
Where the hell am I and where 
is the stuff around me?
SLAM in SE(2) with (i) measurement models of 2D/3D marker detectors, 
UWB, GPS/GNSS, odometry, and (ii) differential drive motion model
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perception (local, SLAM, object detection)

known

…

Problem definition

Complete states:  

<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0

<latexit sha1_base64="q8eX0aG67aDYW5JS4O6Sx70sw1A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG91VsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmljc2t7p7xb2ds/ODyqHp90VWIkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gunt7nfe6JSsUQ86llKgxiPBYsYwdpKvh9jPQmjzMyH3rBac+vuAmideAWpQYH2sPrljxJiYio04VipgeemOsiw1IxwOq/4RtEUkyke04GlAsdUBdki8xxdWGWEokTaJzRaqL83MhwrNYtDO5lnVKteLv7nDYyOboKMidRoKsjyUGQ40gnKC0AjJinRfGYJJpLZrIhMsMRE25oqtgRv9cvrpHtV95r1xkOj1rov6ijDGZzDJXhwDS24gzZ0gEAKz/AKb45xXpx352M5WnKKnVP4A+fzByrUkc0=</latexit>u1
<latexit sha1_base64="d09PjZDcl8y+DIhNWF049bHT7mY=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0siRT0WvOitgrWFNoTNdtMu3WzC7qZQQv6JFw+KePWfePPfuGlz0NaBhWHmPd7sBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJxWnktAOiXksewFWlDNBO5ppTnuJpDgKOO0Gk9vC706pVCwWj3qWUC/CI8FCRrA2km/bgwjrcRBmae5n+sLNfbvuNJw50CpxS1KHEm3f/hoMY5JGVGjCsVJ910m0l2GpGeE0rw1SRRNMJnhE+4YKHFHlZfPkOTozyhCFsTRPaDRXf29kOFJqFgVmssiplr1C/M/rpzq88TImklRTQRaHwpQjHaOiBjRkkhLNZ4ZgIpnJisgYS0y0KatmSnCXv7xKni4b7lWj+dCst+7LOqpwAqdwDi5cQwvuoA0dIDCFZ3iFNyuzXqx362MxWrHKnWP4A+vzB7jok78=</latexit>ut�1

<latexit sha1_base64="GiOelRdbuIGCu9OluClm5G3DZjk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgRncV7APaWCbTSTt08mDmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjxVJotO1vq7Syura+Ud6sbG3v7O5V9w/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT69zvPHKlRRTe4zTmbkBHofAFo2ikh35Acez5aZINUswG1Zpdt2cgy8QpSA0KNAfVr/4wYknAQ2SSat1z7BjdlCoUTPKs0k80jymb0BHvGRrSgGs3naXOyIlRhsSPlHkhkpn6eyOlgdbTwDOTeUq96OXif14vQf/KTUUYJ8hDNj/kJ5JgRPIKyFAozlBODaFMCZOVsDFVlKEpqmJKcBa/vEzaZ3Xnon5+d15r3BZ1lOEIjuEUHLiEBtxAE1rAQMEzvMKb9WS9WO/Wx3y0ZBU7h/AH1ucPXPKTHA==</latexit>ut
<latexit sha1_base64="NyfuUNRI7EFcULQ9ltx39agd2Pk=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREinoseNFbBWsLbQib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uytr6xuVXdru3s7u0f2IdHTypOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcNoNJreF351SqVgsHvUsoV6ER4KFjGBtJN+2BxHW4yDM0tzP9IWb+3bdaThzoFXilqQOJdq+/TUYxiSNqNCEY6X6rpNoL8NSM8JpXhukiiaYTPCI9g0VOKLKy+bJc3RmlCEKY2me0Giu/t7IcKTULArMZJFTLXuF+J/XT3V442VMJKmmgiwOhSlHOkZFDWjIJCWazwzBRDKTFZExlphoU1bNlOAuf3mVPF023KtG86FZb92XdVThBE7hHFy4hhbcQRs6QGAKz/AKb1ZmvVjv1sditGKVO8fwB9bnD7Xck70=</latexit>ut+1

<latexit sha1_base64="+gZaFMSaWUIoeiZUZ9k3d9VEa/I=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQhJJIUZcFN7qrYB/QhjKZTtqhk0mYuSmWkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpv7nSlTmkfyEWYx80IykjzglICRBrbdDwmM/SB9ygYpXLjZwK46NWcOvErcglRRgebA/uoPI5qETAIVROue68TgpUQBp4JllX6iWUzohIxYz1BJQqa9dJ48w2dGGeIgUuZJwHP190ZKQq1noW8m85x62cvF/7xeAsGNl3IZJ8AkXRwKEoEhwnkNeMgVoyBmhhCquMmK6ZgoQsGUVTEluMtfXiXty5p7Vas/1KuN+6KOMjpBp+gcuegaNdAdaqIWomiKntErerNS68V6tz4WoyWr2DlGf2B9/gC6fZPA</latexit>xt+1

<latexit sha1_base64="JNBhUtMAwb3LsNDpJ3u6yGZqXvo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRoi4LbnRXwT6gDWEynbRDJ5MwMynUkD9x40IRt/6JO//GaZuFth4YOJxzL/fMCRLOlHacb6u0tr6xuVXeruzs7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E49uZ35lQqVgsHvU0oV6Eh4KFjGBtJN+2+xHWoyDMnnI/0xdu7ttVp+bMgVaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQineaWfKppgMsZD2jNU4IgqL5snz9GZUQYojKV5QqO5+nsjw5FS0ygwk7Ocatmbif95vVSHN17GRJJqKsjiUJhypGM0qwENmKRE86khmEhmsiIywhITbcqqmBLc5S+vkvZlzb2q1R/q1cZ9UUcZTuAUzsGFa2jAHTShBQQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gC9k5PC</latexit>zt+1
<latexit sha1_base64="zbkvF6bWrNTqH/tw7GL2VeXd2J0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXisv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWSfkyE=</latexit>zt

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt
<latexit sha1_base64="r4Etbzahov/TFYeC0rPP8Y9gEzY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwY0mkqMuCG91VsA9oQ5lMJ+3QySTM3BRLyJ+4caGIW//EnX/jpM1CWw8MHM65l3vm+LHgGhzn2yqtrW9sbpW3Kzu7e/sH9uFRW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uc39zpQpzSP5CLOYeSEZSR5wSsBIA9vuhwTGfpA+ZYMULtxsYFedmjMHXiVuQaqoQHNgf/WHEU1CJoEKonXPdWLwUqKAU8GySj/RLCZ0QkasZ6gkIdNeOk+e4TOjDHEQKfMk4Ln6eyMlodaz0DeTeU697OXif14vgeDGS7mME2CSLg4FicAQ4bwGPOSKURAzQwhV3GTFdEwUoWDKqpgS3OUvr5L2Zc29qtUf6tXGfVFHGZ2gU3SOXHSNGugONVELUTRFz+gVvVmp9WK9Wx+L0ZJV7ByjP7A+fwC9iZPC</latexit>xt�1

<latexit sha1_base64="EQzLmQVF5SOQy6aQAhoSdM0bRUk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIUZcFN7qrYB/QhjCZTtqhk0mYmRRqyJ+4caGIW//EnX/jtM1CWw8MHM65l3vmBAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVCwWj3qaUC/CQ8FCRrA2km/b/QjrURBmT7mf6Qs39+2qU3PmQKvELUgVCjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTvNJPFU0wGeMh7RkqcESVl82T5+jMKAMUxtI8odFc/b2R4UipaRSYyVlOtezNxP+8XqrDGy9jIkk1FWRxKEw50jGa1YAGTFKi+dQQTCQzWREZYYmJNmVVTAnu8pdXSfuy5l7V6g/1auO+qKMMJ3AK5+DCNTTgDprQAgITeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDAn5PE</latexit>zt�1
<latexit sha1_base64="gSyfHuyDCZ/w2o438sWY6wq2yMI=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJkoN+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/7Bkt4=</latexit>z1

<latexit sha1_base64="BMEKeOKCRxNDySp4Yv5byEmCZh0=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJmoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/uvktw=</latexit>x1 …

<latexit sha1_base64="XBEhC9PAJ9xfcAg/sxU0HG6eD2s=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSOWYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXmSuW6+YBftCfAqcWakgGaodvPvZjSNfCaBCqJ1y7FD6MREAaeCJbl2pFlI6JD0WctQSXymO/Hk4gSfGaWHvUCZJwFP1PmOmPhaj3zXVKZb6uVcKv6Xa0Xg3XRiLsMImKTTj7xIYAhwah/uccUoiJEhhCpudsV0QBShYExOTXCWT14l9cuic1Us3ZcK5buZHVl0gk7ROXLQNSqjCqqiGqLoFX2gT/RlvVlj69v6mZZmrFnPMVqA9fsHSbiq4g==</latexit>

x0,x1, . . . ,xt 2 Rn

Rewards: 
Algorithm: 

