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Prerequisites: Law of total probability
Specific population:

p(F) = 0.2 … 20% female

p(F) = 0.2

What is probability that a random sample has a disease?

Gender-conditional probabilities to have a disease:

p(M) = 0.8 … 80% male p(M) = 0.8

= 0.01 ⋅ 0.8 + 0.5 ⋅ 0.2 = 0.108

p(D |M) = 0.01 … 1% of males is ill

p(D |M) = 0.01

p(D |F) = 0.5 … 50% of females is ill

p(D |F) = 0.5

p(D) = p(D |M)p(M) + p(D |F)p(F)…it is mean of red values under blue distribution



Prerequisites: Bayes theorem

A … have disease 

p(A |B) =
p(B |A)p(A)

p(B)

B … positive test p(B |A) = 1 Everyone who have disease tests always positive
p(B |A) = 0.05 There are 5% of healthy people, with positive test

=
p(B |A)p(A)

p(B |A)p(A) + p(B |A)p(A)

p(A) = 0.001 Prior probability of having disease 0.1%
p(A) = 0.999 Prior probability of being healthy 99.9%

=
1 * 0.001

1 * 0.001 + 0.999 * 0.05
≈ 1.9 %

LTP

Only 18% of doctors+students from Harvard Medical school answered correctly.
Reason: think about people who tests positive (only 1.9% of them are actualy ill)  

      => more likely to come from the healthy population
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⌃eigenvalues and eigenvectors of
determine ellipse axes

… symmetric positive definite  
     covariance matrix
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µ 2 Rn … real n-dimensional  
     mean

p(x) = 𝒩(x; μ, Σ) =
exp( − 1

2 (x − μ)⊤Σ−1(x − μ))
(2π)ndet(Σ)

Prerequisites: Multivariate gaussian
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µ 2 Rn … real n-dimensional  
     mean

p(x) = 𝒩(x; μ, Σ) =
exp( − 1

2 (x − μ)⊤Σ−1(x − μ))
(2π)ndet(Σ)

Prerequisites: Multivariate gaussian

Logarithm of Gaussian is quadratic form:
log(𝒩(x; μ, Σ)) = −

1
2

(x − μ)⊤Σ−1(x − μ) + C



Motivation example: Absolute position measurements in wcf

robot

= arg max
μ (∏

i

𝒩(zi; μ, σ2))

robot’s position measurements in wcfx x x
z1 z2 z3

= arg max
μ ∏

i

K ⋅ exp (−
∥zi − μ∥2

2

σ2 )

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ

p(z1, z2, z3 |μ) ⋅ p(μ)
p(z1, z2, z3)

=???

Where is the robot???

μ

2m 3m 7m

Measurement probability: p(zi |μ) = 𝒩(zi; μ, σ2)

== arg max
μ (∏

i

p(zi |μ))
iid

= arg min
μ ∑

i

∥zi − μ∥2
2

what is this function?



robot

= arg max
μ (∏

i

𝒩(zi; μ, σ2)) = arg max
μ ∏

i

K ⋅ exp (−
∥zi − μ∥2

2

σ2 )

μ* = arg max
μ

p(μ |z1, z2, z3)

= arg min
μ ∑

i

∥zi − μ∥2
2

= arg max
μ

p(z1, z2, z3 |μ) ⋅ p(μ)
p(z1, z2, z3)

=???

Where is the robot???

μ

2m 3m 7m

Measurement probability: p(zi |μ) = 𝒩(zi; μ, σ2)

== arg max
μ (∏

i

p(zi |μ))
iid

What kind of assumptions have we used???
1. Uniform prior

2. Independence 

3. Gaussian noise

robot’s position measurements in wcfx x x
z1 z2 z3

Motivation example: Absolute position measurements in wcf



= arg min
μ ∑

i

∥zi − μ∥2
2

robot

Measurement probability: p(zi |μ) = 𝒩(zi; μ, σ2)

=
∑i zi

N

2m 3m 7m

4m

= 4m

= arg max
μ (∏

i

𝒩(zi; μ, σ2)) = arg max
μ ∏

i

K ⋅ exp (−
∥zi − μ∥2

2

σ2 )

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ))= arg max
μ

p(z1, z2, z3 |μ) ⋅ p(μ)
p(z1, z2, z3)

robot’s position measurements in wcfx x x
z1 z2 z3

Motivation example: Absolute position measurements in wcf



robot

Measurement probability: p(zi |μ) = 𝒩(zi; μ, σ2)

=
∑i zi

N

maximizing product of gaussians  <=>   minimizing the sum of L2 differences.

MLE LS

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

∥zi − μ∥2
2

MAP

robot’s position measurements in wcfx x x
z1 z2 z3

Motivation example: Absolute position measurements in wcf



= arg max
μ (∏

i

𝒩(zi; m − μ, σ2))

position measurements in rcf

= arg max
μ ∏

i

K ⋅ exp (−
∥(m − μ) − zi∥2

2

σ2 )

Where is the robot???

robot

wall

x x x
m = 9

z1 = 4
z2 = 5
z3 = 9

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ))= arg max
μ

p(z1, z2, z3 |μ) ⋅ p(μ)
p(z1, z2, z3)

0

=
∑i m − zi

N
= arg min

μ ∑
i

∥m − zi − μ∥2
2 = ((9-4) + (9-5) + (9-9)) / 3 = 3

= 3

Measurement probability: p(zi |μ) = 𝒩(zi; m − μ, σ2)

=

wall in rcf

μ

What is the measurement prob?

Motivation example: Relative position measurements in rcf



robot

Measurement probability: p(zi |μ) = 𝒩(zi; μ, σ2)

2m 3m 7m

4m

robot’s position measurements in wcfx x x
z1 z2 z3

By different measurement model

μ

How can I justify rejecting 7m as outlier and placing the robot between 2-3m?

=
∑i zi

N
μ* = arg max

μ
p(μ |z1, z2, z3) = arg max

μ (∏
i

p(zi |μ)) = arg min
μ ∑

i

∥zi − μ∥2
2

Motivation example: Outlier rejection



Measurement probability: p(zi |μ) = 𝒩(zi; μ, σ2)

robot’s position measurements in wcfx x x
z1 z2 z3

How can I justify rejecting 7m as outlier and placing the robot between 2-3m?

By different measurement model

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

Motivation example: Outlier rejection

What is the value (high/low)  
of the criterion function 

at this point ?μ



Measurement probability: p(zi |μ) = 𝒩(zi; μ, σ2)

robot’s position measurements in wcfx x x
z1 z2 z3

How can I justify rejecting 7m as outlier and placing the robot between 2-3m?

By different measurement model

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

Motivation example: Outlier rejection

What is the value (high/low)  
of the criterion function 

at this point ?μ



Measurement probability: p(zi |μ) = 𝒩(zi; μ, σ2)

robot’s position measurements in wcfx x x
z1 z2 z3

How can I justify rejecting 7m as outlier and placing the robot between 2-3m?

By different measurement model

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

Motivation example: Outlier rejection

What is the value (high/low)  
of the criterion function 

at this point ?μ



Measurement probability: p(zi |μ) = 𝒩(zi; μ, σ2)

robot’s position measurements in wcfx x x
z1 z2 z3

How can I justify rejecting 7m as outlier and placing the robot between 2-3m?

By different measurement model

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

Motivation example: Outlier rejection

How can I find  that 
minimizes the blue function?

μ⋆



Measurement probability: p(zi |μ) =

robot’s position measurements in wcfx x
z1 z3

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

μ
zi

x
z2

Motivation example: discrete probability distribution



Measurement probability: p(zi |μ) =

robot’s position measurements in wcfx x
z1 z3

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

μ
zi

What is the most probable ?μ

x
z2

Motivation example: discrete probability distribution



Measurement probability: p(zi |μ) =

robot’s position measurements in wcfx x x
z1 z2 z3

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

μ
zi

= ???= ???

