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ȸHQ?� b QK2x2MőKB p2 ip�`m `QpMQbiő

ȸHQ?�

KBM 7 (tR, . . . , tM)

x� TQ/KőM2F ;B(tR, . . . , tM) = y, B = R, . . . ,K

Ç "m/2K2 ?H2/�i TQ/KőMFv QTiBK�HBiv T`Q HQF�HMő 2ti`ûKv
7mMF+2 7 p�x�Mû `QpMQbiKB ;(t) = y X

Ç SǼ2/TQFH�/�K2- ʈ2 7 B ; DbQm bTQDBiÿ /B72`2M+Qp�i2HMûX

R



P#2+Mÿ, J2iQ/� G�;`�M;2Qpɷ+? KmHiBTHBF�iQ`ɩ

G�;`�M;2Qpv KmHiBTHBF�iQ`v λλλ := (λR, . . . ,λK) ∈ RK

G�;`�M;2Qp� 7mMF+2 G : RM+K → R

G(t,λλλ) := 7 (t) + λλλh;(t)

SQ/KőMFv QTiBK�HBiv

∂G(t,λλλ)
∂t = 7 ′(t) + λλλh;′(t) = y , M2#QHB ∇7 (t) +∇;(t)λλλ = y ,

∂G(t,λλλ)
∂λλλ

= ;(t)h = y .

w� TǼőbHmȒMɷ+? TǼ2/TQFH�/ɩ 2tBbimD2 λλλ ∈ RK bTHƚmDő+ő G′(t,λλλ) = y-
i2/v (t,λλλ) D2 bi�+BQM�`MőK #Q/2K 7mMF+2 GX
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a2Fp2MÍMő Fp�/`�iB+Fû T`Q;`�KQp�Mő UaZSV

L2riQMQp� K2iQ/� KBMBK�HBx�+2 7mMF+2 UQT�FQp�MőV
ǻ2ȒőK2 `QpMB+B 7 ′(t) = y Bi2`�+ő tF+R = tF − 7 ′′(tF)−R 7 ′(tF)h .

SQmʈBD2K2 T`Q 7 (t) := G(t,λλλ),
G(t,λλλ) = 7 (t) + λλλh ;(t) ,
G′(t,λλλ) =

(
7 ′(t) + λλλh ;′(t)︸ ︷︷ ︸∑K

B=R λB ;′B (t)

, ;(t)h) ,

G′′(t,λλλ) =
[

7 ′′(t) +∑K
B=R λB ;′′B (t) ;′(t)h

;′(t) y

]
,

[
tF+R − tF
λλλF+R − λλλF

]
= −G′′(tF,λλλF)

−R G′(tF,λλλF)
h =

= −
[

7 ′′(tF) +
∑K

B=R λB ;′′B (tF) ;′(tF)h

;′(tF) y

]−R [
7 ′(tF)h + ;′(tF)hλλλF

;(tF)

]
.
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h2ÍMɷ p2FiQ` F KMQʈBMÿ

JMQʈBM� pȒ2+? TǼőTmbiMɷ+? Ǽ2Ȓ2Mő ȹHQ?v b QK2x2MőKB p2 ip�`m
`QpMQbiő,

s := {t ∈ RM | ;(t) = y}.

.2}MB+2
o2FiQ` p ∈ RM D2 i2ÍMɷ F KMQʈBMÿ s p #Q/ÿ t ∈ s- TQFm/ D2
p iQK #Q/ÿ i2ÍMɷK p2FiQ`2K MÿD�Fû ?H�/Fû FǼBpFv H2ʈő+ő p sX

d



SQTBb i2ÍMɷ+? p2FiQ`ɩ

P #Q/m t ∈ s +?+2K2 `Qx?Q/MQmi- x/� Kɩʈ2 #ɷi 2ti`ûK2K MÿD�Fû
bTQDBiÿ /B72`2M+Qp�i2HMû 7mMF+2 7X

h2ÍMɷ T`QbiQ` h := D2 HBM2�`Mő T`QbiQ` p2FiQ`ɩ i2ÍMɷ+? F s
Up #Q/ÿ tVX
P#pvFH2 /BK h = M − K X

P`iQ;QM�HMő T`QbiQ` h⊥X
LmiM� TQ/KőMF� T`Q p�x�Mɷ 2ti`ûK, ∇7 (t) ∈ h⊥ X
P#pvFH2 /BK h⊥ = K X

: := bT�M{∇;R(t), . . . ,∇;K(t)} ⊆ h⊥ X

G�;`�M;2Qpv KmHiBTHBF�iQ`v /QpQHmDő M�Dői KQʈMɷ 2ti`ûK- T`�pÿ
F/vʈ ∇7 (t) ∈ :- TǼBÍ2Kʈ /BK : ≤ KX