Goal: 
<latexit sha1_base64="XiiKti9wD+DJ8Eb4pcsQk/5SibE=">AAACCHicbVC7SgNBFL0bXzG+Vi0tHAyCiIRdEbURIjZqFcE8ILuG2clsMmT2wcysGJaUNn6FvY2FIrZ+gp1/42ySQqMHLvdwzr3M3OPFnEllWV9Gbmp6ZnYuP19YWFxaXjFX12oySgShVRLxSDQ8LClnIa0qpjhtxILiwOO07vXOMr9+S4VkUXit+jF1A9wJmc8IVlpqmZtOzG520QlysOg4Ab5racHZu8wacpxCyyxaJWsI9JfYY1Isnz5ChkrL/HTaEUkCGirCsZRN24qVm2KhGOF0UHASSWNMerhDm5qGOKDSTYeHDNC2VtrIj4SuUKGh+nMjxYGU/cDTkwFWXTnpZeJ/XjNR/rGbsjBOFA3J6CE/4UhFKEsFtZmgRPG+JpgIpv+KSBcLTJTOLgvBnjz5L6ntl+zD0sGVTuMCRsjDBmzBDthwBGU4hwpUgcA9PMELvBoPxrPxZryPRnPGeGcdfsH4+AbH8Zlc</latexit>

⇡⇤ = argmax
⇡

J⇡

Criterion: 

<latexit sha1_base64="q0jSPcgZQfS8yAPgNpbJsic4J4A=">AAACLnicbVBNS8NAEJ34bf2qevSyWAQFLYmIehEEEfSmYlVoS9hsN7q42YTdiVhCwP/jxb+iB0FFvPoz3LQVPx8svH1vhpl5QSKFQdd9cvr6BwaHhkdGS2PjE5NT5emZExOnmvEai2WszwJquBSK11Cg5GeJ5jQKJD8NLncK//SKayNidYzthDcjeq5EKBhFK/nlXe0j2SJ6sRFRvAjC7Dr3M1zx8mXyqaS5j18/6+MSaQjVVRiV2VHulytu1e2A/CVej1S2l26gwIFffmi0YpZGXCGT1Ji65ybYzKhGwSTPS43U8ISyS3rO65YqGnHTzDrn5mTBKi0Sxto+haSjfu/IaGRMOwpsZbGi+e0V4n9ePcVws5kJlaTIFesOClNJMCZFdqQlNGco25ZQpoXdlbALqilDm3DJhuD9PvkvOVmteuvVtUObxj50MQJzMA+L4MEGbMMeHEANGNzCPTzDi3PnPDqvzlu3tM/p9czCDzjvH+unqeg=</latexit>

rt = r(xt�1,ut,xt) 2 R
<latexit sha1_base64="SLksAvSyEF/6le5jVROgld625lw="></latexit>

J⇡ = E⌧⇠⇡{
X

rt⇠⌧

�trt} 2 R

Algorithm: => decide following action <latexit sha1_base64="NyfuUNRI7EFcULQ9ltx39agd2Pk=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREinoseNFbBWsLbQib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uytr6xuVXdru3s7u0f2IdHTypOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcNoNJreF351SqVgsHvUsoV6ER4KFjGBtJN+2BxHW4yDM0tzP9IWb+3bdaThzoFXilqQOJdq+/TUYxiSNqNCEY6X6rpNoL8NSM8JpXhukiiaYTPCI9g0VOKLKy+bJc3RmlCEKY2me0Giu/t7IcKTULArMZJFTLXuF+J/XT3V442VMJKmmgiwOhSlHOkZFDWjIJCWazwzBRDKTFZExlphoU1bNlOAuf3mVPF023KtG86FZb92XdVThBE7hHFy4hhbcQRs6QGAKz/AKb1ZmvVjv1sditGKVO8fwB9bnD7Xck70=</latexit>ut+1
π(xt)

control (planning, RL, opt.control)

Actions: 
<latexit sha1_base64="J54867sx+9uZZWs25gdz82tWZJM=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwIWVGinZZcKO7KvYBbS2ZNNOGZjJDckcow/yKG3/FjQtFuhN/xkzbRW09EHI4597k3uNFgmtwnG8rt7a+sbmV3y7s7O7tH9iHRw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3ugm85vPTGkeykcYR6wbkIHkPqcEjNSzK52AwNDzkzjtJW56gTv9ELS5FmRIcYfLmUSJSB7Sp6DQs4tOyZkCrxJ3TopojlrPnpinaRwwCVQQrduuE0E3IQo4FSwtdGLNIkJHZMDahkoSMN1Nphum+MwofeyHyhwJeKoudiQk0HoceKYym1Ive5n4n9eOwa90Ey6jGJiks4/8WGAIcRYX7nPFKIixIYQqbmbFdEgUoWBCzUJwl1deJY3LkntVKt+Xi9W7eRx5dIJO0Tly0TWqoltUQ3VE0Qt6Qx/o03q13q0vazIrzVnznmP0B9bPLy7jpCo=</latexit>

u1, . . . ,ut 2 Rm

Measurements:  
<latexit sha1_base64="HzXJf8GaHQHTYpJxwLZAir6O7xE=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSPUYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXka5rr5gl20J8CrxJmRApqh2s2/m9E08pkEKojWLccOoRMTBZwKluTakWYhoUPSZy1DJfGZ7sSTixN8ZpQe9gJlngQ8Uec7YuJrPfJdU5luqZdzqfhfrhWBd9OJuQwjYJJOP/IigSHAqX24xxWjIEaGEKq42RXTAVGEgjE5NcFZPnmV1C+LzlWxdF8qlO9mdmTRCTpF58hB16iMKqiKaoiiV/SBPtGX9WaNrW/rZ1qasWY9x2gB1u8fT02q5Q==</latexit>

z0, z1, . . . , zt 2 Rk

<latexit sha1_base64="SC+Th8XUKtLDpLJ3UNZ8dhZ7c88=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwUUoiRV0W3Oiugn1AG8pkOmmHTh7M3Ag15Efc+CtuXCjiwo34N07aCLX1wsC559zD3HvcSHAFlvVtFFZW19Y3ipulre2d3T1z/6ClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju+yvT2PZOKh8EdTCLm+GQYcI9TAprqm7WeT2DkeslD2k+stIJ/+1j3dlqZl+1MHoSg+mbZqlrTwsvAzkEZ5dXom5/aR2OfBUAFUaprWxE4CZHAqWBpqRcrFhE6JkPW1TAgPlNOMr0uxSeaGWAvlPoFgKfsvCMhvlIT39WT2bJqUcvI/7RuDN6lk/AgioEFdPaRFwsMIc6iwgMuGQUx0YBQyfWumI6IJBR0oCUdgr148jJonVXt82rttlau3+RxFNEROkanyEYXqI6uUQM1EUWP6Bm9ojfjyXgx3o2P2WjByD2H6E8ZXz+xH6Lv</latexit>z0,u1, z1, . . . => estimate
<latexit sha1_base64="HnswAwBUqWPqSSDrngDBlBHqSjE=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoIGVGioqrghvdVbAPaEvJpJk2NPMguSPWcX7Ejb/ixoUiLtyIf2PaTkFbDwTOPedecu9xQsEVWNa3kVlYXFpeya7m1tY3NrfM7Z2aCiJJWZUGIpANhygmuM+qwEGwRigZ8RzB6s7gYuTXb5lUPPBvYBiytkd6Pnc5JaCljlkKCy2PQN9x47ukE0PygKf1va7tc0iOpkKUCocdM28VrTHwPLFTkkcpKh3zs9UNaOQxH6ggSjVtK4R2TCRwKliSa0WKhYQOSI81NfWJx1Q7Hl+X4AOtdLEbSP18wGP190RMPKWGnqM7R4uqWW8k/uc1I3DP2jH3wwiYTycfuZHAEOBRVLjLJaMghpoQKrneFdM+kYSCDjSnQ7BnT54nteOifVIsXZfy5as0jizaQ/uogGx0isroElVQFVH0iJ7RK3oznowX4934mLRmjHRmF/2B8fUDMH2jPA==</latexit>

p(xt|z1:t,u1:t)

<latexit sha1_base64="Z5ruhhSYoRosWEXP1X7OdNRF24M=">AAACJHicbZDLSgNBEEVr4ivGV9Slm0YRFCXMiKgoQsCN7iKYKCQh9HR6TJOeB901QhwG/BU3/oobFz5w4cZvsSeJoMYLDZdTVXTVdSMpNNr2h5UbG5+YnMpPF2Zm5+YXiotLNR3GivEqC2WorlyquRQBr6JAya8ixanvSn7pdk+y+uUNV1qEwQX2It706XUgPMEoGtQqHjV8ih3XS+K0leCWk5Jj0ojExje+Ndg5xHSb/GzMyCZpFdfskt0XGTXO0KyVN+8gU6VVfG20Qxb7PEAmqdZ1x46wmVCFgkmeFhqx5hFlXXrN68YG1Oe6mfSPTMm6IW3ihcq8AEmf/pxIqK91z3dNZ7ap/lvL4H+1eozeQTMRQRQjD9jgIy+WBEOSJUbaQnGGsmcMZUqYXQnrUEUZmlwLJgTn78mjprZTcvZKu+cmjTMYKA8rsAob4MA+lOEUKlAFBvfwCM/wYj1YT9ab9T5ozVnDmWX4JevzC8ONpaY=</latexit>

ut+1 = ⇡(z1:t,u1:t)



