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9.A: Regularized risk minimization

� RRM learning problems have been translated to a convex optimization

w∗ = argmin
w∈Rn

F (w) where F (w) = λΩ(w) +R(w)

and Ω: Rn → R and R : Rn → R are convex functions.

Remarks:
� The regularizer Ω is often a simple function like e.g. Ω(w) = 1

2‖w‖
2
2 or Ω(w) = ‖w‖1.

while the risk R is a complicated non-differentiable function.

� We describe two modular solvers:
• Bundle Method for Risk Minimization applicable if λ > 0 and Ω(w) is twice
differentiable, e.g. Ω(w) = 1

2‖w‖
2. Requires 1st order oracle computing R(w) and

R′(w).
• Analytic Center Cutting Plane Method. Requires 1st order oracle computing F (w)

and F ′(w).

� Remark: the bottleneck of the solver is typically evaluation of the 1st order oracle.
Speed up via parallelization.

http://cmp.felk.cvut.cz
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9.A: BMRM: replacing the risk by its cutting plane model

� The complicated risk function R(w) is sampled in points w0, . . . ,wt−1 and
approximated by its cutting plane model

Rt(w) = max
i=0,...,t−1

[
R(wi) + 〈R′(wi),w −wi〉

]
where R′(wi) ∈ ∂R(wi) is a sub-gradient of R at point wi.

� Each affine term (cutting plane) is by definition a linear under-estimator of R at wi, i.e:

R(w) ≥ R(wi) + 〈R′(wi),w −wi〉 w ∈ Rn

� The cutting plane model Rt is thus a piece-wise linear lower bound of R which is tight
at the approximation points wi, i = 0, . . . , t− 1, i.e.

R(w) ≥ Rt(w) , w ∈ Rn
R(wi) = Rt(wi) , i = 0, . . . , t− 1

http://cmp.felk.cvut.cz
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9.A: BMRM: visualization of the cutting plane model

R(w)

w2w1 w0

R3(w) = max{r0(w), r1(w), r2(w)}

r2(w) = R(w2) +R′(w2)(w − w2)

r0(w) = R(w0) +R′(w0)(w − w0) r1(w) = R(w1) +R′(w1)(w − w1)

http://cmp.felk.cvut.cz
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9.A: BMRM: master problem and reduced problem

� The (original) master problem

w∗ = argmin
w∈Rn

F (w) where F (w) = λΩ(w) +R(w)

is approximated by a reduced problem

wt = argmin
w∈Rn

Ft(w) where Ft(w) = λΩ(w) +Rt(w)

and Rt(w) is the cutting plane

Rt(w) = max
i=0,...,t−1

[
R(wi) + 〈R′(wi),w −wi〉

]
� Checking whether the approximation is tight: The inequalities
F (wt) ≥ F (w∗) ≥ Ft(wt) can be used to construct a stopping condition

F (wt)− Ft(wt) ≤ ε

which, if satisfies, implies that F (wt) ≤ F (w∗) + ε.

http://cmp.felk.cvut.cz
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9.A: BMRM: the algorithm

Algorithm 1 Bundle Method for Risk Minimization

1: Initialization: t := 0, wt ∈ Rn

2: Call the first order oracle: to compute R(wt) and its sub-gradient R′(wt) at the
current estimate wt

3: Update the CP model: Rt(w) = maxi=0,...,t−1

[
R(wi) + 〈R′(wi),w −wi〉

]
by

adding a new cutting plane R(wt) + 〈R′(wt),w −wt〉

4: Solve the reduced problem:

wt+1 = argmin
w∈Rn

[
λΩ(w) +Rt+1(w)

]

5: Stopping condition: If R(wt)−Rt(wt) ≤ ε then exit otherwise increase the counter
t← t+ 1 and go to Step 2.

http://cmp.felk.cvut.cz
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9.A: BMRM: example of convergence

Ft(wt)

iteration

F (wt)

Remark: the value of the reduced problem increases monotonically (the increment can be
bounded by a function of ε) while the primal value can oscillate.

http://cmp.felk.cvut.cz
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9.A: BMRM: how to solve the reduced problem

� Let us introduce a matrix A = [a0, . . . ,at−1] ∈ Rn×t with columns ai = R′(wi) and a
vector b = [b0, . . . , bt−1] with components bi = R(wi)− 〈R′(wi),wi〉.