Motivation example: discrete probability distribution



Measurement probability: p(zi |μ) =

robot’s position measurements in wcfx x x
z1 z2 z3

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

μ
zi

= ∞= 0

∞

Motivation example: discrete probability distribution



Measurement probability: p(zi |μ) =

robot’s position measurements in wcfx x x
z1 z2 z3
robot

μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

μ
zi

= ∞= 0

∞

Motivation example: discrete probability distribution



Measurement probability: p(zi |μ) =

robot’s position measurements in wcfx x x
z1 z2 z3

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

μ
zi

= ???= ???

Motivation example: discrete probability distribution



Measurement probability: p(zi |μ) =

robot’s position measurements in wcfx x x
z1 z2 z3

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

μ
zi

Motivation example: discrete probability distribution

< ∞> 0



Measurement probability: p(zi |μ) =

robot’s position measurements in wcfx x x
z1 z2 z3

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

μ
zi

< ∞> 0

Motivation example: discrete probability distribution



Measurement probability: p(zi |μ) =

robot’s position measurements in wcfx x x
z1 z2 z3

robot
μ

μ* = arg max
μ

p(μ |z1, z2, z3) = arg max
μ (∏

i

p(zi |μ)) = arg min
μ ∑

i

− log p(zi |μ)

μ
zi

Only two robot poses with  
non-infinite criterion values

= ∞= 0

Zeros in measurement probability means “never ever” => very restrictive

Motivation example: discrete probability distribution



Assumptions Gaussian  + iid reduces the MAP 
estimate to LS problem (next 3 lectures)

p(zi |μ) = 𝒩(zi; h(μ, m), σ2)

Lesson learned from motivation examples

Robot’s localization = MAP estimate of its pose given measurements

Measurements probability binds robot’s poses, map and measurements

 linear vs non-linear => linear / non-linear LS

two optimisation approches: filters (KF, EKF, UKF), GraphSLAM 
h(μ, m)

p(zi |μ) =
μ

zi

continuous

μ
zi

continuous

μ
zi

discrete

μ
zi

μ
zi

μ
zi∑

i

− log p(zi |μ) =

Criterion optimization friendly vs optimization unfriendly

 transfers the state (e.g. pose) into measurement spaceh(μ, m)

zero in  means that given the pose the measurement is impossiblep(zi |μ)



Sensors for localisation (odometry)
Motor encoders (wheel/joint position/velocity)

Accelerometer (linear acceleration)

Gyroscope (angular velocity)

Magnetometer (angle to magnetic north)

IMU: Accelerometer+Gyroscope+Magnetometer (9DOF measurements)

What sensors can we use for the localization?



RGBD camera (kinect, real sense, …)Stereo camera

Camera (RGB images - spectral responses projected on image plane)

Lidar

SONARDYNE beacons

Satelite navigation (GPS/GNSS)

Sonar Radar

UWB (Ultra Wideband Radio)

Sensors for localisation (exteroceptive)



Unknown

Estimate this

Given this

Localisation problem definition

<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0

<latexit sha1_base64="gSyfHuyDCZ/w2o438sWY6wq2yMI=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJkoN+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/7Bkt4=</latexit>z1

<latexit sha1_base64="BMEKeOKCRxNDySp4Yv5byEmCZh0=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJmoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/uvktw=</latexit>x1 …

<latexit sha1_base64="d09PjZDcl8y+DIhNWF049bHT7mY=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0siRT0WvOitgrWFNoTNdtMu3WzC7qZQQv6JFw+KePWfePPfuGlz0NaBhWHmPd7sBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJxWnktAOiXksewFWlDNBO5ppTnuJpDgKOO0Gk9vC706pVCwWj3qWUC/CI8FCRrA2km/bgwjrcRBmae5n+sLNfbvuNJw50CpxS1KHEm3f/hoMY5JGVGjCsVJ910m0l2GpGeE0rw1SRRNMJnhE+4YKHFHlZfPkOTozyhCFsTRPaDRXf29kOFJqFgVmssiplr1C/M/rpzq88TImklRTQRaHwpQjHaOiBjRkkhLNZ4ZgIpnJisgYS0y0KatmSnCXv7xKni4b7lWj+dCst+7LOqpwAqdwDi5cQwvuoA0dIDCFZ3iFNyuzXqx362MxWrHKnWP4A+vzB7jok78=</latexit>ut�1
<latexit sha1_base64="GiOelRdbuIGCu9OluClm5G3DZjk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgRncV7APaWCbTSTt08mDmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjxVJotO1vq7Syura+Ud6sbG3v7O5V9w/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT69zvPHKlRRTe4zTmbkBHofAFo2ikh35Acez5aZINUswG1Zpdt2cgy8QpSA0KNAfVr/4wYknAQ2SSat1z7BjdlCoUTPKs0k80jymb0BHvGRrSgGs3naXOyIlRhsSPlHkhkpn6eyOlgdbTwDOTeUq96OXif14vQf/KTUUYJ8hDNj/kJ5JgRPIKyFAozlBODaFMCZOVsDFVlKEpqmJKcBa/vEzaZ3Xnon5+d15r3BZ1lOEIjuEUHLiEBtxAE1rAQMEzvMKb9WS9WO/Wx3y0ZBU7h/AH1ucPXPKTHA==</latexit>ut

<latexit sha1_base64="NyfuUNRI7EFcULQ9ltx39agd2Pk=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREinoseNFbBWsLbQib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uytr6xuVXdru3s7u0f2IdHTypOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcNoNJreF351SqVgsHvUsoV6ER4KFjGBtJN+2BxHW4yDM0tzP9IWb+3bdaThzoFXilqQOJdq+/TUYxiSNqNCEY6X6rpNoL8NSM8JpXhukiiaYTPCI9g0VOKLKy+bJc3RmlCEKY2me0Giu/t7IcKTULArMZJFTLXuF+J/XT3V442VMJKmmgiwOhSlHOkZFDWjIJCWazwzBRDKTFZExlphoU1bNlOAuf3mVPF023KtG86FZb92XdVThBE7hHFy4hhbcQRs6QGAKz/AKb1ZmvVjv1sditGKVO8fwB9bnD7Xck70=</latexit>ut+1

<latexit sha1_base64="+gZaFMSaWUIoeiZUZ9k3d9VEa/I=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQhJJIUZcFN7qrYB/QhjKZTtqhk0mYuSmWkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpv7nSlTmkfyEWYx80IykjzglICRBrbdDwmM/SB9ygYpXLjZwK46NWcOvErcglRRgebA/uoPI5qETAIVROue68TgpUQBp4JllX6iWUzohIxYz1BJQqa9dJ48w2dGGeIgUuZJwHP190ZKQq1noW8m85x62cvF/7xeAsGNl3IZJ8AkXRwKEoEhwnkNeMgVoyBmhhCquMmK6ZgoQsGUVTEluMtfXiXty5p7Vas/1KuN+6KOMjpBp+gcuegaNdAdaqIWomiKntErerNS68V6tz4WoyWr2DlGf2B9/gC6fZPA</latexit>xt+1

<latexit sha1_base64="JNBhUtMAwb3LsNDpJ3u6yGZqXvo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRoi4LbnRXwT6gDWEynbRDJ5MwMynUkD9x40IRt/6JO//GaZuFth4YOJxzL/fMCRLOlHacb6u0tr6xuVXeruzs7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E49uZ35lQqVgsHvU0oV6Eh4KFjGBtJN+2+xHWoyDMnnI/0xdu7ttVp+bMgVaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQineaWfKppgMsZD2jNU4IgqL5snz9GZUQYojKV5QqO5+nsjw5FS0ygwk7Ocatmbif95vVSHN17GRJJqKsjiUJhypGM0qwENmKRE86khmEhmsiIywhITbcqqmBLc5S+vkvZlzb2q1R/q1cZ9UUcZTuAUzsGFa2jAHTShBQQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gC9k5PC</latexit>zt+1
<latexit sha1_base64="zbkvF6bWrNTqH/tw7GL2VeXd2J0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXisv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWSfkyE=</latexit>zt