Estimate this

Given this

<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0

<latexit sha1_base64="gSyfHuyDCZ/w2o438sWY6wq2yMI=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJkoN+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/7Bkt4=</latexit>z1

<latexit sha1_base64="BMEKeOKCRxNDySp4Yv5byEmCZh0=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJmoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/uvktw=</latexit>x1 …

<latexit sha1_base64="d09PjZDcl8y+DIhNWF049bHT7mY=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0siRT0WvOitgrWFNoTNdtMu3WzC7qZQQv6JFw+KePWfePPfuGlz0NaBhWHmPd7sBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJxWnktAOiXksewFWlDNBO5ppTnuJpDgKOO0Gk9vC706pVCwWj3qWUC/CI8FCRrA2km/bgwjrcRBmae5n+sLNfbvuNJw50CpxS1KHEm3f/hoMY5JGVGjCsVJ910m0l2GpGeE0rw1SRRNMJnhE+4YKHFHlZfPkOTozyhCFsTRPaDRXf29kOFJqFgVmssiplr1C/M/rpzq88TImklRTQRaHwpQjHaOiBjRkkhLNZ4ZgIpnJisgYS0y0KatmSnCXv7xKni4b7lWj+dCst+7LOqpwAqdwDi5cQwvuoA0dIDCFZ3iFNyuzXqx362MxWrHKnWP4A+vzB7jok78=</latexit>ut�1
<latexit sha1_base64="GiOelRdbuIGCu9OluClm5G3DZjk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgRncV7APaWCbTSTt08mDmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjxVJotO1vq7Syura+Ud6sbG3v7O5V9w/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT69zvPHKlRRTe4zTmbkBHofAFo2ikh35Acez5aZINUswG1Zpdt2cgy8QpSA0KNAfVr/4wYknAQ2SSat1z7BjdlCoUTPKs0k80jymb0BHvGRrSgGs3naXOyIlRhsSPlHkhkpn6eyOlgdbTwDOTeUq96OXif14vQf/KTUUYJ8hDNj/kJ5JgRPIKyFAozlBODaFMCZOVsDFVlKEpqmJKcBa/vEzaZ3Xnon5+d15r3BZ1lOEIjuEUHLiEBtxAE1rAQMEzvMKb9WS9WO/Wx3y0ZBU7h/AH1ucPXPKTHA==</latexit>ut

<latexit sha1_base64="NyfuUNRI7EFcULQ9ltx39agd2Pk=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREinoseNFbBWsLbQib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uytr6xuVXdru3s7u0f2IdHTypOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcNoNJreF351SqVgsHvUsoV6ER4KFjGBtJN+2BxHW4yDM0tzP9IWb+3bdaThzoFXilqQOJdq+/TUYxiSNqNCEY6X6rpNoL8NSM8JpXhukiiaYTPCI9g0VOKLKy+bJc3RmlCEKY2me0Giu/t7IcKTULArMZJFTLXuF+J/XT3V442VMJKmmgiwOhSlHOkZFDWjIJCWazwzBRDKTFZExlphoU1bNlOAuf3mVPF023KtG86FZb92XdVThBE7hHFy4hhbcQRs6QGAKz/AKb1ZmvVjv1sditGKVO8fwB9bnD7Xck70=</latexit>ut+1

<latexit sha1_base64="+gZaFMSaWUIoeiZUZ9k3d9VEa/I=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQhJJIUZcFN7qrYB/QhjKZTtqhk0mYuSmWkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpv7nSlTmkfyEWYx80IykjzglICRBrbdDwmM/SB9ygYpXLjZwK46NWcOvErcglRRgebA/uoPI5qETAIVROue68TgpUQBp4JllX6iWUzohIxYz1BJQqa9dJ48w2dGGeIgUuZJwHP190ZKQq1noW8m85x62cvF/7xeAsGNl3IZJ8AkXRwKEoEhwnkNeMgVoyBmhhCquMmK6ZgoQsGUVTEluMtfXiXty5p7Vas/1KuN+6KOMjpBp+gcuegaNdAdaqIWomiKntErerNS68V6tz4WoyWr2DlGf2B9/gC6fZPA</latexit>xt+1

<latexit sha1_base64="JNBhUtMAwb3LsNDpJ3u6yGZqXvo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRoi4LbnRXwT6gDWEynbRDJ5MwMynUkD9x40IRt/6JO//GaZuFth4YOJxzL/fMCRLOlHacb6u0tr6xuVXeruzs7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E49uZ35lQqVgsHvU0oV6Eh4KFjGBtJN+2+xHWoyDMnnI/0xdu7ttVp+bMgVaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQineaWfKppgMsZD2jNU4IgqL5snz9GZUQYojKV5QqO5+nsjw5FS0ygwk7Ocatmbif95vVSHN17GRJJqKsjiUJhypGM0qwENmKRE86khmEhmsiIywhITbcqqmBLc5S+vkvZlzb2q1R/q1cZ9UUcZTuAUzsGFa2jAHTShBQQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gC9k5PC</latexit>zt+1
<latexit sha1_base64="zbkvF6bWrNTqH/tw7GL2VeXd2J0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXisv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWSfkyE=</latexit>zt

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt
<latexit sha1_base64="r4Etbzahov/TFYeC0rPP8Y9gEzY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwY0mkqMuCG91VsA9oQ5lMJ+3QySTM3BRLyJ+4caGIW//EnX/jpM1CWw8MHM65l3vm+LHgGhzn2yqtrW9sbpW3Kzu7e/sH9uFRW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uc39zpQpzSP5CLOYeSEZSR5wSsBIA9vuhwTGfpA+ZYMULtxsYFedmjMHXiVuQaqoQHNgf/WHEU1CJoEKonXPdWLwUqKAU8GySj/RLCZ0QkasZ6gkIdNeOk+e4TOjDHEQKfMk4Ln6eyMlodaz0DeTeU697OXif14vgeDGS7mME2CSLg4FicAQ4bwGPOSKURAzQwhV3GTFdEwUoWDKqpgS3OUvr5L2Zc29qtUf6tXGfVFHGZ2gU3SOXHSNGugONVELUTRFz+gVvVmp9WK9Wx+L0ZJV7ByjP7A+fwC9iZPC</latexit>xt�1

<latexit sha1_base64="EQzLmQVF5SOQy6aQAhoSdM0bRUk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIUZcFN7qrYB/QhjCZTtqhk0mYmRRqyJ+4caGIW//EnX/jtM1CWw8MHM65l3vmBAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVCwWj3qaUC/CQ8FCRrA2km/b/QjrURBmT7mf6Qs39+2qU3PmQKvELUgVCjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTvNJPFU0wGeMh7RkqcESVl82T5+jMKAMUxtI8odFc/b2R4UipaRSYyVlOtezNxP+8XqrDGy9jIkk1FWRxKEw50jGa1YAGTFKi+dQQTCQzWREZYYmJNmVVTAnu8pdXSfuy5l7V6g/1auO+qKMMJ3AK5+DCNTTgDprQAgITeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDAn5PE</latexit>zt�1

…

<latexit sha1_base64="q8eX0aG67aDYW5JS4O6Sx70sw1A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG91VsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmljc2t7p7xb2ds/ODyqHp90VWIkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gunt7nfe6JSsUQ86llKgxiPBYsYwdpKvh9jPQmjzMyH3rBac+vuAmideAWpQYH2sPrljxJiYio04VipgeemOsiw1IxwOq/4RtEUkyke04GlAsdUBdki8xxdWGWEokTaJzRaqL83MhwrNYtDO5lnVKteLv7nDYyOboKMidRoKsjyUGQ40gnKC0AjJinRfGYJJpLZrIhMsMRE25oqtgRv9cvrpHtV95r1xkOj1rov6ijDGZzDJXhwDS24gzZ0gEAKz/AKb45xXpx352M5WnKKnVP4A+fzByrUkc0=</latexit>u1

Unknown

Previous lecture only 1D/2D translations (no rotations)
States:  

<latexit sha1_base64="XBEhC9PAJ9xfcAg/sxU0HG6eD2s=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSOWYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXmSuW6+YBftCfAqcWakgGaodvPvZjSNfCaBCqJ1y7FD6MREAaeCJbl2pFlI6JD0WctQSXymO/Hk4gSfGaWHvUCZJwFP1PmOmPhaj3zXVKZb6uVcKv6Xa0Xg3XRiLsMImKTTj7xIYAhwah/uccUoiJEhhCpudsV0QBShYExOTXCWT14l9cuic1Us3ZcK5buZHVl0gk7ROXLQNSqjCqqiGqLoFX2gT/RlvVlj69v6mZZmrFnPMVqA9fsHSbiq4g==</latexit>

x0,x1, . . . ,xt 2 Rn …. 6DOF robot’s poses (no map for now)  
Actions: 

