (axioms)

P(A°) =1— P(A)

If AC B, then P(A) < P(B)

If AC B, then P(B\ A) = P(B) — P(A)

If AN B =0, then P(AU B) = P(A) + P(B)
P(AUB) = P(A) + P(B) — P(AN B)

(aditivity)
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Priklad 3: Pravdépodobnost ¢asti

Vlybereme-li z populace ndhodné jednoho €lovéka, pak pro néj plati:
» Trpi nemoci X a je mladsi 18 let s pravdépodobnosti 0.01.
» Trpi nemoci X a je mu/ji mezi 18 a 65 lety s pravdépodobnosti 0.05.
» Trpi nemoci X a je starsi 65 let s pravdépodobnosti 0.09.

Jaka je pravdépodobnost, ze nahodné vybrany Elovék ma nemoc X?
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Properties of probability (cont.)

If {Bi,...,Bn} is a partition of sample space
then for any event AC S

P(A):zn:P(AmB,-).
i=1

In particular, for partition {C, C°}

P(A) = P(ANC)+ P(ANCe).

OO O
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Independent events /Nezavislé jevy/

Cerpadla u elektrarny, chtéli bychom, aby byla nezavisla Events A and B are independent if
and only iff
P(ANB) = P(A)- P(B).
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Independent events /Nezavislé jevy/

Cerpadla u elektrarny, chtéli bychom, aby byla nezavisla Events A and B are independent if
and only iff

P(ANB) = P(A)- P(B).
If A, B are independent, then

» P(AUB)=P(A)+ P(B) — P(A) - P(B),
» and pairs A, B€ and A€, B and A€, B€ are independent too.
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Nezavislost jevi: hod dvéma mincemi

» A - na prvni minci padla hlava
» B - na druhé minci padla hlava

» C - na mincich padly riizné symboly
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Nezavislost jevi: hod dvéma mincemi

» A - na prvni minci padla hlava
» B - na druhé minci padla hlava

» C - na mincich padly riizné symboly

Které skupiny jevii jsou nezavislé?
A Zzadna skupina jevii
B dvojice (A, B), (B, C), (A, C)
C dvojice (A, B), (B, C), (A, C) i trojice (A, B, C)
D pouze trojice (A, B, C)
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Priklad: Vojak nebo technik?

Tomas je poradkumilovny, rozhodny a ma smysl pro spravedinost. Jako dité rad hral na pocitaci
strategické hry a strilecky. Vzdy se zajimal o zbrané a vojenskou techniku.
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Priklad: Vojak nebo technik?

Tomas je poradkumilovny, rozhodny a ma smysl pro spravedinost. Jako dité rad hral na pocitaci
strategické hry a strilecky. Vzdy se zajimal o zbrané a vojenskou techniku.

Cim je podle vas Tomas v soucasnosti?
A Vojak
B Technik
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Properties of Conditional Probability

P(S|B) =1, P(0|B) = 0.

P(AA) = 1, P(A%|A) = 0.

If BC A, then P(A|B) = 1.

If P(AN B) =0, then P(A|B) = 0.

n

> If Ay,..., A, are mutually exclusive events, then P (U A;

B) = Z P(Ai|B).
i=1 i=1

» Events A, B are independent iff P(A|B) = P(A) (if P(A|B) is defined).
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Uprava/aktualizace pravdépodobnosti

1. Pravdépodobnost P(A) je nase avodni (apriorni) davéra, ze nastane jev A.
2. Dozvime se, ze nastal jev B.

3. Pravdépodobnost P(A|B) je nase aktualizovana (aposteriorni) diivéra, ze nastane jev A.
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Uprava/aktualizace pravdépodobnosti

1. Pravdépodobnost P(A) je nase avodni (apriorni) davéra, ze nastane jev A.

2. Dozvime se, ze nastal jev B.

3. Pravdépodobnost P(A|B) je nase aktualizovana (aposteriorni) diivéra, ze nastane jev A.

O jevech A a B nevime nic dalsiho. Ktera z nasledujicich moznosti je spravna?
A P(A|B) < P(A)
B P(A|B) = P(A)
C P(A|B) > P(A)

D Miuize nastat kterdkoli z uvedenych moznosti.

37/38



The Law of Total Probability

Let Bi,..., B, be a partition of the sample space S (i.e., the B; are disjoint events and their
union is S), with P(B;) > 0 for all i.
Then

P(A) :zn:P(AﬂBi) ZZH:P(A\Bi)'P(Bi)
i—1 i—1

° B, O|| OB,
OlollO
O @]
104

OO O
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