� The reduced problem can be expressed as

wt = argmin
w∈Rn,ξ∈R

[
λΩ(w) + ξ

]
s.t. ξ ≥ 〈w,ai〉+ bi , i ∈ {0, . . . , t− 1}

� The dual of the reduced problem reads

αt = argmax
α∈Rt

[
− λΩ∗(−λ−1Aα) + 〈α, b〉

]
s.t. ‖α‖1 = 1,α ≥ 0

where Ω∗ : Rn → Rt is a convex conjugate of the regularizer

Ω∗(α) = sup
w∈Rn

(
〈w,α〉 − Ω(w)

)

http://cmp.felk.cvut.cz
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9.A: BMRM: reduced problem for quadratic regularizer

For quadratic regularizer Ω(w) = 1
2‖w‖

2
2 the convex conjugate is Ω∗(α) = 1

2‖α‖
2
2 and the

dual problem

αt = argmax
α∈Rt

[
− λΩ∗(−λ−1Aα) + 〈α, b〉

]
s.t. ‖α‖1 = 1,α ≥ 0

becomes
αt = argmax

α∈Rt

[
− 1

2λ
‖Aα‖22 + 〈α, b〉

]
s.t. ‖α‖1 = 1,α ≥ 0

and the primal solution can be obtained by wt = −1
λAαt.

Remarks:

� The dual is the same regardless the risk function.

� The number of variables is proportional to the number of iterations (typically
hundreds), i.e. does not depend on the number of (primal) parameters which can be
very high in practice.

� It can be solved by off-the-shelf QP solvers.

http://cmp.felk.cvut.cz
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9.A: BMRM: Convergence guarantees

Assume that

1. F (w) ≥ 0 for all w ∈ Rn

2. maxg∈∂R(w) ‖g‖2 ≤ G for all w ∈ {w0, . . . ,wt−1}

3. Ω∗ is twice differentiable and has bounded curvature, i.e. ‖∂2Ω∗(α)‖ ≤ H∗ for all
α ∈ {µ′ ∈ Rt | µ′ = λ−1Aα, ‖α‖1 = 1,α ≥ 0} where ∂2Ω∗(α) is the Hessian of Ω∗

at α.

In this case, for any ε < 4G2H∗/λ the BMRM algorithm converges after at most the
following number of iterations

T ≤ max

{
0, log2

λF (0)

G2H∗

}
+

8G2H∗

λ ε
− 1

Remarks:
� For Ω(w) = 1

2 we have H∗ = 1
2.

� For margin-rescaling loss G ≤ maxi∈{1,...,m}maxy∈Y,y′∈Y ‖Ψ(xi,y)−Ψ(xi,y
′)‖2 .

� λ→ 0 is a problem.

http://cmp.felk.cvut.cz


11/18

9.B: Analytic Center Cutting-Plane Method:
Problem formulation

� Let W∗ be a set of solutions of an unconstrained convex problem, i.e.

W∗ = argmin
w∈Rn

F (w)

where F : Rn → R is a convex function, namely, F (w) = λΩ(w) +R(w) with λ = 0
allowed.

� Problem: Find a point in a convex set W∗ ⊆ Rn.

� The set W∗ is accessed via the cutting plane oracle which for given wt ∈ Rn either
answers wt ∈ W∗ or it returns a cutting plane

{w ∈ Rn | 〈w,a〉 = b}

separating wt from W∗, i.e.

〈w,a〉 ≤ b , w ∈ W∗ and 〈wt,a〉 ≥ b

� The cutting plane is neutral if 〈wt,a〉 = b and deep if 〈wt,a〉 > b.

http://cmp.felk.cvut.cz
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9.B: ACCPM: cutting plane for unconstrained minimization

� Let gt ∈ ∂F (wt) be a sub-gradient at wt, then

F (w) ≥ F (wt) + 〈gt,w −wt〉 , w ∈ Rn

� It is seen that

F (wt) + 〈gt,w −wt〉 > F (wt) ⇒ F (w) > F (wt) ≥ F (w∗)

i.e. points w satisfying 〈gt,w −wt〉 > 0 cannot be in W∗ and thus
{w ∈ Rn | 〈gt,w −wt〉 = 0} is a neutral CP separating wt from W∗, i.e.

〈gt,w −wt〉 ≤ 0 , w ∈ W∗

� Given F bst
t , the so far best estimate of the optimal value F (w∗), we see that

F (wt) + 〈gt,w −wt〉 > F bst
t ⇒ F (w) > F bst

t ≥ F (w∗)

and thus {w ∈ Rn | F (wt) + 〈gt,w −wt〉 = F bst
t } is a deep cutting plane if

F (wt) > F bst
t which separates wt from W∗, i.e.

F (wt) + 〈gt,w −wt〉 ≤ F bst
t , w ∈ W∗

http://cmp.felk.cvut.cz
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9.B: ACCPM: the algorithm

Initialization:
� Start from an initial polyhedron W0 = {w ∈ Rn | Cw ≤ d}, C ∈ Rp×n, b ∈ Rn,
chosen such that such that W∗ ⊆ W0 and W0 is bounded. For example, W0 can be
constructed from the box constraints

−B ≤ wi ≤ B , i ∈ {1, . . . , n}

where B > 0 is sufficiently large (B can be chosen iteratively).