<latexit sha1_base64="J54867sx+9uZZWs25gdz82tWZJM=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwIWVGinZZcKO7KvYBbS2ZNNOGZjJDckcow/yKG3/FjQtFuhN/xkzbRW09EHI4597k3uNFgmtwnG8rt7a+sbmV3y7s7O7tH9iHRw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3ugm85vPTGkeykcYR6wbkIHkPqcEjNSzK52AwNDzkzjtJW56gTv9ELS5FmRIcYfLmUSJSB7Sp6DQs4tOyZkCrxJ3TopojlrPnpinaRwwCVQQrduuE0E3IQo4FSwtdGLNIkJHZMDahkoSMN1Nphum+MwofeyHyhwJeKoudiQk0HoceKYym1Ive5n4n9eOwa90Ey6jGJiks4/8WGAIcRYX7nPFKIixIYQqbmbFdEgUoWBCzUJwl1deJY3LkntVKt+Xi9W7eRx5dIJO0Tly0TWqoltUQ3VE0Qt6Qx/o03q13q0vazIrzVnznmP0B9bPLy7jpCo=</latexit>

u1, . . . ,ut 2 Rm …. generated by external source
Measurements:  

<latexit sha1_base64="HzXJf8GaHQHTYpJxwLZAir6O7xE=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSPUYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXka5rr5gl20J8CrxJmRApqh2s2/m9E08pkEKojWLccOoRMTBZwKluTakWYhoUPSZy1DJfGZ7sSTixN8ZpQe9gJlngQ8Uec7YuJrPfJdU5luqZdzqfhfrhWBd9OJuQwjYJJOP/IigSHAqX24xxWjIEaGEKq42RXTAVGEgjE5NcFZPnmV1C+LzlWxdF8qlO9mdmTRCTpF58hB16iMKqiKaoiiV/SBPtGX9WaNrW/rZ1qasWY9x2gB1u8fT02q5Q==</latexit>

z0, z1, . . . , zt 2 Rk …. comes from variety of sensors
1. Construct p(x|z)

2. Optimize posesx* = arg max

x
p(x |z, u) = arg max

x0…xt

p(x0…xt |z1…zt, u1…ut)MAP:

Localisation problem definition



Estimate this

Given this

Localisation problem definition

<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0

<latexit sha1_base64="gSyfHuyDCZ/w2o438sWY6wq2yMI=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJkoN+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/7Bkt4=</latexit>z1

<latexit sha1_base64="BMEKeOKCRxNDySp4Yv5byEmCZh0=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJmoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/uvktw=</latexit>x1 …

<latexit sha1_base64="d09PjZDcl8y+DIhNWF049bHT7mY=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0siRT0WvOitgrWFNoTNdtMu3WzC7qZQQv6JFw+KePWfePPfuGlz0NaBhWHmPd7sBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJxWnktAOiXksewFWlDNBO5ppTnuJpDgKOO0Gk9vC706pVCwWj3qWUC/CI8FCRrA2km/bgwjrcRBmae5n+sLNfbvuNJw50CpxS1KHEm3f/hoMY5JGVGjCsVJ910m0l2GpGeE0rw1SRRNMJnhE+4YKHFHlZfPkOTozyhCFsTRPaDRXf29kOFJqFgVmssiplr1C/M/rpzq88TImklRTQRaHwpQjHaOiBjRkkhLNZ4ZgIpnJisgYS0y0KatmSnCXv7xKni4b7lWj+dCst+7LOqpwAqdwDi5cQwvuoA0dIDCFZ3iFNyuzXqx362MxWrHKnWP4A+vzB7jok78=</latexit>ut�1
<latexit sha1_base64="GiOelRdbuIGCu9OluClm5G3DZjk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgRncV7APaWCbTSTt08mDmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjxVJotO1vq7Syura+Ud6sbG3v7O5V9w/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT69zvPHKlRRTe4zTmbkBHofAFo2ikh35Acez5aZINUswG1Zpdt2cgy8QpSA0KNAfVr/4wYknAQ2SSat1z7BjdlCoUTPKs0k80jymb0BHvGRrSgGs3naXOyIlRhsSPlHkhkpn6eyOlgdbTwDOTeUq96OXif14vQf/KTUUYJ8hDNj/kJ5JgRPIKyFAozlBODaFMCZOVsDFVlKEpqmJKcBa/vEzaZ3Xnon5+d15r3BZ1lOEIjuEUHLiEBtxAE1rAQMEzvMKb9WS9WO/Wx3y0ZBU7h/AH1ucPXPKTHA==</latexit>ut

<latexit sha1_base64="NyfuUNRI7EFcULQ9ltx39agd2Pk=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREinoseNFbBWsLbQib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uytr6xuVXdru3s7u0f2IdHTypOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcNoNJreF351SqVgsHvUsoV6ER4KFjGBtJN+2BxHW4yDM0tzP9IWb+3bdaThzoFXilqQOJdq+/TUYxiSNqNCEY6X6rpNoL8NSM8JpXhukiiaYTPCI9g0VOKLKy+bJc3RmlCEKY2me0Giu/t7IcKTULArMZJFTLXuF+J/XT3V442VMJKmmgiwOhSlHOkZFDWjIJCWazwzBRDKTFZExlphoU1bNlOAuf3mVPF023KtG86FZb92XdVThBE7hHFy4hhbcQRs6QGAKz/AKb1ZmvVjv1sditGKVO8fwB9bnD7Xck70=</latexit>ut+1

<latexit sha1_base64="+gZaFMSaWUIoeiZUZ9k3d9VEa/I=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQhJJIUZcFN7qrYB/QhjKZTtqhk0mYuSmWkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpv7nSlTmkfyEWYx80IykjzglICRBrbdDwmM/SB9ygYpXLjZwK46NWcOvErcglRRgebA/uoPI5qETAIVROue68TgpUQBp4JllX6iWUzohIxYz1BJQqa9dJ48w2dGGeIgUuZJwHP190ZKQq1noW8m85x62cvF/7xeAsGNl3IZJ8AkXRwKEoEhwnkNeMgVoyBmhhCquMmK6ZgoQsGUVTEluMtfXiXty5p7Vas/1KuN+6KOMjpBp+gcuegaNdAdaqIWomiKntErerNS68V6tz4WoyWr2DlGf2B9/gC6fZPA</latexit>xt+1

<latexit sha1_base64="JNBhUtMAwb3LsNDpJ3u6yGZqXvo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRoi4LbnRXwT6gDWEynbRDJ5MwMynUkD9x40IRt/6JO//GaZuFth4YOJxzL/fMCRLOlHacb6u0tr6xuVXeruzs7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E49uZ35lQqVgsHvU0oV6Eh4KFjGBtJN+2+xHWoyDMnnI/0xdu7ttVp+bMgVaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQineaWfKppgMsZD2jNU4IgqL5snz9GZUQYojKV5QqO5+nsjw5FS0ygwk7Ocatmbif95vVSHN17GRJJqKsjiUJhypGM0qwENmKRE86khmEhmsiIywhITbcqqmBLc5S+vkvZlzb2q1R/q1cZ9UUcZTuAUzsGFa2jAHTShBQQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gC9k5PC</latexit>zt+1
<latexit sha1_base64="zbkvF6bWrNTqH/tw7GL2VeXd2J0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXisv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWSfkyE=</latexit>zt

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt
<latexit sha1_base64="r4Etbzahov/TFYeC0rPP8Y9gEzY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwY0mkqMuCG91VsA9oQ5lMJ+3QySTM3BRLyJ+4caGIW//EnX/jpM1CWw8MHM65l3vm+LHgGhzn2yqtrW9sbpW3Kzu7e/sH9uFRW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uc39zpQpzSP5CLOYeSEZSR5wSsBIA9vuhwTGfpA+ZYMULtxsYFedmjMHXiVuQaqoQHNgf/WHEU1CJoEKonXPdWLwUqKAU8GySj/RLCZ0QkasZ6gkIdNeOk+e4TOjDHEQKfMk4Ln6eyMlodaz0DeTeU697OXif14vgeDGS7mME2CSLg4FicAQ4bwGPOSKURAzQwhV3GTFdEwUoWDKqpgS3OUvr5L2Zc29qtUf6tXGfVFHGZ2gU3SOXHSNGugONVELUTRFz+gVvVmp9WK9Wx+L0ZJV7ByjP7A+fwC9iZPC</latexit>xt�1