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt
<latexit sha1_base64="r4Etbzahov/TFYeC0rPP8Y9gEzY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwY0mkqMuCG91VsA9oQ5lMJ+3QySTM3BRLyJ+4caGIW//EnX/jpM1CWw8MHM65l3vm+LHgGhzn2yqtrW9sbpW3Kzu7e/sH9uFRW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uc39zpQpzSP5CLOYeSEZSR5wSsBIA9vuhwTGfpA+ZYMULtxsYFedmjMHXiVuQaqoQHNgf/WHEU1CJoEKonXPdWLwUqKAU8GySj/RLCZ0QkasZ6gkIdNeOk+e4TOjDHEQKfMk4Ln6eyMlodaz0DeTeU697OXif14vgeDGS7mME2CSLg4FicAQ4bwGPOSKURAzQwhV3GTFdEwUoWDKqpgS3OUvr5L2Zc29qtUf6tXGfVFHGZ2gU3SOXHSNGugONVELUTRFz+gVvVmp9WK9Wx+L0ZJV7ByjP7A+fwC9iZPC</latexit>xt�1

<latexit sha1_base64="EQzLmQVF5SOQy6aQAhoSdM0bRUk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIUZcFN7qrYB/QhjCZTtqhk0mYmRRqyJ+4caGIW//EnX/jtM1CWw8MHM65l3vmBAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVCwWj3qaUC/CQ8FCRrA2km/b/QjrURBmT7mf6Qs39+2qU3PmQKvELUgVCjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTvNJPFU0wGeMh7RkqcESVl82T5+jMKAMUxtI8odFc/b2R4UipaRSYyVlOtezNxP+8XqrDGy9jIkk1FWRxKEw50jGa1YAGTFKi+dQQTCQzWREZYYmJNmVVTAnu8pdXSfuy5l7V6g/1auO+qKMMJ3AK5+DCNTTgDprQAgITeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDAn5PE</latexit>zt�1

…

<latexit sha1_base64="q8eX0aG67aDYW5JS4O6Sx70sw1A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG91VsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmljc2t7p7xb2ds/ODyqHp90VWIkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gunt7nfe6JSsUQ86llKgxiPBYsYwdpKvh9jPQmjzMyH3rBac+vuAmideAWpQYH2sPrljxJiYio04VipgeemOsiw1IxwOq/4RtEUkyke04GlAsdUBdki8xxdWGWEokTaJzRaqL83MhwrNYtDO5lnVKteLv7nDYyOboKMidRoKsjyUGQ40gnKC0AjJinRfGYJJpLZrIhMsMRE25oqtgRv9cvrpHtV95r1xkOj1rov6ijDGZzDJXhwDS24gzZ0gEAKz/AKb45xXpx352M5WnKKnVP4A+fzByrUkc0=</latexit>u1

Today only 1D/2D translations (no rotations)
States:  

<latexit sha1_base64="XBEhC9PAJ9xfcAg/sxU0HG6eD2s=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSOWYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXmSuW6+YBftCfAqcWakgGaodvPvZjSNfCaBCqJ1y7FD6MREAaeCJbl2pFlI6JD0WctQSXymO/Hk4gSfGaWHvUCZJwFP1PmOmPhaj3zXVKZb6uVcKv6Xa0Xg3XRiLsMImKTTj7xIYAhwah/uccUoiJEhhCpudsV0QBShYExOTXCWT14l9cuic1Us3ZcK5buZHVl0gk7ROXLQNSqjCqqiGqLoFX2gT/RlvVlj69v6mZZmrFnPMVqA9fsHSbiq4g==</latexit>

x0,x1, . . . ,xt 2 Rn …. 6DOF robot’s poses (no map for now)  
Actions: 

<latexit sha1_base64="J54867sx+9uZZWs25gdz82tWZJM=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwIWVGinZZcKO7KvYBbS2ZNNOGZjJDckcow/yKG3/FjQtFuhN/xkzbRW09EHI4597k3uNFgmtwnG8rt7a+sbmV3y7s7O7tH9iHRw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3ugm85vPTGkeykcYR6wbkIHkPqcEjNSzK52AwNDzkzjtJW56gTv9ELS5FmRIcYfLmUSJSB7Sp6DQs4tOyZkCrxJ3TopojlrPnpinaRwwCVQQrduuE0E3IQo4FSwtdGLNIkJHZMDahkoSMN1Nphum+MwofeyHyhwJeKoudiQk0HoceKYym1Ive5n4n9eOwa90Ey6jGJiks4/8WGAIcRYX7nPFKIixIYQqbmbFdEgUoWBCzUJwl1deJY3LkntVKt+Xi9W7eRx5dIJO0Tly0TWqoltUQ3VE0Qt6Qx/o03q13q0vazIrzVnznmP0B9bPLy7jpCo=</latexit>

u1, . . . ,ut 2 Rm …. generated by external source
Measurements:  

<latexit sha1_base64="HzXJf8GaHQHTYpJxwLZAir6O7xE=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSPUYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXka5rr5gl20J8CrxJmRApqh2s2/m9E08pkEKojWLccOoRMTBZwKluTakWYhoUPSZy1DJfGZ7sSTixN8ZpQe9gJlngQ8Uec7YuJrPfJdU5luqZdzqfhfrhWBd9OJuQwjYJJOP/IigSHAqX24xxWjIEaGEKq42RXTAVGEgjE5NcFZPnmV1C+LzlWxdF8qlO9mdmTRCTpF58hB16iMKqiKaoiiV/SBPtGX9WaNrW/rZ1qasWY9x2gB1u8fT02q5Q==</latexit>

z0, z1, . . . , zt 2 Rk …. comes from variety of sensors

x* = arg max
x

p(x |z, u) = arg max
x0…xt

p(x0…xt |z1…zt, u1…ut)MAP:



Unknown 1. Construct p(x|z)

Estimate this

Given this

Localisation problem definition

<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0

<latexit sha1_base64="gSyfHuyDCZ/w2o438sWY6wq2yMI=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJkoN+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/7Bkt4=</latexit>z1

<latexit sha1_base64="BMEKeOKCRxNDySp4Yv5byEmCZh0=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJmoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/uvktw=</latexit>x1 …

<latexit sha1_base64="d09PjZDcl8y+DIhNWF049bHT7mY=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0siRT0WvOitgrWFNoTNdtMu3WzC7qZQQv6JFw+KePWfePPfuGlz0NaBhWHmPd7sBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJxWnktAOiXksewFWlDNBO5ppTnuJpDgKOO0Gk9vC706pVCwWj3qWUC/CI8FCRrA2km/bgwjrcRBmae5n+sLNfbvuNJw50CpxS1KHEm3f/hoMY5JGVGjCsVJ910m0l2GpGeE0rw1SRRNMJnhE+4YKHFHlZfPkOTozyhCFsTRPaDRXf29kOFJqFgVmssiplr1C/M/rpzq88TImklRTQRaHwpQjHaOiBjRkkhLNZ4ZgIpnJisgYS0y0KatmSnCXv7xKni4b7lWj+dCst+7LOqpwAqdwDi5cQwvuoA0dIDCFZ3iFNyuzXqx362MxWrHKnWP4A+vzB7jok78=</latexit>ut�1
<latexit sha1_base64="GiOelRdbuIGCu9OluClm5G3DZjk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgRncV7APaWCbTSTt08mDmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjxVJotO1vq7Syura+Ud6sbG3v7O5V9w/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT69zvPHKlRRTe4zTmbkBHofAFo2ikh35Acez5aZINUswG1Zpdt2cgy8QpSA0KNAfVr/4wYknAQ2SSat1z7BjdlCoUTPKs0k80jymb0BHvGRrSgGs3naXOyIlRhsSPlHkhkpn6eyOlgdbTwDOTeUq96OXif14vQf/KTUUYJ8hDNj/kJ5JgRPIKyFAozlBODaFMCZOVsDFVlKEpqmJKcBa/vEzaZ3Xnon5+d15r3BZ1lOEIjuEUHLiEBtxAE1rAQMEzvMKb9WS9WO/Wx3y0ZBU7h/AH1ucPXPKTHA==</latexit>ut