Loop (t = 0, 1, . . .)

1. Select a query point wt+1 ∈ Wt as the analytic center of Wt which is defined as

wt+1 = argmin
w∈Rn

[
−

t∑
i=1

log(bi − 〈ai,w〉)−
p∑
i=1

log(di − 〈w, ci〉)
]
.

2. Call the cutting plane oracle at wt+1

3. If wt+1 ∈ W∗ then exit otherwise add the new cutting plane

Wt+1 =Wt ∪ {w ∈ Rn | 〈w,at+1〉 ≤ bt+1}

http://cmp.felk.cvut.cz


14/18
9.B: ACCPM: analytic center of polyhedron

� An analytic center of a polyhedron

Wt = {w ∈ Rn | 〈w,ai〉 ≤ bi , i ∈ {1, . . . , t} ∧ 〈w, ci〉 ≤ di, i ∈ {1, . . . , p}}

is defined as the minimum of a convex function

G(w) = −
t∑
i=1

log(bi − 〈ai,w〉)−
p∑
i=1

log(di − 〈w, ci〉)

which is high for w close to the boundary of W and ∞ for w /∈ W.
� It can be minimized by two phase Newton method or infeasible start Newton method.
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9.B: ACCPM: the stopping condition

� We can approximate the objective F (w) by its cutting plane model

Ft(w) = max
i∈{1,...,t}

[
〈gi,w −wi〉+ F (wt)

]
using the accumulated sub-gradients gi,∀i and function values F (wi), ∀i.

� A lower bound of F (w∗) can be obtained by solving

min
w∈Rn

Ft(w) s.t. Cw ≤ d

which is equivalent to a linear program

min
λ∈R,w∈Rn

λ s.t.
{
F (wi) + 〈gi,w −wi〉 ≤ F bst

i , i = 1, . . . , t
Cw ≤ d

� The dual LP reads

max
α∈Rt+,β∈R

p
+

[ t∑
i=1

αi
(
F (wi)−〈gi,wi〉

)
−

p∑
i=1

βidi

]
s.t.


t∑
i=1

αi = 1

t∑
i=1

αigi +

p∑
i=1

βici = 0

http://cmp.felk.cvut.cz
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9.B: ACCPM: the stopping condition

� A feasible point of the dual can be obtained as a byproduct of solving the analytic
center problem for a set of constraints

F (wi) + 〈gi,w −wi〉 ≤ F bst
i , i ∈ {1, . . . , t}

〈ci,w〉 ≤ di , i ∈ {1, . . . , p}

which is a minimum of a convex function

G(w) = −
t∑
i=1

log(F bst
i − F (wi)− 〈gi,w −wi〉)−

p∑
i=1

log(di − 〈ci,w〉)

� The optimality condition for ∇G(w) = 0 reads

t∑
i=1

gi
F bst
i − F (wi)− 〈gi,w −wi〉

+

p∑
i=1

ci
di − 〈ci,w〉

= 0

� Let γi = F bst
i − F (wi)− 〈gi,w −wi〉 and z =

∑t
i=1

1
γi
. Then a feasible point of the

LP dual is

αi =
1

γiz
, i ∈ {1, . . . , t} and βi =

di − 〈ci,w〉
z

, i ∈ {1, . . . , p}

http://cmp.felk.cvut.cz
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9.B: ACCPM: the stopping condition

� A lower bound Lt ≤ F (w∗) can be computed by evaluating the LP dual for the feasible
point, i.e.

Lt =

t∑
i=1

αi
(
F (wi)− 〈gi,wi〉

)
−

p∑
i=1

βidi

� Let F bst
t = mini∈{1,...,t}F (wi) and wbst

t be the best so far value and the solution,
respectively.

� Let Lbst
t = maxi∈{1,...,t}Lt the best so far lower bound.

� The stopping condition F bst
t − Lbst

t ≤ ε guarantees that wbst
t is the ε-optimal solution,

i.e.
F (wbst

t ) ≤ F (w∗) + ε

http://cmp.felk.cvut.cz
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9.B: Numerical comparison of BMRM and ACCPM

� Learning max-sum classifier with sub-modular potentials and grid neighborhood
structure.

� Input is RGB image and output are labels (ground/sky/cow) for each pixel.
� Number of parameters: 28 = 10 (unary potentials) + 2 · 32 (pair-wise potentials)
� Training examples: 10 × image 312× 320 pixels

http://cmp.felk.cvut.cz


R(w)

w2w1 w0

R3(w) = max{r0(w), r1(w), r2(w)}

r2(w) = R(w2) +R′(w2)(w − w2)

r0(w) = R(w0) +R′(w0)(w − w0) r1(w) = R(w1) +R′(w1)(w − w1)



Ft(wt)

iteration

F (wt)
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