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GNSS

RGBD

odometry

Real world

ARO-like white-box architecture

control

huge amount of human-annotated data/human-feedbacks  
=> tuning on other domains is extremely  expensive

Each component designed/learned/tuned independently:

Kalman 
filter

ICP 
SLAM

object 
detection

planning

control

traversability 
assessment

domain-specific data => transfer impossible



GNSS

RGBD

odometry

VIR-like black-box architecture

control

Black-box architecture => Poor generalization beyond training environment
Physical embodiment ignored => Impossibility to transfer on other robots

Sample inefficiency => Often trained in simulation => Simulation bias

policy gradient

 
cost 

reward

Allows to learn from cost/reward function via policy gradient, but it suffers from:

Hard to construct dense self-evaluating cost/reward function

Real world



GNSS

RGBD

odometry

Graybox+Physics-aware+Differentiable architecture

𝛁ODE

arg min
x

f(x)

arg min h(y)
g(y) ≤ 0

robot
model

control

predicted
interaction

Longterm goal: Explainable + self-learnable architecture

policy gradient

 
cost 

reward

physics priors
environ. priors
other modalities

Self-supervised learning

consistency losses
loss

Self-learning through “end-to-end differentiability” + “explainability” + “priors”
Interesting issues: backpropagation through non-trivial components

construction of consistency losses 

interpretable intermediate outputs
grad

Real world
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x

f!(x)
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… criterion params
… initial point

… optimizer params
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Backpropagation through optimization problem
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for i in range(iter):
  x = x - torch.autograd.grad(f, x, retain_graph=True)

PyTorch:

loss = x.norm()
torch.autograd.grad(loss, omega)

<latexit sha1_base64="PuITU4rEPnCap10T+YI9cylaMLI="></latexit>

x1 = x0�↵r!f!(x0)
<latexit sha1_base64="Idk9E14ImuBI0R/lHuU90O4Stvs="></latexit>

xk�1�↵r!f!(xk�1)

Backpropagation through optimization problem



Differentiable MPC control, [Amos et al. NIPS 2018]
https://arxiv.org/abs/1810.13400

https://arxiv.org/abs/1810.13400


PyTorch embedded modeling language for convex optimization problems

cvxpylayer = CvxpyLayer(problem, parameters=[A, b], variables=[x])
solution, = cvxpylayer(A, b) # feed-forward pass (solve the problem)
solution.sum().backward()    # backward pass (how A,b influnce solution)

[Boyd, et al, NIPS, 2019]
https://www.cvxpy.org/

https://www.cvxpy.org/


Interpretable motion planning  
[Zeng,.. Urtasun, Uber, CVPR, 2019]

http://www.cs.toronto.edu/~wenjie/

costmap



Grad SLAM [Murthy, ICRA, 2021]
https://gradslam.github.io/

SLAM

<latexit sha1_base64="DUnt8zNF6xtHKzj7P0RKCjJ3icI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FL3qrYD+gDWWz3TRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBQln2rjut1Pa2Nza3invVvb2Dw6PqscnXR2nitAOiXms+gHWlDNJO4YZTvuJolgEnPaC6W3u956o0iyWj2aWUF/giWQhI9jk0rAdsVG15tbdBdA68QpSgwLtUfVrOI5JKqg0hGOtB56bGD/DyjDC6bwyTDVNMJniCR1YKrGg2s8Wt87RhVXGKIyVLWnQQv09kWGh9UwEtlNgE+lVLxf/8wapCW/8jMkkNVSS5aIw5cjEKH8cjZmixPCZJZgoZm9FJMIKE2PjqdgQvNWX10n3qu41642HRq11X8RRhjM4h0vw4BpacAdt6ACBCJ7hFd4c4bw4787HsrXkFDOn8AfO5w/nwo4v</latexit>

�

map:

pose:

<latexit sha1_base64="Nl3wDU8vEGsXLlrAj1tEmA5ca18="></latexit>

@SLAM(x1, . . . ,xt)

@x1, . . . ,xt
=?

https://gradslam.github.io/


Pytorch differentiable ODE solver
https://github.com/rtqichen/torchdiffeq


https://github.com/rtqichen/torchdiffeq


Google’s BRAX/ Nvidia’s WARP - differentiable physics engine
https://github.com/google/brax