<latexit sha1_base64="EQzLmQVF5SOQy6aQAhoSdM0bRUk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIUZcFN7qrYB/QhjCZTtqhk0mYmRRqyJ+4caGIW//EnX/jtM1CWw8MHM65l3vmBAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVCwWj3qaUC/CQ8FCRrA2km/b/QjrURBmT7mf6Qs39+2qU3PmQKvELUgVCjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTvNJPFU0wGeMh7RkqcESVl82T5+jMKAMUxtI8odFc/b2R4UipaRSYyVlOtezNxP+8XqrDGy9jIkk1FWRxKEw50jGa1YAGTFKi+dQQTCQzWREZYYmJNmVVTAnu8pdXSfuy5l7V6g/1auO+qKMMJ3AK5+DCNTTgDprQAgITeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDAn5PE</latexit>zt�1

…

<latexit sha1_base64="q8eX0aG67aDYW5JS4O6Sx70sw1A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG91VsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmljc2t7p7xb2ds/ODyqHp90VWIkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gunt7nfe6JSsUQ86llKgxiPBYsYwdpKvh9jPQmjzMyH3rBac+vuAmideAWpQYH2sPrljxJiYio04VipgeemOsiw1IxwOq/4RtEUkyke04GlAsdUBdki8xxdWGWEokTaJzRaqL83MhwrNYtDO5lnVKteLv7nDYyOboKMidRoKsjyUGQ40gnKC0AjJinRfGYJJpLZrIhMsMRE25oqtgRv9cvrpHtV95r1xkOj1rov6ijDGZzDJXhwDS24gzZ0gEAKz/AKb45xXpx352M5WnKKnVP4A+fzByrUkc0=</latexit>u1

Unknown

Today only 2D translations + 1D rotation
States:  

<latexit sha1_base64="XBEhC9PAJ9xfcAg/sxU0HG6eD2s=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSOWYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXmSuW6+YBftCfAqcWakgGaodvPvZjSNfCaBCqJ1y7FD6MREAaeCJbl2pFlI6JD0WctQSXymO/Hk4gSfGaWHvUCZJwFP1PmOmPhaj3zXVKZb6uVcKv6Xa0Xg3XRiLsMImKTTj7xIYAhwah/uccUoiJEhhCpudsV0QBShYExOTXCWT14l9cuic1Us3ZcK5buZHVl0gk7ROXLQNSqjCqqiGqLoFX2gT/RlvVlj69v6mZZmrFnPMVqA9fsHSbiq4g==</latexit>

x0,x1, . . . ,xt 2 Rn …. 6DOF robot’s poses (no map for now)  
Actions: 

<latexit sha1_base64="J54867sx+9uZZWs25gdz82tWZJM=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwIWVGinZZcKO7KvYBbS2ZNNOGZjJDckcow/yKG3/FjQtFuhN/xkzbRW09EHI4597k3uNFgmtwnG8rt7a+sbmV3y7s7O7tH9iHRw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3ugm85vPTGkeykcYR6wbkIHkPqcEjNSzK52AwNDzkzjtJW56gTv9ELS5FmRIcYfLmUSJSB7Sp6DQs4tOyZkCrxJ3TopojlrPnpinaRwwCVQQrduuE0E3IQo4FSwtdGLNIkJHZMDahkoSMN1Nphum+MwofeyHyhwJeKoudiQk0HoceKYym1Ive5n4n9eOwa90Ey6jGJiks4/8WGAIcRYX7nPFKIixIYQqbmbFdEgUoWBCzUJwl1deJY3LkntVKt+Xi9W7eRx5dIJO0Tly0TWqoltUQ3VE0Qt6Qx/o03q13q0vazIrzVnznmP0B9bPLy7jpCo=</latexit>

u1, . . . ,ut 2 Rm …. generated by external source
Measurements:  

<latexit sha1_base64="HzXJf8GaHQHTYpJxwLZAir6O7xE=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSPUYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXka5rr5gl20J8CrxJmRApqh2s2/m9E08pkEKojWLccOoRMTBZwKluTakWYhoUPSZy1DJfGZ7sSTixN8ZpQe9gJlngQ8Uec7YuJrPfJdU5luqZdzqfhfrhWBd9OJuQwjYJJOP/IigSHAqX24xxWjIEaGEKq42RXTAVGEgjE5NcFZPnmV1C+LzlWxdF8qlO9mdmTRCTpF58hB16iMKqiKaoiiV/SBPtGX9WaNrW/rZ1qasWY9x2gB1u8fT02q5Q==</latexit>

z0, z1, . . . , zt 2 Rk …. comes from variety of sensors
1. Construct p(x|z)

2. Optimize posesx* = arg max

x
p(x |z, u) = arg max

x0…xt

p(x0…xt |z1…zt, u1…ut)MAP:
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World coordinate frame (wcf)



xt x

yt

y

World coordinate frame (wcf)

Robot coordinate frame (rcf)

i.e. pose of robot in wcf
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xxt

yt

θt

y

Robot coordinate frame (rcf)

i.e. pose of robot in wcf

xt =
xt
yt

θt

World coordinate frame (wcf)
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= π/4

=3



xxt
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θt

y

Robot coordinate frame (rcf)

i.e. pose of robot in wcf

Robot sees (measures) house in rcf

i.e. pose of house in rcf

xt =
xt
yt

θt

zr x
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zr θ

World coordinate frame (wcf)
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θ
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=
π/4



World coordinate frame (wcf)xxt

yt

θt
zr x

zr y

zr θ

Pose of house in wcf:

Robot coordinate frame (rcf)

i.e. pose of robot in wcf

xt =
xt
yt

θt

Robot sees (measures) house in rcf

i.e. pose of house in rcf

z =
zr
x

zr
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zr
θ
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zw
θ

=3

=3

= π/4

=
2

=
1

=
π/4

= ???

= ???

= ???

zw =
zw
x

zw
y

zw
θ

=
cos θt −sin θt 0
sin θt cos θt 0

0 0 1

zr
x

zr
y

zr
θ

+
xt
yt

θt
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θt
zr x

zr y

zr θ

Pose of house in wcf:

zw
x

zw
y

zw
θ

=3

=3

= π/4

=
2

=
1

=
cos π/4 −sin π/4 0
sin π/4 cos π/4 0

0 0 1 [
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π/4] + [
3
3

π/4]

=
1/ 2 + 3

3/ 2 + 3
π/2

≈
3.7
5.1
π/2

=
π/4

= ???

= ???

= ???

zw =
zw
x

zw
y

zw
θ

=
cos θt −sin θt 0
sin θt cos θt 0

0 0 1

zr
x

zr
y

zr
θ

+
xt
yt

θt



xxt

yt

θt
zr x

zr y

zr θ

Pose of house in wcf:

zw
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θ
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= π/4
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=
cos π/4 −sin π/4 0
sin π/4 cos π/4 0

0 0 1 [
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≈
3.7
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zw =
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zw
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=
cos θt −sin θt 0
sin θt cos θt 0

0 0 1
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+
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= π/2



zw =
zw
x

zw
y

zw
θ

=
cos θt −sin θt 0
sin θt cos θt 0

0 0 1

zr
x

zr
y

zr
θ

+
xt
yt

θt

= [R(θt) 0
0⊤ 1] zr + xt

zr = [R(θt)⊤ 0
0⊤ 1](zw − xt) = T−1(zw, xt)

Pose of the house transformed from wcf to rcf:

Pose of the house transformed from rcf to wcf:

= T(zr, xt) = r2w(zr, xt)

= w2r(zw, xt)

def r2w(z_r, x):
    z_w = torch.zeros(3)
    R = torch.vstack((torch.hstack((torch.cos(x[2]), -torch.sin(x[2]))), …
    z_w[0:2] = R @ z_r[0:2] + x[0:2]
    z_w[2] = z_r[2] + x[2]
    return z_w

def w2r(z_w, x):
    z_r = torch.zeros(3)
    R = torch.vstack((torch.hstack((torch.cos(x[2]), -torch.sin(x[2]))), …
    z_r[0:2] = R.t() @ (z_w[0:2] - x[0:2])
    z_r[2] = z_w[2] - x[2]
    return z_r



Localization of robot in wcf from known position of the house

m

mx

my

mθ

Known marker pose in wcf m =
mx
my
mθ



xxt

yt

θt

Localization of robot in wcf from known position of the house

x t

m

RGBD camera

RGB camera Lidar

Robot is equipped by exteroceptive sensor:

mx

my

mθ

xt =
xt
yt

θt

Unknown robot pose in wcf

Known marker pose in wcf m =
mx
my
mθ



xxt

yt

θt

Localization of robot in wcf from known position of the house

x t

zθ

zx

zy

m

RGBD camera

RGB camera Lidar

Robot is equipped by exteroceptive sensor:

Robot measures the house in rcf z =
zr
x

zr
y

zr
θ

mx

my

mθ

xt =
xt
yt

θt

Unknown robot pose in wcf

Known marker pose in wcf m =
mx
my
mθ

What is the correct pose of robot?