3



*Q G�;`�M;2Qpv KmHiBTHBF�iQ`v M2/QpQHmDő

hp`x2Mő
C2@HB p2FiQ` p ∈ RM i2ÍMɷ F KMQʈBMÿ s p #Q/ÿ t- T�F ;′(t) p = y-
M2#QHB ph ∇;(t) = yX

hDX p ∈ h =⇒ p ∈ :⊥ -
�H2 p ∈ :⊥ (=⇒ p ∈ h X
h + : M2Kmbő #ɷi +2Hû RMc /QTHMőK2 M� Q`iQ;QM�HMő `QxFH�/,
RM = h + : + .- F/2 . := (h + :)⊥ = (h ∪ :)⊥ X

o2 bKÿ`2+? b M2MmHQpQm bHQʈFQm x . M2TQKQ?Qm G�;`�M;2Qpv
KmHiBTHBF�iQ`v i2biQp�i MmiMQm TQ/KőMFm ∇7 (t) ∈ h⊥ X

SQFm/ /BK : = K- iDX ∇;R(t), . . . ,∇;K(t) DbQm GL- T�F
RM = h + :- /BK . = y � G�;`�M;2Qpv KmHiBTHBF�iQ`v /QpQHő
i2biQp�i ∇7 (t) ∈ h⊥ = : X o i�FQpûK TǼőT�/ÿ ǼőF�K2- ʈ2 t D2
`2;mH�`Mő #Q/ xQ#`�x2Mő ; UMBFQHB `2;mH�`Mő #Q/ KMQʈBMv sVX N



h2ÍMɷ � Q`iQ;QM�HMő T`QbiQ` p `2;mH�`Mő+? #Q/2+?

o `2;mH�`MőK #Q/ÿ t ∈ s xQ#`�x2Mő ; D2,

Ç i2ÍMɷ T`QbiQ` h = MmHH ;′(t)
Ç Q`iQ;QM�HMő T`QbiQ` h⊥ = (MmHH ;′(t))⊥

x X = {x | g(x) = 0 } = {x | g1(x) = · · · = gm(x) = 0 }

nullg′(x) = (span{∇g1(x), . . . ,∇gm(x)})⊥

rng g′(x)T = span{∇g1(x), . . . ,∇gm(x)}

Ry



SQTBb i2ÍMɷ+? p2FiQ`ɩ p `2;mH�`Mő+? #Q/2+?

oÿi�
SQFm/ TH�iő

RX `�MF ;′(t) = K- M2#QHB ;′(t) K� THMQm ?Q/MQbi UT`Q K ≤ MV-
kX ;′(t) p = y- M2#QHB ph ∇;(t) = y-

TQiQK D2 p2FiQ` p ∈ RM i2ÍMɷ F KMQʈBMÿ s p #Q/ÿ tX

RR



SQ/KőMFv T`pMő?Q Ǽ�/m p `2;mH�`Mő+? #Q/2+?

oÿi�
SQFm/

RX t ∈ s D2 HQF�HMő 2ti`ûK 7mMF+2 7 M� KMQʈBMÿ s-
kX `�MF ;′(t) = `�MF∇;(t) = K-

TQiQK
∇7 (t) ∈ bT�M{∇;R(t), . . . ,∇;K(t)}.

x
X

∇f(x)

v

x
X

∇f(x)
v

Rk



*Q b #Q/v- Fi2`û M2DbQm `2;mH�`Mő\

Ç SQFm/ D2 DB+? K�HQ- pvxFQmȒőK2 D2 pȒ2+?MvX
Ç SQFm/ D2 MÿFi2`ɷ ;`�/B2Mi ∇;B(t) = y- xFmbK2 ?Q `QxHQʈBi M�

bQmÍBM � pvȒ2iǼBi F�ʈ/ɷ ÍBMBi2H xpH�ȒȣX
Ç *?v#ÿDő+ő i2ÍMû p2FiQ`v Kɩʈ2K2 M�Dői b�KB � xT`�+Qp�i bi2DMÿ

D�FQ ;`�/B2Miv QK2xmDő+ő+? 7mMF+őX
Ç JőbiQ iQ?Q Kɩʈ2K2 Q/pQ/Bi DBMû QK2xmDő+ő 7mMF+2- m`ÍmDő+ő

bi2DMɷ Q#Q` sX

Rj



*Q b #Q/v- Fi2`û M2DbQm `2;mH�`Mő\

aT2+B�HMő TǼőT�/, SQFm/ DbQm QK2xmDő+ő TQ/KőMFv HBM2�`Mő UQT�FXV,
;(t) = * t − / , ;′(t) = * , ∇;(t) = *h .

