Localization - Extended Kalman
filter

Karel Zimmermann




Prerequisites: Extended Kalman Filter

e First order laylor expansion
e Jacobian

https://en.wikipedia.org/wiki/Brook_Taylor



Extended Kalman Filter

Linear system with Gaussian noise:
p(Xt‘Xt—la U—t) — Nxt(AtXt—l + Biuy, Rt)

p(Zt\Xt) = Nzt(CtXty Qt)
@(Xt




Extended Kalman Filter

Non-linear system with Gaussian noise: Linearized system with Gaussian noise:
p(Xt‘Xt—laut) :Nxt<g(xt—17ut)7 Rt) %Nxt(g(utvu't—l) T Gt(Xt—l o y’t—l)? Rt)
p(Zt‘Xt) — Nzt (h(Xt)a Qt) ~ NZt (h(ﬁt) T Ht(Xt o ﬁt)a Qt)

M(Xt




Extended Kalman Filter

Linear system with Gaussian noise:

Linearized system with Gaussian noise:

p(Xt|Xt—17 U—t) — Nxt (AtXt—l + Biuy, Rt)% Nxt (g(ut7 “’t—l) T Gt(Xt—l — Mt—1)> Rt)

p(zt|Xt) — NZt<CtXt7 Qt)

1. Initialization: bel(xg)

2. Prediction step:
By = Ay g + Biug
3, =A, 1A +R,
bel(x;) = Nx, (i1, )

3. Measurement update:

Kt — EtCZ(CtEtC; T Qt)_l

py = oy + Ky (Zt: Cipy)
Et — (I — KtCt)Et

bel(x¢) = Nx, (Hs, t)
4. Repeat from 2

~ N, (h(,) + He(x: — 11,), Qi)

1. Initialization: bel(xg)
2. Prediction step:

e = g(utv N’t—l)

3, = Gtzt—lG: + Ry

bel(x;) = Nx, (1, ¢)
3. Measurement update:
K, =>H' H>H +Q;) !
py = o, + Ki(ze — h(y))
¥ =1 -KHy)X,
bel(x;) = Nx, (1, X¢)
4. Repeat from 2



Example: Extended Kalman Filter, state=[pos_x, pos_y, heading] T

rostopic pub -r 10 /cmd_vel geometry_msgs/Twist
'{linear: 41x: 1.0, y: 0.0, z: 0.0}, angular: i{x: 0.0,y: 0.0,z: 1.0}}"

u; = [ Linear velocity v , Angular velocity w |

Control commands often replaced by wheel velocities

2 L

Qt — Ht—l -+ WAL

At
rsin(fy_1 + wet
Lt — Lt—_1 /Ut COS(@t_l wtt)dt — Tt+—1 V¢ ( t—1 1 Wt )
W - (Ut ~ O
0 0(1)
Ut : .
:xFJIa}ﬂ+mﬂ@4ﬂw%Aﬂ—smwFﬁ)
t




Example: Extended Kalman Filter

Turtlebot transition probability: HHEEEREREE
_xt- _ZUt_l_ _v _ _wt—l | Zi ( - Sin(é’t_l T Ctht) — Siﬂ(@t_l)) -
p( | [ |mer ][ 0]) = N ([ wemt + 2 (= cos(Or 1 + wit) + cos(6; 1))
Oi | |01 \,t./ I 01+ wAt )
v H,—/ u; %ﬁ Jodom
Xt Xt—1

g(utaxt—l)

IMU measurement probability:

p( [Q%MU] |y ) — ./\/’Z%MU( [O 0 1] v |, 1ItMU)
IMU 0 0,
Z LT Ut
X¢ RIMU (x,) . ) 9
I "0 =t(+ cos + w:At) — cos
B 89(u = U, X = “’t—l) B 2;;( | (Mg 1 [ ) (,uet
= =10 1 Zt(+sin(uy_q +wiAt) — sin(y;
O 00 {

