
Robust regression:  
from ICP to RANSAC
Karel Zimmermann
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t⋆, c(i)⋆ = arg min
t,c(i) ∑

i
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Joint global optimization of pose and correspondences
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Issue: Combinatorial optimization over correspondences technically intractable
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t⋆ = arg min
t

ρ(p1 + t − q1) + ρ(p1 + t − q4) + ρ(p2 + t − q3) + ρ(p2 + t − q5)

q1 q2 q3 q4 q5

p1 p2

Joint global optimization of pose and correspondences

t

c(1) ∈ {1,4} c(2) ∈ {3,5}

Remedy: Heavy-tail Gaussian



t⋆ = arg min
t

ρ(p1 + t − q1) + ρ(p1 + t − q4) + ρ(p2 + t − q3) + ρ(p2 + t − q5)

q1 q2 q3 q4 q5

p1 p2

Joint global optimization of pose and correspondences

t

c(1) ∈ {1,4} c(2) ∈ {3,5}

Remedy: Heavy-tail Gaussian



t⋆ = arg min
t

ρ(p1 + t − q1) + ρ(p1 + t − q4) + ρ(p2 + t − q3) + ρ(p2 + t − q5)

q1 q2 q3 q4 q5

p1 p2

Joint global optimization of pose and correspondences

t

c(1) ∈ {1,4} c(2) ∈ {3,5}

Remedy: Heavy-tail Gaussian



t⋆ = arg min
t

ρ(p1 + t − q1) + ρ(p1 + t − q4) + ρ(p2 + t − q3) + ρ(p2 + t − q5)

q1 q2 q3 q4 q5

p1 p2

Joint global optimization of pose and correspondences

t

c(1) ∈ {1,4} c(2) ∈ {3,5}

Issue: the underlying problem is not optimization-friendly
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RANSAC vs robust regression

Corresponding losses

L2

Welsch

Gaussian

Heavy-tail 
Gaussian 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Gaussian vs Heavy-tail gaussian
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R⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

kRpi + t� qik22
<latexit sha1_base64="gU75VV50dQal6+r8h1IxqCvLyL8="></latexit>

Alignment of two pointclouds

L2 regression

Robust regressionR⇤, t⇤ = argmin
R2SO(3),t2R3

X

i

⇢( Rpi + t� qi )
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Gradient optimisation of robust loss
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L2 landscape

rotation
translation

• Convex in translation space

• Non-convex but smooth  

in SO3

rotation

Welsch landscape

translation
• Non-convex: Large narrow 

 plateaus with zero gradient

• Good initialization required 
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Shape of robust regression functions [Barron CVPR 2019]
https://arxiv.org/abs/1701.03077

⇢
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Remedy: Smart or close initialization!
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Advantages: (1) always initialized in a local optima (10 points=> 10 local optima)
(2) no gradient optimization needed



ICP SLAM - outlier detection procedure
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L2

Welsch

Gaussian

Gaussian 
+ 

Uniform
inliers

Corresponding lossesProbability distributions

L2

Box
Welsch

Gaussian

Heavy-tail 
Gaussian 



Box loss landscape

translation

• Zero gradients
• Combinatorial  

optimization

ro
ta

tio
n

ICP SLAM - gradient optimisation of robust loss
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L2 landscape

rotation
rotation

translation
• Convex in translation space

• Non-convex but smooth  

in SO3

Welsch landscape

translation
• Non-convex+Large narrow 

 plateaus with zero gradient

• Any gradient optimization 

requires good initialization
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Box loss

1. Sample hypothesis (R,t) at random

2. Evaluate value of the box-loss function (at this point R,t)

Naive optimization algorithm:
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ro
ta

tio
n

translation

Box loss

1. Sample hypothesis (R,t) at random

2. Evaluate value of the box-loss function (at this point R,t)

3. Remember the lowest value so far

4. repeat K times

Naive optimization algorithm:

if K is huge and you are lucky

Optimizing box-loss
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map Q

sc
an

 P

RANSAC (RAndom SAmple Consensus)
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map Q

sc
an

 P

1. Sample minimal subset of  
correspondences (p, q).

p1

p2
q1

q2

RANSAC (RAndom SAmple Consensus)



RANSAC (RAndom SAmple Consensus)
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map Q

sc
an

 P

1. Sample minimal subset of  
correspondences (p, q).

2. R,t=align_L2(p, q)

R,t
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RANSAC (RAndom SAmple Consensus)
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map Q

sc
an

 P

1. Sample minimal subset of  
correspondences (p, q).

2. R,t=align_L2(p, q)

R*,t*

3. Estimate loss L=3
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map Q

sc
an

 P

1. Sample minimal subset of  
correspondences (p, q).

2. R,t=align_L2(p, q)

R*,t*

3. Estimate loss L=3
4. If L<Lbest


Lbest = L

R*=R

t*=t



RANSAC
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map Q

sc
an

 P

1. Sample minimal subset of  
correspondences (p, q).

2. R,t=align_L2(p, q)

4. If L<Lbest

Lbest = L

R*=R

t*=t

3. Estimate loss



RANSAC (RAndom SAmple Consensus)