Brax simulates these environments at millions of physics steps per second on TPU

https://github.com/google/brax


GNSS

RGBD

odometry

Graybox+Physics-aware+Differentiable architecture

𝛁ODE

arg min
x

f(x)

arg min h(y)
g(y) ≤ 0

robot
model

control

predicted
interaction

Longterm goal: Explainable + self-learnable architecture

policy gradient

 
cost 

reward

physics priors
environ. priors
other modalities

Self-supervised learning

consistency losses

grad
loss

Interesting issues: backpropagation through non-trivial components
construction of consistency losses 

Self-learning through “end-to-end differentiability” + “explainability” + “priors”

Real world
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Real robots
Traversability assessment: ability to predict robots behaviour on complex terrains 
perceived by exteroceptive onboard sensors such as camera or lidar.



Learning to predict robot-terrain interaction from RGB(D)

[m
]

CNN

trajectory
[m

]

 Predicted trajectory
x̂(θ)...

Trivial self-supervision

control



Learning to predict robot-terrain interaction from RGB(D)

[m
]

CNN

trajectory
[m

]

 Predicted trajectory
x̂(θ)... G

round truth trajectory 
x

gt.....

ℒ2(x̂(θ), xgt)

Blackbox model:

• Weak generalisation

• Unexplainable

• Untransferable

control

Trivial self-supervision



Learning to predict robot-terrain interaction from RGB(D)

Elasticity 
Damping 
Height, Friction

[m
]

𝛁physics
terrain 
encoder

[m
]

trajectory

[m
]

 Predicted trajectory
x̂(θ)... G

round truth trajectory 
x

gt.....

control
robot



heightmap, elasticity, damping,  
friction, interaction forces     

Lkkt(�, ĥ)

<latexit sha1_base64="MVDUkkwibkV/UdqObGtzZDYaY34="></latexit>

convNet
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lidar 
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@h✓(x)

@✓

Learning to predict  
terrain properties

𝛁physics(   )Lkkt(�, ĥ)

<latexit sha1_base64="MVDUkkwibkV/UdqObGtzZDYaY34="></latexit>

estimated terrain estim. trajectory

real robot trajectory

L2-loss

∂∇physics(ĥ)
∂ĥ

∂∥x − x⋆∥
∂x

x⋆
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Tuples produce the physically consistent set

x

x
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The remaing tuples are physically inconsistent

x
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Lkkt = 0

Construct differentiable loss that measures physical trajectory/terrain-consistency
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Lkkt = 0

x x xx

Construct differentiable loss that measures physical trajectory/terrain-consistency

Given the ground truth trajectory one can optimize terrain



<latexit sha1_base64="DRgQYYcnDGuXcgP6ejxmzKKp87c=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIsgImVGirosuNFdBfuAzlgymUwbmskMSUYoQz/Ajb/ixoUibv0Ad/6NmbYLbb0QcnLuueTc4yecKW3b31ZhaXllda24XtrY3NreKe/utVScSkKbJOax7PhYUc4EbWqmOe0kkuLI57TtD6/yfvuBSsVicadHCfUi3BcsZARrQ/XKFdePeaBGkbkyF/NkgMf3J6fIjbAe+GGmzcuo7Ko9KbQInBmowKwavfKXG8QkjajQhGOluo6daC/DUjPC6bjkpoommAxxn3YNFDiiyssmy4zRkWECFMbSHKHRhP09keFI5X6NMveo5ns5+V+vm+rw0suYSFJNBZl+FKYc6RjlyaCASUo0HxmAiWTGKyIDLDHRJr+SCcGZX3kRtM6qznm1dlur1G9mcRThAA7hGBy4gDpcQwOaQOARnuEV3qwn68V6tz6m0oI1m9mHP2V9/gACR5uc</latexit>