Is this pose  correct?xt



xxt

yt

θt

Localization of robot in wcf from known position of the house

zθ

zx

zy
Robot measures the house in rcf z =

zr
x

zr
y

zr
θ

m

x t

mx

my

mθ

xt =
xt
yt

θt

Unknown robot pose in wcf

Known marker pose in wcf m =
mx
my
mθ

Correct pose is the one that aligns with
but they are in different coordinate frames!

Which coordinate frame should I use  
to measure their distance?

What is the correct pose of robot?

Is this pose  correct?xt



xxt

yt

θt

Localization of robot in wcf from known position of the house

mr = w2r(m, xt)Marker pose in rcf

zθ

zx

zy

x⋆
t = arg min

xt

∥mr − z∥2

mr
θ

mr
x

mr
y

m

x t

Robot measures the house in rcf z =
zr
x

zr
y

zr
θ

xt =
xt
yt

θt

Unknown robot pose in wcf

Known marker pose in wcf m =
mx
my
mθ

Correct pose is the one that aligns with
but they are in different coordinate frames!

= arg min
xt

∥w2r(m, xt) − z∥2

What is the correct pose of robot?

Is this pose  correct?xt



xxt

yt

θt

Localization of robot in wcf from known position of the house

zθ

zx
zy

m

x t

mr = w2r(m, xt)Marker pose in rcf
x⋆

t = arg min
xt

∥mr − z∥2

Robot measures the house in rcf z =
zr
x

zr
y

zr
θ

xt =
xt
yt

θt

Unknown robot pose in wcf

Known marker pose in wcf m =
mx
my
mθ

Correct pose is the one that aligns with
but they are in different coordinate frames!

= arg min
xt

∥w2r(m, xt) − z∥2

= arg min
xt

∥r2w(z, xt) − m∥2

What is the correct pose of robot?

Is this pose  correct?xt



xxt

yt

θt

Localization of robot in wcf from known position of the house

zθ

zx

zy

m

x t

We completely ignored measurement inaccuracy 
Given measurements  in rcf are normally distrib.z

mr

= arg min
xt

∥w2r(m, xt) − z∥2
Σ

Correct pose maximize prob of in
x⋆

t = arg max
xt

𝒩(z; w2r(m, xt), Σ)

≠ arg min
xt

∥r2w(z, xt) − m∥2
Σ … why ???

p(z |xt) = 𝒩(z; w2r(m, xt), Σ) Dimensionality?



xxt

yt

θt

Localization of robot in wcf from known position of the house

zθ

zx

zy

m

Σ =
1
c

⋅ I = [
1/c 0 0
0 1/c 0
0 0 1/c]Especially if:

Then: x⋆
t = arg min

xt

c ⋅ ∥w2r(m, xt) − z∥2 rcf

= arg min
xt

c ⋅ ∥r2w(z, xt) − m∥2 wcf

x t

We completely ignored measurement inaccuracy 
Given  measurements will be normally distrib.mr

mr

= arg min
xt

∥w2r(m, xt) − z∥2
Σ

Correct pose maximize prob of in
x⋆

t = arg max
xt

𝒩(z; w2r(m, xt), Σ)

≠ arg min
xt

∥r2w(z, xt) − m∥2
Σ … why ???

p(z |xt) = 𝒩(z; w2r(m, xt), Σ)



xxt

yt
θt̂zvxxt

x t+
1

xt+1 =
xt+1
yt+1

θt+1

Robot poses in wcf: xt =
xt
yt

θt

Localization of robot in wcf from known odometry

Odometry represented by linear+angular velocity



xxt

yt
θt

zv
θ

zv
x

zv
y

̂zvxxt

x t+
1

zv

xt+1 =
xt+1
yt+1

θt+1

Robot poses in wcf: xt =
xt
yt

θt

Robot measures velocity in -rcf:xt zv =
zv
x

zv
y

zv
θ

Localization of robot in wcf from known odometry

Odometry represented by linear+angular velocity



xxt

yt
θt

Localization of robot in wcf from known odometry

zv
θ

zv
x

zv
y

xt+1 =
xt+1
yt+1

θt+1

Robot poses in wcf: xt =
xt
yt

θt

̂zvy

̂zvx

̂zvθ

xt

x t+
1

zv

Robot measures velocity in -rcf:xt zv =
zv
x

zv
y

zv
θ

Odometry represented by linear+angular velocity

̂zv = w2r(xt+1, xt)Next pose  in -rcf:xt+1 xt
What is the correct pose of robot?



xxt

yt
θt

zv
θ

zv
x

zv
y

Find the correct poses

̂zvy

̂zvx

̂zvθx t+
1

xtxt

zv

̂zv = w2r(xt+1, xt)Next pose  in -rcf:xt+1 xt

xt+1 =
xt+1
yt+1

θt+1

Robot poses in wcf: xt =
xt
yt

θt

Robot measures velocity in -rcf:xt zv =
zv
x

zv
y

zv
θ

x⋆
t , x⋆

t+1 = arg max
xt,xt+1

𝒩(zv; w2r(xt+1, xt), Σv)

= arg min
xt,xt+1

∥w2r(xt+1, xt) − zv∥2
Σv

Localization of robot in wcf from known odometry

Odometry represented by linear+angular velocity

x t+
1

What is the correct pose of robot?



x tx t

zv

xxt

yt

xt+1 =
xt+1
yt+1

θt+1

Robot poses in wcf: xt =
xt
yt

θt

Robot measures velocity in -rcf:xt zv =
zv
x

zv
y

zv
θ

Localization of robot in wcf from known odometry

Odometry represented by linear+angular velocity

x t+
1

Find the correct poses

̂zv = w2r(xt+1, xt)Next pose  in -rcf:xt+1 xt

x⋆
t , x⋆

t+1 = arg max
xt,xt+1

𝒩(zv; w2r(xt+1, xt), Σv)

= arg min
xt,xt+1

∥w2r(xt+1, xt) − zv∥2
Σv

What is the correct pose of robot?



+ Odometry (IMU)

mi … known marker positions

xt … robot poses

zmi
t … marker measurements

∑
i,t

∥w2r(mi, xt) − zmi
t ∥2 … marker loss

…… local coordinate frame

…… odometry

3D marker detector (RGBD camera)
Localization

∥w2r(x2, x1) − zodom
12 ∥2 … odom loss

x⋆ = arg min
xt

∑
i,t

∥w2r(mi, xt) − zmi
t ∥2 + ∥w2r(x2, x1) − zodom

12 ∥2



Localization of robot in wcf from known marker pose, odometry and GPS

x⋆ = arg max
x0,…xt

∏
t

p(zgps
t |xt) ⋅ ∏

t

p(zv
t |xt, xt−1) ⋅ ∏

t

p(zm
t |xt, m)

= arg max
x0,…xt

∏
t

𝒩(zgps; xt, Σgps
t ) ⋅ ∏

t

𝒩(zv; w2r(xt+1, xt), Σv
t ) ⋅ ∏

t

𝒩(zm; w2r(m, xt), Σm
t )

GPS odometry marker

= arg min
x0,…xT

∑
t

∥xt − zgps
t ∥2

Σgps
t

+ ∑
t

∥w2r(xt+1, xt) − zv
t ∥2

Σv
t

+ ∑
t

∥w2r(m, xt) − zm∥2
Σm

t

m1…mJ

Localization => SLAM



x⋆ = arg min
mi,xt

∑
i,t

∥w2r(mi, xt) − zmi
t ∥2 + ∥w2r(x2, x1) − zodom

12 ∥2

+ Odometry (IMU)

mi … known marker positions

xt … robot poses

zmi
t … marker measurements

∑
i,t

∥w2r(mi, xt) − zmi
t ∥2 … marker loss

…… local coordinate frame

…… odometry

3D marker detector (RGBD camera)
Localization

∥w2r(x2, x1) − zodom
12 ∥2 … odom loss



+ Odometry (IMU)3D marker detector (RGBD camera)

SLAM LocalizationWhy is the result different?



+ Odometry (IMU)3D marker detector (RGBD camera)
Nothing provides absolute rotation+transl => Global optimum is 3D subspace

How can I resolve the ambiguity?

The tour through  
the rotational subspace 

of global optima



+ Odometry (IMU)3D marker detector (RGBD camera)
Removing the odometry does not matter

SLAM with odometry SLAM without odometry



m1 m2

Factorgraph
3D marker(s)

= arg min
x0,…xT

∑
t

∥xt − zgps
t ∥2

Σgps
t

+ ∑
t

∥w2r(xt+1, xt) − zv
t ∥2

Σv
t

+ ∑
t,j

∥w2r(mj, xt) − z∥2
Σmj

t

GPS odometry

p(zGPS
1 |x1) = ∥x1 − zgps

1 ∥2
Σgps

1

x1

p(zGPS
2 |x2) = ∥x2 − zgps

2 ∥2
Σgps

2

x2

p(zGPS
3 |x3) = ∥x3 − zgps

3 ∥2
Σgps

3

x3

m1…mJ pair-wise pair-wiseunary

What is state dimensionality?
Is it linear LS problem?