RX CbQm@HB Ǽ�/Fv K�iB+2 * UM2#QHB ∇;R(t), . . . ,∇;K(t)V HBM2�`Mÿ
M2x�pBbHû- T�F DbQm pȒ2+?Mv #Q/v `2;mH�`MőX

kX CbQm@HB Ǽ�/Fv K�iB+2 * UM2#QHB ∇;R(t), . . . ,∇;K(t)V HBM2�`Mÿ
x�pBbHû- T�F M2Mő ʈ�/Mɷ #Q/ `2;mH�`Mő � x�H2ʈő M� /,

Ç s = ∅, M2Mő +Q Ǽ2ȒBiX
Ç s (= ∅, Kɩʈ2K2 x [* /] pvM2+?�i Gw Ǽ�/Fv � TQF`�ÍQp�i /H2

#Q/m R- M2#Q M� iQ M2/#�i � Ǽ2ȒBi TɩpQ/Mő bQmbi�pm

7 ′(t) = λλλh * , M2#QHB ∇7 (t) = *hλλλ ,

* t = / .

UhQ T`Q M2HBM2�`Mő TQ/KőMFv M2D/2XV
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S`QFH2iő /BK2MxBQM�HBiv

S`Q p2HFɷ TQÍ2i QK2xmDő+ő+? 7mMF+ő D2 iÿʈFû x�DBbiBi M2#Q QpÿǼBi
`2;mH�`BimX

Jɩʈ2K2 /Qm7�i- ʈ2 KMQʈBM� #Q/ɩ- p MB+?ʈ D2 `2;mH�`Bi� TQ`mȒ2M�-
D2 ”Ǽő/F�“- i�Fʈ2 B F/vʈ TǼ2b MB T`QD/2K2- M2xɩbi�M2K2 p MőX
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�Hi2`M�iBp�, J2iQ/� T`QD2FiQp�Mɷ+? ;`�/B2Miɩ

LÿF/v /Qp2/2K2 F HB#QpQHMûKm #Q/m x RM bM�/MQ M�Dői ”M2D#HBʈȒő“
TǼőTmbiMɷ x s U”T`QD2F+B“ M� sV- M�TǼX T`Q

sR = {t | � ≤ t ≤ #} ,
sk = {t | ‖t‖ ≤ `} ,
sj = {t | ‖t‖ = `} .

S�F Kɩʈ2K2 biǼő/�i F`QFv,

RX SQbimT p2 bKÿ`m ∇7 (t) #2x `2bT2FiQp�Mő QK2xmDő+ő+?
TQ/KőM2FX

kX S`QD2F+2 M� sX

S`Q#HûK, o #HőxFQbiB 2ti`ûKm M�b RX F`QF x�p�/ő /�H Q/ +őH2X

Re



SQ/KőMFv /`m?û?Q Ǽ�/m T`Q pQHMû 2ti`ûKv UQT�FQp�MőV

oÿi�
L2+?ȣ s ⊆ RM- t ∈ s D2 pMBiǼMő #Q/ KMQʈBMv s � 7 : RM → R D2
/p�F`�i /B72`2M+Qp�i2HM� p tX S`Q bi�+BQM�`Mő #Q/ t 7mMF+2 7
TH�iő,

Ç SQFm/ D2 t HQF�HMő KBMBKmK- T�F D2 >2bbQp� K�iB+2 7 ′′(t)
TQxBiBpMÿ b2KB/2}MBiMőX

Ç SQFm/ D2 7 ′′(t) TQxBiBpMÿ /2}MBiMő- T�F D2 t Qbi`û HQF�HMő
KBMBKmKX

Ç SQFm/ D2 7 ′′(t) BM/2}MBiMő- T�F t M2Mő HQF�HMő 2ti`ûKX

J�iB+2 * D2 TQxBiBpMÿ /2}MBiMő M� HBM2�`MőK T`QbiQ`m u- D2biHBʈ2
∀t ∈ u \ {y} : th * t > yX

Rd



SQ/KőMFv /`m?û?Q Ǽ�/m T`Q p�x�Mû 2ti`ûKv

∂kG
∂tk (t,λλλ) = 7 ′′(t) +∑K

B=R λB ;′′B (t) .
oÿi�
L2+?ȣ t ∈ s � 7mMF+2 7 : RM → R, ; : RM → RK DbQm /p�F`�i
/B72`2M+Qp�i2HMû p tX L2+?ȣ t D2 `2;mH�`Mő #Q/ xQ#`�x2Mő ;X

Ç C2@HB t HQF�HMő KBMBKmK 7mMF+2 7 x� TQ/KőMFv ;(t) = y- T�F
∃λλλ : G′(t,λλλ) = y, ∂kG

∂tk (t,λλλ) D2 TQxBiBpMÿ b2KB/2}MBiMő M�
MmHH ;′(t)X

Ç C2biHBʈ2 ∃λλλ : G′(t,λλλ) = y, ∂kG
∂tk (t,λλλ) D2 TQxBiBpMÿ /2}MBiMő M�

MmHH ;′(t)- T�F t D2 Qbi`û HQF�HMő KBMBKmK 7mMF+2 7 x�
TQ/KőMFv ;(t) = yX

Ç C2biHBʈ2 ∂kG
∂tk (t,λλλ) D2 BM/2}MBiMő M� MmHH ;′(t)- T�F t M2Mő HQF�HMő

2ti`ûKX
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