↵⇤, t⇤

<latexit sha1_base64="c9x8LcK6HNFRN3Nje9FkL29fchY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFN7qrYB/YDiWTZtrQTGZI7ghl6F+4caGIW//GnX9j2s5CWw8EDufcS849QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVHnsRxVEQZqNpv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz0 3Qz6hGwSSflnqp4QllYzrkXUsVjbjxs3niKTmzyoCEsbZPIZmrvzcyGhkziQI7OUtolr2Z+J/XTTG89jOhkhS5YouPwlQSjMnsfDIQmjOUE0so08JmJWxENWVoSyrZErzlk1dJ66LqXVZr97VK/S6vowgncArn4MEV1OEWGtAEBgqe4RXeHOO8OO/Ox2K04OQ7x/AHzucP6fKRHA==</latexit>

h

<latexit sha1_base64="pOS/8XNoF+ULb7awsAwmHLEYeKQ=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHVZcKO7CvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyfdjbMZhlF2gaDao1ty6OwdaJV5BalCgNah++cOEpDEVhnCsdd9zpQkyrAwjnM4qfqqpxGSCR7RvqcAx1UE2zzxDZ1YZoihR9gmD5urvjQzHWk/j0E7mGfWyl4v/ef3URDdBxoRMDRVkcShKOTIJygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6RzWfeu6o2HRq15X9RRhhM4hXPw4BqacActaAMBCc/wCm9O6rw4787HYrTkFDvH8AfO5w+ra5F6</latexit>

, f

<latexit sha1_base64="HaEqGIcFnDjY/1amUDKPBcvlaOI="></latexit>

Lkkt = 0

x x xx

Construct differentiable loss that measures physical trajectory/terrain-consistency

Given the ground truth trajectory one can optimize terrain

Obviously huge sub-space of physically consistent terrains

Regularization needed



heightmap     Lkkt(�, ĥ)

<latexit sha1_base64="MVDUkkwibkV/UdqObGtzZDYaY34="></latexit>

ground truth trajectory
<latexit sha1_base64="IZ21MUAz8FfGRtW9cgQwiQTDpOw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCCJZEirosuNFdBfuAJpbJdNIOnUzCzESoab/EjQtF3Pop7vwbJ20W2nrgcg/n3MvcOX7MqFS2/W0UVlbX1jeKm6Wt7Z3dsrm335JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7rO/PYjEZJG/F6NY+KFaMBpQDFSWuqZZXfiNob04fQsa+6kZ1bsqj2DtUycnFQgR6Nnfrn9CCch4QozJGXXsWPlpUgoihmZltxEkhjhERqQrqYchUR66ezwqXWslb4VREIXV9ZM/b2RolDKcejryRCpoVz0MvE/r5uo4MpLKY8TRTiePxQkzFKRlaVg9akgWLGxJggLqm+18BAJhJXOqqRDcBa/vExa51Xnolq7q1Xqt3kcRTiEIzgBBy6hDjfQgCZgSOAZXuHNeDJejHfjYz5aMPKdA/gD4/MH/EKSsA==</latexit>

k�⇤ � �k

<latexit sha1_base64="6h/C1sDUJ6s7GN0KxP41EIC9dMM="></latexit>

@Lkkt(�, ĥ)

@ĥ
=

@

@ĥ
min
�

(�����
X

i

(mig � �i)
@[R(↵) · pi + t]z

@↵, t

�����

2

2

+

+
X

i

⇣
�i · (ĥi � [R(↵) · pi + t]z)

⌘2
+ C ·

⇣
max{0, ĥi � [R(↵) · pi + t]z}

⌘2 ��� � � 0

)

ConvNet
<latexit sha1_base64="16jG83DXJTtMyLjHadLI6GM+xrM=">AAACI3icbVDLSsNAFJ34rPUVHzs3wSLUTUmkqMuCG91VsA9oQphMJ+3QyYOZG7GG/IsbF/or7sSNC//DpZM2C/s4cOFwzr3cw/FiziSY5re2srq2vrFZ2ipv7+zu7esHh20ZJYLQFol4JLoelpSzkLaAAafdWFAceJx2vNFN7nceqZAsCh9gHFMnwIOQ+YxgUJKrHw9dG4YUcNUOMAw9P33Kzl29YtbMCYxFYhWkggo0Xf3X7kckCWgIhGMpe5YZg5NiAYxwmpXtRNIYkxEe0J6iIQ6odNJJ+sw4U0rf8COhJgRjov6/SHEg5Tjw1GYeUc57ubjM6yXgXzspC+MEaEimj/yEGxAZeRVGnwlKgI8VwUQwldUgQywwAVXY0gQzoucFWVlVZc0Xs0jaFzXrsla/r1cad0VpJXSCTlEVWegKNdAtaqIWIugZvaA39K69ah/ap/Y1XV3RipsjNAPt5w/z8aVK</latexit>