<latexit sha1_base64="NyfuUNRI7EFcULQ9ltx39agd2Pk=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREinoseNFbBWsLbQib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uytr6xuVXdru3s7u0f2IdHTypOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcNoNJreF351SqVgsHvUsoV6ER4KFjGBtJN+2BxHW4yDM0tzP9IWb+3bdaThzoFXilqQOJdq+/TUYxiSNqNCEY6X6rpNoL8NSM8JpXhukiiaYTPCI9g0VOKLKy+bJc3RmlCEKY2me0Giu/t7IcKTULArMZJFTLXuF+J/XT3V442VMJKmmgiwOhSlHOkZFDWjIJCWazwzBRDKTFZExlphoU1bNlOAuf3mVPF023KtG86FZb92XdVThBE7hHFy4hhbcQRs6QGAKz/AKb1ZmvVjv1sditGKVO8fwB9bnD7Xck70=</latexit>ut+1

<latexit sha1_base64="+gZaFMSaWUIoeiZUZ9k3d9VEa/I=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQhJJIUZcFN7qrYB/QhjKZTtqhk0mYuSmWkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpv7nSlTmkfyEWYx80IykjzglICRBrbdDwmM/SB9ygYpXLjZwK46NWcOvErcglRRgebA/uoPI5qETAIVROue68TgpUQBp4JllX6iWUzohIxYz1BJQqa9dJ48w2dGGeIgUuZJwHP190ZKQq1noW8m85x62cvF/7xeAsGNl3IZJ8AkXRwKEoEhwnkNeMgVoyBmhhCquMmK6ZgoQsGUVTEluMtfXiXty5p7Vas/1KuN+6KOMjpBp+gcuegaNdAdaqIWomiKntErerNS68V6tz4WoyWr2DlGf2B9/gC6fZPA</latexit>xt+1

<latexit sha1_base64="JNBhUtMAwb3LsNDpJ3u6yGZqXvo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRoi4LbnRXwT6gDWEynbRDJ5MwMynUkD9x40IRt/6JO//GaZuFth4YOJxzL/fMCRLOlHacb6u0tr6xuVXeruzs7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E49uZ35lQqVgsHvU0oV6Eh4KFjGBtJN+2+xHWoyDMnnI/0xdu7ttVp+bMgVaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQineaWfKppgMsZD2jNU4IgqL5snz9GZUQYojKV5QqO5+nsjw5FS0ygwk7Ocatmbif95vVSHN17GRJJqKsjiUJhypGM0qwENmKRE86khmEhmsiIywhITbcqqmBLc5S+vkvZlzb2q1R/q1cZ9UUcZTuAUzsGFa2jAHTShBQQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gC9k5PC</latexit>zt+1
<latexit sha1_base64="zbkvF6bWrNTqH/tw7GL2VeXd2J0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXisv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWSfkyE=</latexit>zt

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt
<latexit sha1_base64="r4Etbzahov/TFYeC0rPP8Y9gEzY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwY0mkqMuCG91VsA9oQ5lMJ+3QySTM3BRLyJ+4caGIW//EnX/jpM1CWw8MHM65l3vm+LHgGhzn2yqtrW9sbpW3Kzu7e/sH9uFRW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uc39zpQpzSP5CLOYeSEZSR5wSsBIA9vuhwTGfpA+ZYMULtxsYFedmjMHXiVuQaqoQHNgf/WHEU1CJoEKonXPdWLwUqKAU8GySj/RLCZ0QkasZ6gkIdNeOk+e4TOjDHEQKfMk4Ln6eyMlodaz0DeTeU697OXif14vgeDGS7mME2CSLg4FicAQ4bwGPOSKURAzQwhV3GTFdEwUoWDKqpgS3OUvr5L2Zc29qtUf6tXGfVFHGZ2gU3SOXHSNGugONVELUTRFz+gVvVmp9WK9Wx+L0ZJV7ByjP7A+fwC9iZPC</latexit>xt�1

<latexit sha1_base64="EQzLmQVF5SOQy6aQAhoSdM0bRUk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIUZcFN7qrYB/QhjCZTtqhk0mYmRRqyJ+4caGIW//EnX/jtM1CWw8MHM65l3vmBAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVCwWj3qaUC/CQ8FCRrA2km/b/QjrURBmT7mf6Qs39+2qU3PmQKvELUgVCjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTvNJPFU0wGeMh7RkqcESVl82T5+jMKAMUxtI8odFc/b2R4UipaRSYyVlOtezNxP+8XqrDGy9jIkk1FWRxKEw50jGa1YAGTFKi+dQQTCQzWREZYYmJNmVVTAnu8pdXSfuy5l7V6g/1auO+qKMMJ3AK5+DCNTTgDprQAgITeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDAn5PE</latexit>zt�1

…

<latexit sha1_base64="q8eX0aG67aDYW5JS4O6Sx70sw1A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG91VsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmljc2t7p7xb2ds/ODyqHp90VWIkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gunt7nfe6JSsUQ86llKgxiPBYsYwdpKvh9jPQmjzMyH3rBac+vuAmideAWpQYH2sPrljxJiYio04VipgeemOsiw1IxwOq/4RtEUkyke04GlAsdUBdki8xxdWGWEokTaJzRaqL83MhwrNYtDO5lnVKteLv7nDYyOboKMidRoKsjyUGQ40gnKC0AjJinRfGYJJpLZrIhMsMRE25oqtgRv9cvrpHtV95r1xkOj1rov6ijDGZzDJXhwDS24gzZ0gEAKz/AKb45xXpx352M5WnKKnVP4A+fzByrUkc0=</latexit>u1

Today only 1D/2D translations (no rotations)
States:  

<latexit sha1_base64="XBEhC9PAJ9xfcAg/sxU0HG6eD2s=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSOWYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXmSuW6+YBftCfAqcWakgGaodvPvZjSNfCaBCqJ1y7FD6MREAaeCJbl2pFlI6JD0WctQSXymO/Hk4gSfGaWHvUCZJwFP1PmOmPhaj3zXVKZb6uVcKv6Xa0Xg3XRiLsMImKTTj7xIYAhwah/uccUoiJEhhCpudsV0QBShYExOTXCWT14l9cuic1Us3ZcK5buZHVl0gk7ROXLQNSqjCqqiGqLoFX2gT/RlvVlj69v6mZZmrFnPMVqA9fsHSbiq4g==</latexit>

x0,x1, . . . ,xt 2 Rn …. 6DOF robot’s poses (no map for now)  
Actions: 

<latexit sha1_base64="J54867sx+9uZZWs25gdz82tWZJM=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwIWVGinZZcKO7KvYBbS2ZNNOGZjJDckcow/yKG3/FjQtFuhN/xkzbRW09EHI4597k3uNFgmtwnG8rt7a+sbmV3y7s7O7tH9iHRw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3ugm85vPTGkeykcYR6wbkIHkPqcEjNSzK52AwNDzkzjtJW56gTv9ELS5FmRIcYfLmUSJSB7Sp6DQs4tOyZkCrxJ3TopojlrPnpinaRwwCVQQrduuE0E3IQo4FSwtdGLNIkJHZMDahkoSMN1Nphum+MwofeyHyhwJeKoudiQk0HoceKYym1Ive5n4n9eOwa90Ey6jGJiks4/8WGAIcRYX7nPFKIixIYQqbmbFdEgUoWBCzUJwl1deJY3LkntVKt+Xi9W7eRx5dIJO0Tly0TWqoltUQ3VE0Qt6Qx/o03q13q0vazIrzVnznmP0B9bPLy7jpCo=</latexit>

u1, . . . ,ut 2 Rm …. generated by external source
Measurements:  