60

map Q

scan P

R,t

1. Sample minimal subset of  
correspondences (p, q).

2. R,t=align_L2(p, q)

4. If L<Lbest

Lbest = L

R*=R

t*=t

3. Estimate loss



4. If L<Lbest

Lbest = L

R*=R

t*=t

ro
ta

tio

translatio

RANSAC (RAndom SAmple Consensus)
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map Q

scan P

R*,t*

1. Sample minimal subset of  
correspondences (p, q).

2. R,t=align_L2(p, q)

3. Estimate loss L=2
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RANSAC (RAndom SAmple Consensus)
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map Q

scan P

R*,t*

1. Sample minimal subset of  
correspondences (p, q).

2. R,t=align_L2(p, q)

3. Estimate loss L=2
4. If L<Lbest


Lbest = L

R*=R

t*=t



RANSAC (RAndom SAmple Consensus)
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map Q

scan P

R*,t*

1. Sample minimal subset of  
correspondences (p, q).

2. R,t=align_L2(p, q)

repeat K-times

3. Estimate loss L=2
4. If L<Lbest


Lbest = L

R*=R

t*=t
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N

<latexit sha1_base64="i3syENft+ZgmiAkn9Z6v0HbrdW0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqaV9UvVq11qxV6td5HEU4gVM4Bw8uoQ630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AajXjNk=</latexit>

… total number of correspondences (N=5)
w

<latexit sha1_base64="6c/8fTK4W7sdm8fSmyKso/eCY58=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2FZoQ9lsJ+3azSbsbpQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1VrzVqlfp3HUYQTOIVz8OAS6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f5vuNAg==</latexit>

… fraction of inliers (w = 3/5 = 0.6)
s

<latexit sha1_base64="t5Z8j6uw1dDrul9BiPoeucvIxm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perVpr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4OuM/g==</latexit>

… size of |S| (s=2)

K

<latexit sha1_base64="d1fBaUyRwxgBUpMwE90AdlYZ6bo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF8FLC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+GbmPzyh0jyW92aSoB/RoeQhZ9RYqXnXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9WrVWrNWqV/ncRThBE7hHDy4hDrcQgNawADhGV7hzXl0Xpx352PRWnDymWP4A+fzB6RLjNY=</latexit>

… number of trials/iterations

probability, that we have selected a clean 
sample at least once out of K trials.

p

<latexit sha1_base64="Tbe1MRtsNLR8GudB5aHgeCdQvWI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWrFXqt3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB3F+M+w==</latexit>

…

K =
log(1� p)

log(1� ws)

<latexit sha1_base64="1eQi9s4NRLkz4R0CavUJCI4qcZw=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEdmFJpFA3QtGN4KaCvUAby2Q6aYdOMmFmopSQvRtfxY0LRdz6Au58GydtBG39YeDjP+dw5vxuyKhUlvVlLC2vrK6t5zbym1vbO7vm3n5L8khg0sSccdFxkSSMBqSpqGKkEwqCfJeRtju+SOvtOyIk5cGNmoTE8dEwoB7FSGmrbxau4BnseQLhuMf4sGQfh+XkB+9vZTnJ982iVbGmgotgZ1AEmRp987M34DjySaAwQ1J2bStUToyEopiRJN+LJAkRHqMh6WoMkE+kE09vSeCRdgbQ40K/QMGp+3siRr6UE9/VnT5SIzlfS83/at1IeadOTIMwUiTAs0VexKDiMA0GDqggWLGJBoQF1X+FeIR0MErHl4Zgz5+8CK2Til2t1K6rxfp5FkcOHIICKAEb1EAdXIIGaAIMHsATeAGvxqPxbLwZ77PWJSObOQB/ZHx8A+khmRU=</latexit>

RANSAC (RAndom SAmple Consensus)
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• Minimizing L2-loss on unclean correspondences (with outliers) yields  
biased pose estimate (and pointcloud alignment).


• Minimizing robust norms (Welsch) yields complicated optimization due to large 
plateaus with almost zero gradients.


• When motion between successive frames is sufficiently small (self-driving cars), 
odom-initialized gradient minimization of a robust loss is quite OK.


• When motion is large and correspondences unclean inlier detection method 
RANSAC, which randomly sample reasonable hypothesis (R,t).


• RANSAC is often used for 2D-2D correspondences and large motions (e.g. 
reconstruction of 3D world from collection of unordered RGB images).


• Takehome message: When designing the loss function always think about:

A. Underlying probability distribution

B. Optimization of the resulting landscape
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• SLAM implementations:

• Nvidia Issac SLAM: 

https://github.com/NVIDIA-ISAAC-ROS/isaac_ros_visual_slam

• ORB SLAM (RGBD SLAM): 

https://github.com/alsora/ros2-ORB_SLAM2

• GTSAM (modular factorgraph SLAM implementation in C++) 

https://gtsam.org/

• PyPose (modular factorgraph SLAM implementation in Python/Pytorch) 

https://pypose.org/

• Datasets, benchmarks and challenges:


• Waymo 
https://waymo.com/intl/en_us/dataset-download-terms/


• Kitti 
http://www.cvlibs.net/datasets/kitti/

https://github.com/NVIDIA-ISAAC-ROS/isaac_ros_visual_slam
https://github.com/alsora/ros2-ORB_SLAM2
https://gtsam.org/
https://pypose.org/
https://waymo.com/intl/en_us/dataset-download-terms/
http://www.cvlibs.net/datasets/kitti/