h✓(x)
ConvNet

<latexit sha1_base64="0VAMXj3PoVj8ZJ2QK7iwF02LUMw=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBje4q2Ae2Q0nSTBuaZIYkI5Zh/sKNC/0Vd+LWpX/i0kw7C/s4EDiccy/35OCIM21c98cprK1vbG4Vt0s7u3v7B+XDo5YOY0Vok4Q8VB2MNOVM0qZhhtNOpCgSmNM2Ht9kfvuJKs1C+WAmEfUFGkoWMIKMlR57ApkRDpLntF+uuFV3CrhMvJxUQI5Gv/zbG4QkFlQawpHWXc+NjJ8gZRjhNC31Yk0jRMZoSLuWSiSo9pNp4hSeWWUAg1DZJw2cqv83EiS0nghsJ7OEetHLxFVeNzbBtZ8wGcWGSjI7FMQcmhBm34cDpigxfGIJIorZrJCMkELE2JJWJpgTMRZpyVblLRazTFoXVe+yWruvVep3eWlFcAJOwTnwwBWog1vQAE1AgAQv4A28O6/Oh/PpfM1GC06+cwzm4Hz/AeezoSs=</latexit>x

lidar 
camera

<latexit sha1_base64="R29CiyTpjqJ2KcclbpCPGXM9qiI=">AAACE3icbVC7SgNBFL0bXzG+opY2g0GwCrsiahmw0S6CeUCyhNnJJBkzs7vM3BXCkn+wsdBfsRNbP8A/sXSSbGEeBwYO59zLPXOCWAqDrvvj5NbWNza38tuFnd29/YPi4VHdRIlmvMYiGelmQA2XIuQ1FCh5M9acqkDyRjC8nfiNZ66NiMJHHMXcV7Qfip5gFK1Ub+OAI+0US27ZnYIsEy8jJchQ7RR/292IJYqHyCQ1puW5Mfop1SiY5ONCOzE8pmxI+7xlaUgVN346TTsmZ1bpkl6k7QuRTNX/GylVxoxUYCcVxYFZ9CbiKq+VYO/GT0UYJ8hDNjvUSyTBiEy+TrpCc4ZyZAllWtishA2opgxtQSsTzIlBoMYFW5W3WMwyqV+Uvavy5cNlqXKflZaHEziFc/DgGipwB1WoAYMneIE3eHdenQ/n0/majeacbOcY5uB8/wFJkZ83</latexit>

✓
<latexit sha1_base64="T1T/wu10pbLY2r/qjIcm4P79mYo="></latexit>

@h✓(x)

@✓

<latexit sha1_base64="UJFzTrt41QrAr3+wQ0UIG/rtBsg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokUdVlwo+Cign1AG8JkOmmHzkzCzEQoIeDGX3HjQhG3/oQ7/8ZJmoW2Hhg4c8693HtPEDOqtON8W0vLK6tr65WN6ubW9s6uvbffUVEiMWnjiEWyFyBFGBWkralmpBdLgnjASDeYXOV+94FIRSNxr6cx8TgaCRpSjLSRfPtwwJEeY8TS28xPi4/k6WSis8y3a07dKQAXiVuSGijR8u2vwTDCCSdCY4aU6rtOrL0USU0xI1l1kCgSIzxBI9I3VCBOlJcWN2TwxChDGEbSPKFhof7uSBFXasoDU5kvqea9XPzP6yc6vPRSKuJEE4Fng8KEQR3BPBA4pJJgzaaGICyp2RXiMZIIaxNb1YTgzp+8SDpndfe83rhr1Jo3ZRwVcASOwSlwwQVogmvQAm2AwSN4Bq/gzXqyXqx362NWumSVPQfgD6zPH3FGmLc=</latexit>

Lkkt

loss = loss_kkt(robot_pose, net(input), robot_model)
loss.backward()

<latexit sha1_base64="HaEqGIcFnDjY/1amUDKPBcvlaOI="></latexit>

Lkkt = 0
Traj/terrain loss



Huge subspace of terrains physically consistent with the final state (ball-in-bucket)

Incredible Machine (DOS 1993)

<latexit sha1_base64="HaEqGIcFnDjY/1amUDKPBcvlaOI="></latexit>

Lkkt = 0 x

final state

te
rra
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x



Solution => Environment: Hard, ill-conditioned, combinatorial optimisation problem

Incredible Machine (DOS 1993)

a solution has huge number of ways that leads into it.