<latexit sha1_base64="HzXJf8GaHQHTYpJxwLZAir6O7xE=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSPUYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXka5rr5gl20J8CrxJmRApqh2s2/m9E08pkEKojWLccOoRMTBZwKluTakWYhoUPSZy1DJfGZ7sSTixN8ZpQe9gJlngQ8Uec7YuJrPfJdU5luqZdzqfhfrhWBd9OJuQwjYJJOP/IigSHAqX24xxWjIEaGEKq42RXTAVGEgjE5NcFZPnmV1C+LzlWxdF8qlO9mdmTRCTpF58hB16iMKqiKaoiiV/SBPtGX9WaNrW/rZ1qasWY9x2gB1u8fT02q5Q==</latexit>

z0, z1, . . . , zt 2 Rk …. comes from variety of sensors

x* = arg max
x

p(x |z, u) = arg max
x0…xt

p(x0…xt |z1…zt, u1…ut)MAP: 2. Optimize poses



Satelite navigation (GPS/GNSS)zGPS
t ………

……… ???<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt

p(zGPS
t |xt) = 𝒩(zGPS

t ; xt, ΣGPS
t )Assumption:

x*t = arg max
xt

p(xt |zt)MAP:

Localisation from GPS measurements only in single time instance

= arg max
xt

p(xt |zGPS
t )

Assume only gps measurement in time t is known
Aposterior pdf

1. Construct p(x|z)



= arg max
xt

p(xt |zGPS
t )

Assume only gps measurement in time t is known

= arg max
xt

p(zGPS
t |xt) p(xt)
p(zGPS

t )

Bayes theorem

= arg max
xt

p(zGPS
t |xt)

Uniform prior

xt

p(xt)

x
zGPS

t

Localisation from GPS measurements only in single time instance

Aposterior pdf

likelihood prior

normalization

x*t = arg max
xt

p(xt |zt)MAP:

p(zGPS
t |xt) = 𝒩(zGPS

t ; xt, ΣGPS
t )Assumption:



= arg max
xt

p(xt |zGPS
t )

Assume only gps measurement in time t is known

= arg max
xt

p(zGPS
t |xt) p(xt)
p(zGPS

t )

Bayes theorem

= arg max
xt

p(zGPS
t |xt)

Uniform prior

xt

p(xt)

x
zGPS

t

= arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )

Normal measurement prob. (likelihood)

Localisation from GPS measurements only in single time instance

What is the most probable ?x⋆

Aposterior pdf

likelihood prior

normalization

p(zGPS
t |xt)

xt

x*t = arg max
xt

p(xt |zt)MAP:

p ( z G P S
t | x t ) = 𝒩 ( z G P S

t ; x t , Σ G P S
t )



= arg max
xt

p(xt |zGPS
t )

Assume only gps measurement in time t is known

= arg max
xt

p(zGPS
t |xt) p(xt)
p(zGPS

t )

Bayes theorem

= arg max
xt

p(zGPS
t |xt)

Uniform prior

xt

p(xt)

x
zGPS

t

= arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )

Normal measurement prob. (likelihood)

Localisation from GPS measurements only in single time instance

What is the most probable ?x⋆

Aposterior pdf

likelihood prior

normalization

p(zGPS
t |xt)

xt

Measurements  are normally  
distributed around the true position 

zGPS
t

xt

= arg max
xt

𝒩(xt; zGPS
t , ΣGPS

t )

True positions  are normally  
distributed around measurement 

xt
zGPS

t

Correct way

Incorrect but visualization friendly way

x*t = arg max
xt

p(xt |zt)MAP:



x
zGPS

t xt

= arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )𝒩(xt; x0, Σ0)

p(zGPS
t |xt)

= arg max
xt

p(zGPS
t |xt) p(xt)
p(zGPS

t )
= arg max

xt

p(zGPS
t |xt)p(xt)

Bayes theorem Normal prior and likelihood

p(xt)

x
x0

= arg min
xt

(xt − zGPS
t )2 1

ΣGPS
t

+ (xt − x0)2 1
Σ0

x*

Localisation from GPS measurements only in single time instance

= arg max
xt

p(xt |zGPS
t )

Assume only gps measurement in time t is known

x*t = arg max
xt

p(xt |zt)MAP:



= arg min
xt

∥xt − zGPS
t ∥2 + ∥xt − x0∥2

x⋆

Example: 2D Localisation from GPS measurements only in single time instance

ΣGPS
t = Σ0 = [1 0

0 1]
∥xt − x0∥2

∥xt − zGPS
t ∥2

1 2 3

1

2

3

zGPS
t = [1,2]⊤, x0 = [3,3]⊤

zGPS
t

x0

The result is linear least squares 
with closed-form solution

A = [1,0; 0,1; 1,0; 0,1]
b = [1; 2; 3; 3]
x = pinv(A)*bxt

= arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )𝒩(xt; x0, Σ0)

= arg min
xt

(xt − zGPS
t )⊤ΣGPS

t
−1(xt − zGPS

t ) + (xt − x0)⊤Σ−1
0 (xt − x0)



= arg min
xt

∥xt − zGPS
t ∥2 + ∥xt − x0∥2

x⋆

ΣGPS
t = Σ0 = [1 0

0 1]
∥xt − x0∥2

∥xt − zGPS
t ∥2

1 2 3

1

2

3

zGPS
t = [1,2]⊤, x0 = [3,3]⊤

zGPS
t

x0

= arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )𝒩(xt; x0, Σ0)

= arg min
xt

(xt − zGPS
t )⊤ΣGPS

t
−1(xt − zGPS

t ) + (xt − x0)⊤Σ−1
0 (xt − x0)

Example: 2D Localisation from GPS measurements only in single time instance

xt

Who remembers Hook’s law  
of an ideal spring?

F = ???

contraction 
force

x − x0

deformation



= arg min
xt

∥xt − zGPS
t ∥2 + ∥xt − x0∥2

x⋆

ΣGPS
t = Σ0 = [1 0

0 1]
∥xt − x0∥2

∥xt − zGPS
t ∥2

1 2 3

1

2

3

zGPS
t = [1,2]⊤, x0 = [3,3]⊤

zGPS
t

x0

= arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )𝒩(xt; x0, Σ0)

= arg min
xt

(xt − zGPS
t )⊤ΣGPS

t
−1(xt − zGPS

t ) + (xt − x0)⊤Σ−1
0 (xt − x0)

Example: 2D Localisation from GPS measurements only in single time instance

xt

Who remembers Hook’s law  
of an ideal spring?

F =x − x0

deformation
contraction 

force

k ⋅ (x − x0)

E =
1
2

⋅ k ⋅ (x − x0)2conserved energy:



= arg min
xt

∥xt − zGPS
t ∥2 + ∥xt − x0∥2

x⋆

ΣGPS
t = Σ0 = [1 0

0 1]
∥xt − x0∥2

∥xt − zGPS
t ∥2

1 2 3

1

2

3

zGPS
t = [1,2]⊤, x0 = [3,3]⊤

zGPS
t

x0

= arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )𝒩(xt; x0, Σ0)

= arg min
xt

(xt − zGPS
t )⊤ΣGPS

t
−1(xt − zGPS

t ) + (xt − x0)⊤Σ−1
0 (xt − x0)

x0

Least squares solution

xt

Example: 2D Localisation from GPS measurements only in single time instance

Equilibrium of mechanical machine 
(i.e. state with minimum energy)

conserved energy:
E =

1
2

⋅ k ⋅ ∥xt − x0∥2

xt

+
1
2

⋅ k ⋅ ∥xt − zGPS
t ∥2



= arg min
xt

∥xt − zGPS
t ∥2 + ∥xt − x0∥2

x⋆

ΣGPS
t = Σ0 = [1 0

0 1]
∥xt − x0∥2

∥xt − zGPS
t ∥2

1 2 3

1

2

3

zGPS
t = [1,2]⊤, x0 = [3,3]⊤

zGPS
t

x0

= arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )𝒩(xt; x0, Σ0)

= arg min
xt

(xt − zGPS
t )⊤ΣGPS

t
−1(xt − zGPS

t ) + (xt − x0)⊤Σ−1
0 (xt − x0)

x0
xtxt

Example: 2D Localisation from GPS measurements only in single time instance

Equilibrium of mechanical machine 
(i.e. state with minimum energy)

Least squares solution

conserved energy:
E =

1
2

⋅ k ⋅ ∥xt − x0∥2+
1
2

⋅ k ⋅ ∥xt − zGPS
t ∥2



= arg min
xt

∥xt − zGPS
t ∥2 + ∥xt − x0∥2

x⋆ ΣGPS
t = [1 0

0 1]= arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )𝒩(xt; x0, Σ0)

= arg min
xt

(xt − zGPS
t )⊤ΣGPS

t
−1(xt − zGPS

t ) + (xt − x0)⊤Σ−1
0 (xt − x0)

Example: 2D Localisation from GPS measurements only in single time instance

What kind of optimizer am I using?