Straightforward extensions

= arg min
x0,…xT

∑
t

∥xt − zgps
t ∥2

Σgps
t

+ ∑
t

∥w2r(xt+1, xt) − zv∥2
Σv

t
+ ∑

t,j

∥w2r(mj, xt) − z∥2
Σmj

t

m1…mJ

GPS odometry 3D marker(s)

+ ∑
t

∥xt − xprior
t ∥2

Σprior
t

+ ∑
t

∥w2r(x0, xT)∥2
Σlc

t

priors loop-closures



Straightforward extensions

= arg min
x0,…xT

∑
t

∥xt − zgps
t ∥2

Σgps
t

+ ∑
t

∥w2r(xt+1, xt) − zv∥2
Σv

t
+ ∑

t,j

∥w2r(mj, xt) − z∥2
Σmj

t

+ ∑
t

∥xt − xprior
t ∥2

Σprior
t

+ ∑
t

∥w2r(x0, xT)∥2
Σlc

t

priors loop-closuresm1…mJ

GPS odometry 3D marker(s)

2D marker(s)

+ ???

UWB

e.g. camera detections

???

motion model

+ ??? +



xt−1

yt−1

θt−1xt−1

θtxtyt

xt

Differential drive model

xt
yt

θt

=
xt−1 + vtΔt cos θt−1

yt−1 + vtΔt sin θt−1

θt−1 + Δtωt

= g(
xt−1
yt−1

θt−1

, [vt
ωt])



xt−1

yt−1

θt−1xt−1

θt−1
x t

yt

xt

ωt
θt

Differential drive model

xt
yt

θt

=
xt−1 + vtΔt cos θt−1

yt−1 + vtΔt sin θt−1

θt−1 + Δtωt

= g(
xt−1
yt−1

θt−1

, [vt
ωt])



Example: GPS + motion model
Turtlebot transition probability:

GPS measurement probability:

<latexit sha1_base64="nGmi/8DQlBRuLHOyq5OiB68rkkE="></latexit>

p
⇣
2

4
xt

yt
✓t

3

5

| {z }
xt

���

2

4
xt�1

yt�1

✓t�1

3

5

| {z }
xt�1

,


vt
!t

�

|{z}
ut

⌘
= N

⇣
xt;

2

4
xt�1 + vt�t cos ✓t�1

yt�1 + vt�t sin ✓t�1

✓t�1 + !t�t

3

5

| {z }
g(ut,xt�1)

, Rt

⌘

<latexit sha1_base64="OIMYI8k1CH/5gBJz6o6kkvCI5pw="></latexit>

p
⇣

zxt
zyt

�

|{z}
zGPS
t

|

2

4
xt

yt
✓t

3

5

| {z }
xt

⌘
= N

⇣
zGPS
t ;


1 0 0
0 1 0

�2

4
xt

yt
✓t

3

5

| {z }
h(xt)

, QGPS
t

⌘



Example: GPS + motion model

∑
t

∥g(xt−1, ut) − xt∥2
Σg

t
= arg min

x0,…xT
∑

t

∥xt − zgps
t ∥2

Σgps
t

+

xt … robot poses

zgps
t … gps measurements

………………. gps loss∥xt − zgps
t ∥2

Σgps
t

…… local coordinate frame

…… motion modelxt = g(xt−1, ut)
u2 = [4 2, 0]⊤

∥g(xt−1, ut) − xt∥2
Σg

t
…motion model loss



Example: GPS + motion model

u2 = [4 2, 0]⊤ u2 = [4 2, π/4]⊤

xt
yt

θt

=
xt−1 + vtΔt cos θt−1

yt−1 + vtΔt sin θt−1

θt−1 + ωtΔt
= g(

xt−1
yt−1

θt−1

, [vt
ωt])



xt
yt

θt

=
xt−1 + vtΔt cos(θt−1 + ωtΔt)
yt−1 + vtΔt sin(θt−1 + ωtΔt)

θt−1 + ωtΔt
= g(

xt−1
yt−1

θt−1

, [vt
ωt])

Example: GPS + motion modelu2 = [4 2, π/4]⊤

xt
yt

θt

=
xt−1 + vtΔt cos θt−1

yt−1 + vtΔt sin θt−1

θt−1 + ωtΔt
= g(

xt−1
yt−1

θt−1

, [vt
ωt])

Move then turn

Turn then move



xt
yt

θt

=
xt−1 + vtΔt cos(θt−1 + ωtΔt)
yt−1 + vtΔt sin(θt−1 + ωtΔt)

θt−1 + ωtΔt
= g(

xt−1
yt−1

θt−1

, [vt
ωt])

Example: GPS + motion modelu2 = [4 2, π/4]⊤

xt
yt

θt

=
xt−1 + vtΔt cos θt−1

yt−1 + vtΔt sin θt−1

θt−1 + ωtΔt
= g(

xt−1
yt−1

θt−1

, [vt
ωt])

How do I get the best of both worlds?

Move then turn

Turn then move



xt
yt

θt

=
xt−1 + vtΔt cos(θt−1 + ωtΔt)
yt−1 + vtΔt sin(θt−1 + ωtΔt)

θt−1 + ωtΔt
= g(

xt−1
yt−1

θt−1

, [vt
ωt])

Example: GPS + motion modelu2 = [4 2, π/4]⊤

xt
yt

θt

=
xt−1 + vtΔt cos(θt−1 + ωtΔt/2)
yt−1 + vtΔt sin(θt−1 + ωtΔt/2)

θt−1 + ωtΔt
= g(

xt−1
yt−1

θt−1

, [vt
ωt])

How do I get the best of both worlds?

Turn then move

Half-turn, then move, then half-turn

Is there even better way to do it?



xt−1

yt−1

θt−1xt−1

x t

yt

xt

vt, ωt

θt

Differential drive model

<latexit sha1_base64="lKB/3+ekxo2eq4k0B2Cg6WuwsZo="></latexit>

= xt�1 +
vt
!t

�
+ sin(✓t�1 + !t�t)� sin(✓t�1)

�

<latexit sha1_base64="enXBBW15BEnOX0FaHecue+0JK7M="></latexit>

xt = xt�1 +

�tZ

0

vt cos(✓t�1 + !tt| {z }
✓(t)

)dt = xt�1 + vt
h sin(✓t�1 + !tt)

!t

i�t

0

·xt

<latexit sha1_base64="enXBBW15BEnOX0FaHecue+0JK7M="></latexit>

xt = xt�1 +

�tZ

0

vt cos(✓t�1 + !tt| {z }
✓(t)

)dt = xt�1 + vt
h sin(✓t�1 + !tt)

!t

i�t

0

<latexit sha1_base64="hnqidoiqj6gG2S3Hdw0TDW6fvgc="></latexit>

yt = yt�1 +
vt
!t

�
� cos(✓t�1 + !t�t) + cos(✓t�1)

�

<latexit sha1_base64="p+PQH/Ht5d6PHYfMefAN6e/LHvw="></latexit>

✓t = ✓t�1 + !�t

Do you see any disadvantage of the model?



Example: GPS + motion modelu2 = [4 2, π/4]⊤

xt
yt

θt

=
xt−1 + vtΔt cos(θt−1 + ωtΔt/2)
yt−1 + vtΔt sin(θt−1 + ωtΔt/2)

θt−1 + ωtΔt
= g(

xt−1
yt−1

θt−1

, [vt
ωt])

xt
yt

θt

=
xt−1 + vt /ωt(sin(θt−1 + ωtΔt) − sin θt−1)

yt−1 + vt /ωt(−cos(θt−1 + ωtΔt) + cos θt−1)
θt−1 + ωtΔt

Half-turn, then move, then half-turn

Analytical integration



The difference is quite small for small angular velocity

u2 = [4 2, π/4]⊤



The difference is quite small for small angular velocity

u2 = [4 2, π/4]⊤ u2 = [4 2, π/2]⊤



The difference is quite small for small angular velocity

u2 = [4 2, π/4]⊤ u2 = [4 2, π]⊤u2 = [4 2, π/2]⊤



Where do I get control command?