Rube Goldberg’s self-operating napkin (1931)

e.g. all “Rube Goldberg’s Incredible Machine”



Application II:  robot-terrain-interaction-aware SLAM
estimate 

this given this
x* = arg max

x0…xt,m
p(x0…xt, m |z1…zt, u1…ut)MAP: = arg min

x0,…xt,m
∑

j

fj(x, m, z)2 =>LM

Factorgraph: graphical model of conditional independence among unknown variables

unknown terrain properties (map)
m

unknown poses of the robot in time
xt−1

xt

xt+1



Application II:  robot-terrain-interaction-aware SLAM
estimate 

this given this
= arg min

x0,…xt,m
∑

j

fj(x, m, z)2 =>LM

Factorgraph: graphical model of conditional independence among unknown variables

x* = arg max
x0…xt,m

p(x0…xt, m |z1…zt, u1…ut)MAP:

p(zGPS
t |xt)GPS

p(zGPS
t+1 |xt+1)GPSp(zGPS

t−1 |xt−1)

GPS

m

xt−1

xt

xt+1

unknown terrain properties (map)

unknown poses of the robot in time



estimate 
this

Factorgraph: graphical model of conditional independence among unknown variables

= arg min
x0,…xt,m

∑
j

fj(x, m, z)2

Application II:  robot-terrain-interaction-aware SLAM

given this
= arg min

x0,…xt,m
∑

j

fj(x, m, z)2 =>LMx* = arg max
x0…xt,m

p(x0…xt, m |z1…zt, u1…ut)MAP:

p(z v
t |xt, xt−1) p(zv

t+1|x t+1, x t)

p(zGPS
t |xt)

IMU velocity IMU velocity

GPS

p(zGPS
t+1 |xt+1)GPSp(zGPS

t−1 |xt−1)

GPS

m

xt−1

xt

xt+1



estimate 
this = arg min

x0,…xt,m
∑

j

fj(x, m, z)2

terrain predictions from RGBD
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estimate 
this

terrain predictions from RGBD

Application II:  robot-terrain-interaction-aware SLAM

given this
= arg min

x0,…xt,m
∑

j

fj(x, m, z)2 =>LMx* = arg max
x0…xt,m

p(x0…xt, m |z1…zt, u1…ut)MAP:
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Given measurement:  
roll, pitch, yaw, 
track_vel, flippers
zα

1, zv
1, …, zα

T, zv
T,

Joint optimization of  
: m, x1…, xT

Application II:  robot-terrain-interaction-aware SLAM

No GPS, no camera, no LIDAR 

(just angular velocities and tracks velocities)



Blind SLAM with local loop-closure

Given measurement:  
roll, pitch, yaw, 
track_vel, flippers 

Joint optimization of  
: m, x1…, xT



Blind SLAM with global loop-closure

Joint optimization of  
: m, x1…, xT

Given measurement:  
roll, pitch, yaw, 
track_vel, flippers 



Application III: self-supervision from factorgraph



GNSS

RGBD

odometry

Evaluation

Graybox+Physics-aware+Differentiable architecture

arg min h(y)
g(y) ≤ 0

robot
model

control

predicted
interaction

Self-supervised learning

consistency losses

grad
loss

Application III: self-supervision from factorgraph

= arg min
x0,…xt,m

∑
j

fj(x, m, z)2



The take-home message
Differentiable graybox architecture is less prone to overfitting
Differentiable graybox architecture enable self-supervision
ARO course:
• builds on top of fundamental principles from KyR theoretical courses  

(LAG, LGR, MA1/2, PST, OPT, ALP, KUI, …) 

Don’t be satisfied with a solution => always try to find less Ruby Goldberg’s 
solution (more Interpretable/Explainable/Lepricon-free algorithm).

Build probabilistic model=> criterion => suggest solution  => critically evaluate