ROS package for 6DOF EKF: http://wiki.ros.org/robot pose ekf



http://wiki.ros.org/robot_pose_ekf

Example: Extended Kalman Filter

Turtlebot transition probability: HHEEL RS
_xt- _ZUt_l_ _v _ _wt—l | Zi ( - Sin(é’t_l T Ctht) — Siﬂ(@t_l)) -
p( Yt Yt—1 | wi ) = Nx, ( yt—1+ ( — cos(0r—1 + wrAt) + COS(Qt—l)) )
0:] [Oi-1] < = I 01+ wAt )
v H,—/ u; %ﬁ Jodom
Xt Xt—1

g(utaxt—l)

IMU measurement probability:

- -
p( 0] e ) = NziMU( 0 0 1] |y, %MU)

IMU 0 0,

Zt ~ =, - -

X¢ RIMU (x,) 9 N\ 9
1 0 2(4+cos(u? ;+ wAt) —cos(ul ;))]
G, = = (0 1 =t ( + sin(py_; + weAt) — Sm(,ut_l))
Ox 10 t |

ROS package for 6DOF EKF: http://wiki.ros.org/robot pose ekf



http://wiki.ros.org/robot_pose_ekf

Extended Kalman Filter

Non-linear system with Gaussian noise: Linearized system with Gaussian noise:
p(Xt‘Xt—lvut) :Nxt<g(xt—17ut)7 Rt) %Nxt(g(utvu’t—l) T Gt(Xt—l o l’l’t—l)v Rt)
p(Zt‘Xt) — Nzt (h(Xt)7 Qt) ~ NZt (h(ﬁt) T Ht<Xt o ﬁt)a Qt)

bel (x; s it a big issue?




Extended Kalman Filter

Non-linear system with Gaussian noise:
p(Xt‘Xt—la ut) — Nxt (g(Xt—17 ut)7 Rt)

P(z|xt) = Nz, (h(x:), Qu)
bel(x;

4
N\

Y

Linearized system with Gaussian noise:
xe (g(ae, poy—q) + Ge(xe—1 — py—q), Ry)
2. (h(1y) + He(xe — 1), Qi)

Is it a big issue?



Extended Kalman Filter

Jean Buridan
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https://en.wikipedia.org/wiki/Buridan's_ass
http://mapy.cz

Example: Extended Kalman Filter
Turtlebot transition probability:

WHEEL ENCODERS

T Ti_1 _U - _ZCt_l | Z’i ( - sin(é’t_l T tht) — Siﬂ(@t_l))
p( Ye | | |Ye—1 ] wt ) = Nx, ( yi—1 + 25 (= cos(—1 + wiAt) + cos(0; 1))
Oi | |01 \,t/ I 01+ wAt )
N N\ e’ u, ——————————————————  —————————————————————— Jodom
*t *t—1 g(ue,xi—1)

IMU measurement probability:

Lt Lt
p( [Q%MU} ‘ (I ) p— NziMU( [O 0 1] Yt : %MU)
IMU et et
Zt . = \ B ~
X+ hIMU (Xt)
LIDAR
measurement ?2?7?

probability



Example: Extended Kalman Filter
Turtlebot transition probability:

WHEEL ENCODERS

T Ti_1 _U - _ZCt_l | Z’i ( - SiIl((gt_l T tht) — Siﬂ(@t_l))
p( Ye | | |Ye—1 ] wt ) = Nx, ( yi—1 + 25 (= cos(—1 + wiAt) + cos(0; 1))
Oi | |01 \,t/ I 01+ wAt )
W—/ R,—/ u, ——————————————————  —————————————————————— Jodom
*t *t—1 g(ue,xi—1)

IMU measurement probability:

Lt Lt
p( [Q%MU} ‘ (I ) p— NziMU( [O 0 1] Yt : %MU)
" | b 0,
Z, N, \ - =,
X+ hIMU (Xt)