E =
1
2

⋅ 1 ⋅ ∥xt − x0∥2+
1
2

⋅ 1 ⋅ ∥xt − zGPS
t ∥2

Σ0 = [1 0
0 1]

What happens if I decrease covariance of the GPS measurement?



Example: 2D Localisation from GPS measurements only in single time instance

= arg min
xt

3∥xt − zGPS
t ∥2 + ∥xt − x0∥2

x⋆ = arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )𝒩(xt; x0, Σ0)

= arg min
xt

(xt − zGPS
t )⊤ΣGPS

t
−1(xt − zGPS

t ) + (xt − x0)⊤Σ−1
0 (xt − x0)

ΣGPS
t = [1/3 0

0 1/3]
E =

1
2

⋅ 1 ⋅ ∥xt − x0∥2+
1
2

⋅ 3 ⋅ ∥xt − zGPS
t ∥2

Σ0 = [1 0
0 1]

One spring is stronger than the other



1 2 3

1

2

3

ΣGPS
t , Σ0

∥xt − zGPS
t ∥2

ΣGPS
t

∥xt − x0∥2
Σ0

= arg min
xt

(xt − zGPS
t )⊤ΣGPS

t
−1(xt − zGPS

t ) + (xt − x0)⊤Σ−1
0 (xt − x0)

Example: 2D Localisation from GPS measurements only in single time instance

The result is linear least squares 
with closed-form solution

xt

= arg min
xt

∥xt − zGPS
t ∥2

ΣGPS
t

+ ∥xt − x0∥2
Σ0

x⋆ = arg max
xt

𝒩(zGPS
t ; xt, ΣGPS

t )𝒩(xt; x0, Σ0) zGPS
t = [1,2]⊤, x0 = [3,3]⊤

Stiffness of springs is orientation-specific



1 2 3

1

2

3

∥xt − zGPS
t ∥2

ΣGPS
t

∥xt − x0∥2
Σ0

Example: 2D Localisation from GPS measurements only in single time instance

xt

x⋆ = arg min
xt

∥xt − zGPS
t ∥2

ΣGPS
t

+ ∥xt − x0∥2
Σ0

Two terms => two springs with orientation-dependent stiffness



1 2 3

1

2

3

∥xt − zGPS
t ∥2

ΣGPS
t

∥xt − x0∥2
Σ0

Example: 2D Localisation from GPS measurements only in single time instance

xt Adding more measurements …

x⋆ = arg min
xt

∥xt − zGPS
t ∥2

ΣGPS
t

+ ∥xt − x0∥2
Σ0

Two terms => two springs with orientation-dependent stiffness



1 2 3

1

2

3

xt

Example: 2D Localisation from GPS measurements only in single time instance

∥xt − zGPS
t ∥2

ΣGPS
t

∥xt − x0∥2
Σ0

∥xt − zGPS′￼

t ∥2
ΣGPS′￼

t

Adding more measurements …

x⋆ = arg min
xt

∥xt − zGPS
t ∥2

ΣGPS
t

+ ∥xt − x0∥2
Σ0

+∥xt − zGPS′￼

t ∥2
ΣGPS′￼

t

Three terms => three springs with orientation-dependent stiffness



x⋆ = arg min
xt

∥xt − zGPS1
t ∥2

ΣGPS1
t

+ ∥xt − zGPS2
t ∥2

ΣGPS2
t

+ ∥xt − zGPS3
t ∥2

ΣGPS3
t

Satelite navigation (GPS/GNSS)



x⋆ = arg min
xt

∥xt − zGPS1
t ∥2

ΣGPS1
t

+ ∥xt − zGPS2
t ∥2

ΣGPS2
t

+ ∥xt − zGPS3
t ∥2

ΣGPS3
t

Satelite navigation (GPS/GNSS)

ΣGPS3
t ... big ΣGPS3

t ... small



x⋆ = arg min
xt

∥xt − zGPS1
t ∥2

ΣGPS1
t

+ ∥xt − zGPS2
t ∥2

ΣGPS2
t

+ ∥xt − zGPS3
t ∥2

ΣGPS3
t

Satelite navigation (GPS/GNSS)

The correct way of thinking …Better way for visualization …



Multiple time instances

Absolute pose measurement (e.g. GPS)
+

Relative pose measurement (e.g.odometry from wheels/IMU/camera/lidar)
+



x⋆
1 , x⋆

2

1 2 3

1

2

3

zGPS
1

zGPS
2

x2

x1 + zodom
12

The result is linear least squares 
problem with closed-form solution

2D Localisation in multiple time instances from GPS+odom

=???

x1



= arg max
x1,x2

p(x1, x2 |zGPS
1 , zGPS

2 , zodom
12 )

Assume only two absolute gps measurements and one relative odom. measurement

= arg max
x1,x2

p(zGPS
1 , zGPS

2 , zodom
12 |x1, x2) p(x1, x2)

p(zGPS
1 , zGPS

2 , zodom
12 )

Bayes theorem

= arg max
xt

p(zGPS
1 , zGPS

2 , zodom
12 |x1, x2)

Uniform prior

= arg max
x1,x2

𝒩(zGPS
1 ; x1, ΣGPS

1 )𝒩(zGPS
2 ; x2, ΣGPS

2 )𝒩(zodom
12 ; x2 − x1, Σodom

12 )

Normal likelihood

= arg min
x1,x2

∥x1 − zGPS
1 ∥2

ΣGPS
1

+ ∥x2 − zGPS
2 ∥2

ΣGPS
2

+ ∥x2 − x1 − zodom
12 ∥2

Σodom
12

2D Localisation in multiple time instances from GPS+odom

= arg max
xt

p(zGPS
1 |x1) ⋅ p(zGPS

2 |x2) ⋅ p(zodom
12 |x1, x2)