<latexit sha1_base64="iagV9Ba6d+xDcrm7XpPu8C6NJyc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSIIQklKUTdCwY3uKtgHtCFMppN26OTBzCQQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee7yYM6ks69tYW9/Y3Nou7ZR39/YPDs2j446MEkFom0Q8Ej0PS8pZSNuKKU57saA48DjtepPbmd9NqZAsCh9VFlMnwKOQ+YxgpSXXrKQ3A19gkqcuv0hdMc3rU9esWjVrDrRK7IJUoUDLNb8Gw4gkAQ0V4VjKvm3FysmxUIxwOi0PEkljTCZ4RPuahjig0snnx0/RmVaGyI+ErlChufp7IseBlFng6c4Aq7Fc9mbif14/Uf61k7MwThQNyWKRn3CkIjRLAg2ZoETxTBNMBNO3IjLGOgul8yrrEOzll1dJp16zL2uNh0a1eV/EUYITOIVzsOEKmnAHLWgDgQye4RXejCfjxXg3Phata0YxU4E/MD5/AOhOlPk=</latexit>

v =
vl + vr

2

<latexit sha1_base64="ILN6tvuufoAHRF12R2ohRBsKKXo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfGqPSPJZPZpKgH9GB5CFn1FjpcdwTvXLFrbpzkFXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgtNRNNSaUjegAO5ZKGqH2s/mpU3JmlT4JY2VLGjJXf09kNNJ6EgW2M6JmqJe9mfif10lNeONnXCapQckWi8JUEBOT2d+kzxUyIyaWUKa4vZWwIVWUGZtOyYbgLb+8SpoXVe+qevlwWand53EU4QRO4Rw8uIYa3EEdGsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdnGY3p</latexit>vl

<latexit sha1_base64="fFggv7H/lehQVbceGmJlX7ocgXg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2g9oQ9lsJ+3SzSbsbgol9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfGqPSPJZPZpKgH9GB5CFn1FjpcdxTvXLFrbpzkFXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgtNRNNSaUjegAO5ZKGqH2s/mpU3JmlT4JY2VLGjJXf09kNNJ6EgW2M6JmqJe9mfif10lNeONnXCapQckWi8JUEBOT2d+kzxUyIyaWUKa4vZWwIVWUGZtOyYbgLb+8SpoXVe+qevlwWand53EU4QRO4Rw8uIYa3EEdGsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdwMY3v</latexit>vr

<latexit sha1_base64="lNy2Xyn7+rhpospaMiJk1qVom/k=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIbiyJFHUjFNwouKhgH9CUMJlO2qHzCDOTQglx46+4caGIW//CnX/jtM1CWw9cOJxzL/feE8aUKO2631ZhaXllda24XtrY3NresXf3mkokEuEGElTIdggVpoTjhiaa4nYsMWQhxa1weD3xWyMsFRH8QY9j3GWwz0lEENRGCuwDXzDch1d+JCFKRwE9HQUyS++ywC67FXcKZ5F4OSmDHPXA/vJ7AiUMc40oVKrjubHuplBqgijOSn6icAzREPZxx1AOGVbddPpB5hwbpedEQpri2pmqvydSyJQas9B0MqgHat6biP95nURHl92U8DjRmKPZoiihjhbOJA6nRyRGmo4NgUgSc6uDBtBkoU1oJROCN//yImmeVbzzSvW+Wq7d5nEUwSE4AifAAxegBm5AHTQAAo/gGbyCN+vJerHerY9Za8HKZ/bBH1ifP+QDlzY=</latexit>

! =
vl � vr

L

Control commands often replaced by wheel velocities

<latexit sha1_base64="1tTpGcVod9TkxvRWFGcFcGVUXxw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLwoeEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStW7LI48nMApnIMHV1CFW6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCokozg</latexit>

L

/cmd_vel= ’{linear:  {x: 1.0, y: 0.0, z: 0.0}, angular: {x: 0.0,y: 0.0,z: 1.0}}'

Standard control ROS topic /cmd_vel

Linear velocity Angular velocity
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v =
vl + vr

2
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! =
vl � vr

L
<latexit sha1_base64="TDVlaOzXvlobWBphvtXMnOeP6uk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIUTdCwY3uKtgHtCFMppN26GQSZm6EGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUEiuAbH+bZKa+sbm1vl7crO7t5+1T447Og4VZS1aSxi1QuIZoJL1gYOgvUSxUgUCNYNJje5331kSvNYPsA0YV5ERpKHnBIwkm9XBxGBcRBm6cwHfI19u+bUnTnwKnELUkMFWr79NRjGNI2YBC qI1n3XScDLiAJOBZtVBqlmCaETMmJ9QyWJmPayefAZPjXKEIexMk8Cnqu/NzISaT2NAjOZx9TLXi7+5/VTCK+8jMskBSbp4lCYCgwxzlvAQ64YBTE1hFDFTVZMx0QRCqariinBXf7yKumc192LeuO+UWveFXWU0TE6QWfIRZeoiW5RC7URRSl6Rq/ozXqyXqx362MxWrKKnSP0B9bnD0RCktw=</latexit>ut = [ ],

Differential drive platforms:

Are there any more sophisticated models that take the terrain in account?

What if I bounce into obstacle?



SLAM - our approach

xt+1

terrain model predictions from RGBD

odometry (rel. pose)

GNSS (abs. pose)

𝛁physics 
model

GNSS (abs. pose)

Terrain shape and its physical propertiesm

odometry (rel. pose)

𝛁physics 
model ∥g(xt−1, ut, m) − xt∥2

Σg
t

xt

xt−1



Input:     noisy gps + imu + control
Output:  trajectory + map (field of robot-terrain inter. forces)

GraphSLAM requires differentiable ODE solver



Google’s BRAX - differentiable physics engine
https://github.com/google/brax

Brax simulates these environments at millions of physics steps per second on TPU

https://github.com/google/brax


NVIDIA WARP - differentiable physics engine
https://developer.nvidia.com/warp-python

Cloth simulation Particle-based simulation

https://developer.nvidia.com/warp-python


Straightforward extensions

= arg min
x0,…xT

∑
t

∥xt − zgps
t ∥2

Σgps
t

+ ∑
t

∥w2r(xt+1, xt) − zv∥2
Σv

t
+ ∑

t,j

∥w2r(mj, xt) − z∥2
Σmj

t

+ ∑
t

∥xt − xprior
t ∥2

Σprior
t

+ ∑
t

∥w2r(x0, xT)∥2
Σlc

t

priors loop-closuresm1…mJ

GPS odometry 3D marker(s)

2D marker(s)

+ ???

UWB

e.g. camera detections

???

motion model

+ +∑
t

∥g(xt−1, ut) − xt∥2
Σg

t



Straightforward extensions
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x⋆ = arg min
xt

∑
i

∥∥xt − mi∥ − zUWBi
t ∥2

ΣUWBi
t

UWB

mi … known marker positions

xt … robot poses

… UWB loss

zUWB
t … UWB measurements (distance)



x⋆ = arg min
xt

∑
i

∥∥xt − mi∥ − zUWBi
t ∥2

ΣUWBi
t

UWB

Is it enough to have only 2 beacons?
What will be the landscape of the criterion function?

inconsistent measurements consistent measurements



What will be the landscape of the criterion function?



What will be the landscape of the criterion function?



What will be the landscape of the criterion function?



Saddle points



x⋆ = arg min
xt,mi

∑
i,t

∥∥xt − mi∥ − zUWBi
t ∥2

ΣUWBi
t

UWB

UWB SLAM
What is the dimensionality of zero-loss subspace?

“8-dim space” - “3 DOF from measurements” = “5-dim”



Straightforward extensions

= arg min
x0,…xT
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+ Odometry (IMU)

x⋆ = arg min
xt

∑
i,t

∥w2cam(mi, xt) − zmi
t ∥2 + ∥w2r(x2, x1) − zodom

12 ∥2

mi …known marker positions

xt …robot poses

zmi
t …marker measurements

∑
i,t

∥w2r(mi, xt) − zmi
t ∥2 … marker loss

∥w2r(x2, x1) − zodom
12 ∥2 … odom loss

camera coordinate frame + img. plane

odometry

2D marker detector (RGB camera)
Localization from camera



+ Odometry (IMU)

x⋆ = arg min
mi,xt

∑
i,t

∥w2cam(mi, xt) − zmi
t ∥2 + ∥w2r(x2, x1) − zodom

12 ∥2

mi …known marker positions

xt …robot poses

zmi
t …marker measurements

∑
i,t

∥w2r(mi, xt) − zmi
t ∥2 … marker loss

∥w2r(x2, x1) − zodom
12 ∥2 … odom loss

camera coordinate frame + img. plane

odometry

2D marker detector (RGB camera)
SLAM from camera (bundle adjustment)



Straightforward extensions

= arg min
x0,…xT

∑
t

∥xt − zgps
t ∥2

Σgps
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+ ∑
t
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Σmj
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+ ∑
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∥xt − xprior
t ∥2

Σprior
t
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∥w2r(x0, xT)∥2
Σlc

t

priors loop-closuresm1…mJ

GPS odometry 3D marker(s)

2D marker(s)

+

UWB

e.g. camera detections

motion model

+ +∑
t

∥g(xt−1, ut) − xt∥2
Σg

t ∑
i,t

∥∥xt − mi∥ − zUWBi
t ∥2

ΣUWBi
t

∑
i,t

∥w2cam(mi, xt) − zmi
t ∥2



Problems for students

zw = [R(θt) 0
0⊤ 1] zr + xt zr = [R(θt)⊤ 0

0⊤ 1](zw − xt)=>Show that:

Does the (non)-linear measurement and/or motion function always imply 
(non)-convex criterium?

Derive maximum likelihood estimate

Draw corresponding factorgraph

Write down criterion function

Discuss its non-convexity

Given problem with measurement and motion function with gaussian noise:

When does it matter, in which coordinate frame (rcf/wcf) the residual is measured?