LIDAR measurement probability:

p(Zt ‘Xt, m)




Pose from known correspondences
/
\\@ /@\ .\( - ® ; (1)
map point m’ ~N \/ - / - i
ppoint Mg, Tt

SCdall p t Z% — HNT(z%,xt)(mj(i)v Q%)




Example: Extended Kalman Filter
Turtlebot transition probability:

WHEEL ENCODERS

_xt- _.CUt_l_ _v _ _ZCt—l | Zi ( - SiIl((gt_l T tht) — Siﬂ(@t_l)) -
p( Yt Yt—1 15 wt ) — Nxt ( Yt—1 f}’; ( — cos(0r—1 + wiAt) + COS(et—l))
0| 01| LY i 0r 1 + wAt ]
W—/ H,—/ u, ——————————————————  —————————————————————— Jodom
*t *t—1 g(ue,xi—1)

IMU measurement probability:

Lt Lt
p([0PMY]] || ) =Moo ([0 0 1] |me| , QMY)
IMU _et_ 6)15_
24 V N————
hIMU (x,)

LIDAR measurement probabillity:
p(ze|xe, m) = | | Ny o) (m?, Q)

~ HNZt (h(ﬁ; mj(i)) T Hi(Xt — ), Q%)

EKF localization / SLAM




Pose from known correspondences

‘@
\ \@

) //\ = -~ © - .
3(7) ’/\ &@/ <@.j p(zt |Xt7 m) — HP(ZZ; ‘Xt, m’ (Z))
map point m N O .

AN =

SCan PG t Zt — HNT(Zi,xt)(mj(i)v Q%)

/\ b@l( Xt )
\\ ™
,,,M//
z1PAR — argmax p(z¢|x;, m)

Xt



Pose from known correspondences

) oy

p(Z¢|X¢, M) = Hp(zi‘xh mj(i))

map point J()@\ \'\@//
scan point ;- \/ i)
— HNT(Z%,Xt)(m 7Qt)
1
/////“' —
RS - S
p(z % IDAR x¢,m) I
z; DM = argmax p(z|x;, m)

Xt



Example: Extended Kalman Filter
Turtlebot transition probability:

WHEEL ENCODERS

_xt- _.CUt_l_ _v _ _ZCt—l | Zi ( - SiIl((gt_l T tht) — Siﬂ(@t_l)) -
p( Yt Yi—1 | wt ) = N, ( yi—1 + 25 (= cos(—1 + wiAt) + cos(0; 1))
0| 01| LY i 0r 1 + wAt ]
—— N—— u, -_ e
*t xt—1 g(ug,x¢—1)

IMU measurement probability:

Lt Lt
p< [Q%MU} ‘ Yy ) — NZ}tMU( [O 0 1] Ve | %MU)
7 I MU et et
Zy g,:/ _/__/
RIMU (x,)
LIDAR measurement probability: |
ZUIPAR — aromax p(z|x,, m) generalized ICP
- TTDARA Xt I localization / SLAM
xEIDAR N B LIDAR
Yt =10 1 0 Yt zt (O Q )
pLDAR 0 0 1| |0,
i _ Ut
LIDAR



Summary Extended Kalman Filter (EKF)

EKF Is suboptimal observer of the state for non-linear
systems under Gaussian noise

EKF Is KF with transition and measurement probabillities
teratively approximated by the first order Taylor expansion.

't nicely scales to higher dimension and tackles the non-linearity
well for smooth functions.

't has been used for onboard guidance and navigation
system for the Apollo Spacecraft Mission
https://en.wikipedia.org/wiki/Apollo_(spacecraft)

There are other ways of non-linearity approximation such as
Assumed Density Filter (ADF) or Unscented Kalman Filter (UKF).

Next: Lidar and corresponding measurements probability models


https://en.wikipedia.org/wiki/Apollo_(spacecraft)