Conditional Independence

unrealistic but useful

x⋆
1 , x⋆

2



x⋆

1 2 3

1

2

3

zGPS
1

zGPS
2

x2

x1 + zodom
12

x1

The result is linear least squares 
problem with closed-form solution

2D Localisation in multiple time instances from GPS+odom

= arg min
x1,x2

∥x1 − zGPS
1 ∥2

ΣGPS
1

+ ∥x2 − zGPS
2 ∥2

ΣGPS
2

+ ∥x2 − x1 − zodom
12 ∥2

Σodom
12



x⋆

1 2 3

1

2

3

zGPS
1

zGPS
2

x2

x1 + zodom
12

x1

The result is linear least squares 
problem with closed-form solution

unary
= arg min

x1,x2

∥x1 − zGPS
1 ∥2

ΣGPS
1

+ ∥x2 − zGPS
2 ∥2

ΣGPS
2

+ ∥x2 − x1 − zodom
12 ∥2

Σodom
12

2D Localisation in multiple time instances from GPS+odom



x⋆

1 2 3

1

2

3

zGPS
1

zGPS
2

x2

x1 + zodom
12

x1

The result is linear least squares 
problem with closed-form solution

unary unary
= arg min

x1,x2

∥x1 − zGPS
1 ∥2

ΣGPS
1

+ ∥x2 − zGPS
2 ∥2

ΣGPS
2

+ ∥x2 − x1 − zodom
12 ∥2

Σodom
12

2D Localisation in multiple time instances from GPS+odom



x⋆

1 2 3

1

2

3

zGPS
1

zGPS
2

x2

x1 + zodom
12

x1

The result is linear least squares 
problem with closed-form solution

unary unary pair-wise
= arg min

x1,x2

∥x1 − zGPS
1 ∥2

ΣGPS
1

+ ∥x2 − zGPS
2 ∥2

ΣGPS
2

+ ∥x2 − x1 − zodom
12 ∥2

Σodom
12

2D Localisation in multiple time instances from GPS+odom



x⋆

1 2 3

1

2

3

zGPS
1

zGPS
2

x1 + zodom
12

x1

x2

The result is linear least squares 
problem with closed-form solution

unary unary pair-wise
= arg min

x1,x2

∥x1 − zGPS
1 ∥2

ΣGPS
1

+ ∥x2 − zGPS
2 ∥2

ΣGPS
2

+ ∥x2 − x1 − zodom
12 ∥2

Σodom
12

2D Localisation in multiple time instances from GPS+odom



Mechanical machine example

xt …robot poses

∑
t

∥xt − zGPS
t ∥2

ΣGPS
t … GPS loss

∥x2 + zodom
12 − x2∥2

Σodom
t

… odom loss

zGPS
t …GPS measurement

zodom
t …odometry measurements

x⋆
unary unary pair-wise

= arg min
x1,x2

∥x1 − zGPS
1 ∥2

ΣGPS
1

+ ∥x2 − zGPS
2 ∥2

ΣGPS
2

+ ∥x2 − x1 − zodom
12 ∥2

Σodom
12



What happens to resulting loss if GPS and odom are inconsistent?

consistent inconsistent 
odom rotated by 90degs odom rotated by180degs

more inconsistent 

loss_opt= 18.28627loss_opt= 10.972076loss_opt= 0.002646

Does it happen to humans?



Motion sickness Why does the body react so weirdly?

https://friendsofwords.com/2023/01/24/why-i-dont-agree-with-enjoy-the-journey-not-the-destination/ https://www.reddit.com/r/comics/comments/gsn4u1/fun_guys/





real world physical inconsistencies



Satelite navigation (GPS/GNSS) + Odometry (IMU)

x⋆ = arg min
xt

∥x1 − zGPS
1 ∥2

ΣGPS
1

+ ∥x2 − zGPS
2 ∥2

ΣGPS
2

+ ∥x2 + zodom
12 − x2∥2

Σodom
t

Each measurement has its own covariance that: 
(1) influences directional strength of springs 

(2) position of the MAP estimate solution



Motion model



Localisation in multiple time instances from actions and motion model

<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0

<latexit sha1_base64="q8eX0aG67aDYW5JS4O6Sx70sw1A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG91VsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmljc2t7p7xb2ds/ODyqHp90VWIkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gunt7nfe6JSsUQ86llKgxiPBYsYwdpKvh9jPQmjzMyH3rBac+vuAmideAWpQYH2sPrljxJiYio04VipgeemOsiw1IxwOq/4RtEUkyke04GlAsdUBdki8xxdWGWEokTaJzRaqL83MhwrNYtDO5lnVKteLv7nDYyOboKMidRoKsjyUGQ40gnKC0AjJinRfGYJJpLZrIhMsMRE25oqtgRv9cvrpHtV95r1xkOj1rov6ijDGZzDJXhwDS24gzZ0gEAKz/AKb45xXpx352M5WnKKnVP4A+fzByrUkc0=</latexit>u1
<latexit sha1_base64="d09PjZDcl8y+DIhNWF049bHT7mY=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0siRT0WvOitgrWFNoTNdtMu3WzC7qZQQv6JFw+KePWfePPfuGlz0NaBhWHmPd7sBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJxWnktAOiXksewFWlDNBO5ppTnuJpDgKOO0Gk9vC706pVCwWj3qWUC/CI8FCRrA2km/bgwjrcRBmae5n+sLNfbvuNJw50CpxS1KHEm3f/hoMY5JGVGjCsVJ910m0l2GpGeE0rw1SRRNMJnhE+4YKHFHlZfPkOTozyhCFsTRPaDRXf29kOFJqFgVmssiplr1C/M/rpzq88TImklRTQRaHwpQjHaOiBjRkkhLNZ4ZgIpnJisgYS0y0KatmSnCXv7xKni4b7lWj+dCst+7LOqpwAqdwDi5cQwvuoA0dIDCFZ3iFNyuzXqx362MxWrHKnWP4A+vzB7jok78=</latexit>ut�1

<latexit sha1_base64="GiOelRdbuIGCu9OluClm5G3DZjk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgRncV7APaWCbTSTt08mDmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjxVJotO1vq7Syura+Ud6sbG3v7O5V9w/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT69zvPHKlRRTe4zTmbkBHofAFo2ikh35Acez5aZINUswG1Zpdt2cgy8QpSA0KNAfVr/4wYknAQ2SSat1z7BjdlCoUTPKs0k80jymb0BHvGRrSgGs3naXOyIlRhsSPlHkhkpn6eyOlgdbTwDOTeUq96OXif14vQf/KTUUYJ8hDNj/kJ5JgRPIKyFAozlBODaFMCZOVsDFVlKEpqmJKcBa/vEzaZ3Xnon5+d15r3BZ1lOEIjuEUHLiEBtxAE1rAQMEzvMKb9WS9WO/Wx3y0ZBU7h/AH1ucPXPKTHA==</latexit>ut
<latexit sha1_base64="NyfuUNRI7EFcULQ9ltx39agd2Pk=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREinoseNFbBWsLbQib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uytr6xuVXdru3s7u0f2IdHTypOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcNoNJreF351SqVgsHvUsoV6ER4KFjGBtJN+2BxHW4yDM0tzP9IWb+3bdaThzoFXilqQOJdq+/TUYxiSNqNCEY6X6rpNoL8NSM8JpXhukiiaYTPCI9g0VOKLKy+bJc3RmlCEKY2me0Giu/t7IcKTULArMZJFTLXuF+J/XT3V442VMJKmmgiwOhSlHOkZFDWjIJCWazwzBRDKTFZExlphoU1bNlOAuf3mVPF023KtG86FZb92XdVThBE7hHFy4hhbcQRs6QGAKz/AKb1ZmvVjv1sditGKVO8fwB9bnD7Xck70=</latexit>ut+1

<latexit sha1_base64="+gZaFMSaWUIoeiZUZ9k3d9VEa/I=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQhJJIUZcFN7qrYB/QhjKZTtqhk0mYuSmWkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpv7nSlTmkfyEWYx80IykjzglICRBrbdDwmM/SB9ygYpXLjZwK46NWcOvErcglRRgebA/uoPI5qETAIVROue68TgpUQBp4JllX6iWUzohIxYz1BJQqa9dJ48w2dGGeIgUuZJwHP190ZKQq1noW8m85x62cvF/7xeAsGNl3IZJ8AkXRwKEoEhwnkNeMgVoyBmhhCquMmK6ZgoQsGUVTEluMtfXiXty5p7Vas/1KuN+6KOMjpBp+gcuegaNdAdaqIWomiKntErerNS68V6tz4WoyWr2DlGf2B9/gC6fZPA</latexit>xt+1
<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt

<latexit sha1_base64="r4Etbzahov/TFYeC0rPP8Y9gEzY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwY0mkqMuCG91VsA9oQ5lMJ+3QySTM3BRLyJ+4caGIW//EnX/jpM1CWw8MHM65l3vm+LHgGhzn2yqtrW9sbpW3Kzu7e/sH9uFRW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uc39zpQpzSP5CLOYeSEZSR5wSsBIA9vuhwTGfpA+ZYMULtxsYFedmjMHXiVuQaqoQHNgf/WHEU1CJoEKonXPdWLwUqKAU8GySj/RLCZ0QkasZ6gkIdNeOk+e4TOjDHEQKfMk4Ln6eyMlodaz0DeTeU697OXif14vgeDGS7mME2CSLg4FicAQ4bwGPOSKURAzQwhV3GTFdEwUoWDKqpgS3OUvr5L2Zc29qtUf6tXGfVFHGZ2gU3SOXHSNGugONVELUTRFz+gVvVmp9WK9Wx+L0ZJV7ByjP7A+fwC9iZPC</latexit>xt�1
<latexit sha1_base64="BMEKeOKCRxNDySp4Yv5byEmCZh0=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJmoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/uvktw=</latexit>x1 …

Actions: u1…ut (generated by external source)



Localisation in multiple time instances from actions and motion model

p(xt |xt−1, ut, xt−2, …, x0, ut−1, …, u1, zt−1, …, z1)State-transition prob.:

Actions: u1…ut (generated by external source)

future
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past future

Localisation in multiple time instances from actions and motion model
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p(xt |xt−1, ut) = p(xt |xt−1, ut, xt−2, …, x0, ut−1, …, u1, zt−1, …, z1)

p(xt |xt−1, ut, xt−2, …, x0, ut−1, …, u1, zt−1, …, z1)

xt = g(xt−1, ut) + ϵnoiseMotion model: (prior about robot’s behaviour)

Markov assumption:

State-transition prob.:

Actions: u1…ut (generated by external source)

Example: p(xt |xt−1, ut) = 𝒩(xt; g(xt−1, ut), Σg
t ) 𝒩(xt; xt−1 + ut, Σg

t )e.g. linear



GPS/GNSS + IMU motion 
model+

Localisation from GPS + IMU + actions

x* = arg max
x0…xt

p(x0…xt |z1…zt, u1…ut) = ???



x* = arg max
x0…xt

p(x0…xt |z1…zt, u1…ut)

= arg max
x0,…xt

∏
i

𝒩(zGPS
i ; xi, ΣGPS

i ) ∏
i

𝒩(zodom
i ; xi − xi−1, Σodom

i ) ∏
i

𝒩(xi; g(xi−1, ui), Σg
i )

Normal likelihoods + conditional independences

Localisation from actions + GPS + IMU

= arg min
x0,…xt

t

∑
i=1

∥xi − zGPS
i ∥2

ΣGPS
i

+
t

∑
i=1

∥xi − xi−1 − zodom
i ∥2

Σodom
i

+
t

∑
i=1

∥xi − g(xi−1, ui)∥2
Σg

i

Bayes theorem

= arg max
x0…xt

p(z1…zt |x0…xt, u1…ut)p(x0…xt |u1…ut)
p(z0…zt |u1…ut)

Conditional independence of z on u given x

= arg max
x0…xt

p(z1…zt |x0…xt) p(x0…xt |u1…ut)

= arg min
x0,…xt

∑
j

fj(x, z)2



GPS/GNSS + IMU

x⋆
1 , x⋆

2 = arg min
x1,x2

∥x1 − zGPS
1 ∥2

ΣGPS
1

+ ∥x2 − zGPS
2 ∥2

ΣGPS
2

+ ∥x2 + zodom
12 − x2∥2

Σodom
t

+ ∥g(x1, u2) − x2∥2
Σg

t

motion 
model+

xt ………. robot poses

∑
t

∥xt − zGPS
t ∥2

ΣGPS
t … GPS loss

∥x2 + zodom
12 − x2∥2

Σodom
t

… odom loss

∥g(x1, u2) − x2∥2
Σg

t … motion loss

zGPS
t ……… GPS measurement

zodom
t …..… odometry measurements

g(x1, u2) …motion model



Factor graph



p(x2|x1, u2) = Φ6(x1, x2) p(x3 |x2, u3) = Φ7(x2, x3)

Factor graph

p(zodom
2

|x2 − x2) = Φ4(x1, x2) p(zodom
3 |x3 − x2) = Φ5(x2, x3)

Design choices (Markov assumption, cond. independence) yielded sparse model

p(zGPS
3 |x3) = Φ3(x3)p(zGPS

1 |x1) = Φ1(x1)
p(zGPS

2 |x2) = Φ2(x2)

x⋆ = arg min
x0,…xt

∑
i

∥xi − zGPS
i ∥2

ΣGPS
i

+ ∑
i

∥xi − xi−1 − zodom
i ∥2

Σodom
i

+ ∑
i

∥xi − g(xi−1, ui)∥2
Σg

i

The structure can be more complicated (e.g. ternary terms, loop closers) 

unary pair-wise pair-wise
= arg max

x0,…xt
∏

i

p(zGPS
i |xi) ⋅ ∏

i

p(zodom
i |xi, xi−1) ⋅ ∏

i

p(xi |xi−1, ui)

x1

x2

x3

x⋆



Φ6(x1, x2)

Φ3(x3)

Factor graph

Φ4(x1, x2) Φ5(x2, x3)

Def: Factor graph is bipartite graph  with 𝒢 = {𝒰, 𝒱, ℰ}

Φ1(x1)
Φ2(x2)

Φ7(x2, x3)

x1

x2

x3

Two types of nodes: factors          and      variables . Φi ∈ 𝒰 xj ∈ 𝒱



Φ6(x1, x2)

Φ3(x3)

Factor graph

Φ4(x1, x2) Φ5(x2, x3)

Def: Factor graph is bipartite graph  with 

Two types of nodes: factors          and      variables . 

Edges  are always between factor nodes and variable nodes.

𝒢 = {𝒰, 𝒱, ℰ}
Φi ∈ 𝒰 xj ∈ 𝒱

eij ∈ ℰ

Φ1(x1)
Φ2(x2)

Φ7(x2, x3)

Φ8(x1, x2, x3) … e.g. ternary factor

x1

x2

x3



Φ6(x1, x2)

Φ3(x3)

Factor graph

Φ4(x1, x2) Φ5(x2, x3)

Φ1(x1)
Φ2(x2)

Φ7(x2, x3)

Convenient visualisation of the (sparse) problem structure

x⋆
0 …x⋆

t = arg max
x0…xt

∏
i

Φi(Xi) = arg min
x0…xt

∑
i

− log(Φi(Xi))
Simple formulation of MAP estimation problem in negative log-space

Optimisation (continuous var. => local gradient opt., discr. var. => graph search)
Sampling of                 (MCMC Gibbs sampling, ancestral sampling for dir. acyclic) p(x0…xt)

x1

x2

x3

If factors are linear => closed-form solution available (e.g. LS, KF)



Factor graph
Convenient visualisation of the (sparse) problem structure

x⋆
0 …x⋆

t = arg max
x0…xt

∏
i

Φi(Xi) = arg min
x0…xt

∑
i

− log(Φi(Xi))
Simple formulation of MAP estimation problem in negative log-space

Optimisation (continuous var. => local gradient opt., discr. var. => graph search)
Sampling of                 (MCMC Gibbs sampling, ancestral sampling for dir. acyclic) p(x0…xt)

Graphical model useful for MAP estimation:

SLAM

optimal control

tracking

self-supervised learning

…

If factors are linear => closed-form solution available (e.g. LS, KF)



Summary
Understand localisation problem in robotics as MAP estimate of unknown variables

Model state-transition probability for linear and nonlinear motion models
Model measurement probability of simplified relative and absolute measurements

Write down optimisation criterion in negative log-space for gaussian prob. distr.
Solve underlying opt. problem using least squares / gradient descend algorithm  

in your favourite optimisation tool (MATLAB, Scipy, Pytorch, Julia, Mosek)
Next lecture: Adds rotation and solve the optimization in SE(2) manifold


