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8.B: Structured output SVM
¢ Convex surrogates of the empirical risk

¢ Risk surrogates for the max-sum classifier
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8.B: Structured Output Support Vector Machines C

¢ Given training examples 7 = {(z*,y") € X x Y | i € I}, the goal is to learn param
w € R™ of a general linear classifier

h(x;w) = argmax <w, U (x, y)>
yey

where : X x VY — R" is fixed feature map.
¢ Regularized empirical risk minimization based learning leads to solving

w” = argmin ()\ Qw) + Rr(w)
wERN ~—~— N——
regularizer  surrogate of

empirical risk

where Q: R” — R is a (convex) regularizer and R7: R” — R is a surrogate of the

empirical risk
™m
2 Uy hia'w)

and /: Y x Y — [0,00) such that ¢(y,y’) = 0 iff y = ¢’ is the loss.

Rr(h -

3|H

Questions:
¢ How to construct the surrogate R+ for a generic linear classifier and loss ?
¢ How to solve the risk minimization problem ?
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A loss of the linear classifier h(x; w) on (x?,y*) can be upper-bounded by a convex function:

Uy' h(z'w)) = maxi(y’ y)[max(w, P(z',y)) — (w,¥(z',y)) <0]
< iﬂg§§5(y Y)[(w, ¥(z',y")) — (w, T(z', y)) < 0]
< max/(y',y) max{0,1 - (w, ¥(2',y")) + (w, ¥(z',y))}
= max((y'y) |1~ (w, (' y) + (w, L' y))]
= é(w,yi,fw).

Remark: The slack-rescaling loss is non-zero if the margin of incorrect label
v = {(w, ¥(x',y")) — (w, ®(x', y)) is less than 1.

Learning: RRM leads to a convex problem w* = argmin,, cpn [Aﬂ(w) + }?T(w)} where

m

%Z (=", 9", w) ;L r;lgy(y y){l—<w,‘1’(wi,y"')>+<w,‘1’(fvi,y)>}
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RRM with the slack-rescaling loss is scaling invariant. Let /°¢ = K¢, K > 0 be a scaled
version of the loss £. Then

w w

m )\ m o o
w* = argmin [ Z ', y"; w ] = argmin [EQ(w) + Zﬁsc(aﬂ,yz,w)]

First order oracle: compute the value /(z?, y*, w) and its sub-gradient #'(z?, y*, w) at w
1. Solve §" = argmax, ¢y (Y, y) {1 —{(w, (', y")) + (w, ¥(x', y))}
2. Compute sub-gradient ¢'(z!, y*, w) = ((y*, §") [\Il(:cz, y') — W(x’, yz)}

Remarks:

An efficient oracle can be constructed in special cases, e.g. when || is small or the loss
is simple like the 0/1-loss ¢(y,y’) = [y # v'].

It is remains an open problem how to do it for a general loss.
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8.B: Margin-rescaling loss
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A loss of the linear classifier h(x; w) on (x',y*) can be upper-bounded by a convex function:

((y", h(z', w))

max £(y’, ) max(w, P (2", y") — (w, T(z',y)) < O]

max (y’, y)[(w, ¥(@',y")) — (w, ¥(a',y)) < 0]

glgfgmaX{O Uy',y) — (w, @ (@', y) + (w, ¥(a',y)) |

max {ﬁ(yi,y) — (w, ¥ (', y")) + (w, ‘I’(mi»y)ﬂ

A

Uz, y', w)

Remark: The margin-rescaling loss is non-zero if the margin of incorrect label

v = {(w, ¥(z',y")) -

(w, ¥(x', y)) is less than £(y*, y).

Learning: RRM leads to a convex problem w* = argmin, , cpn [Aﬂ(fw) + RT(’w)} where

m

1

,W) = — max {E(yiay) — (w, ‘I’(-’B%yz)> + (w, \I!(mz,y)>]

m : yey
1=1
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The margin-rescaling loss

{(a' ' w) = max | ((y'y) — (w, L', y) + (w, ¥(a',y))

Note that the slack-rescaling and the margin-rescaling surrogates coincide for the 0/1-loss

Uy, y') =y #v]

First order oracle: compute the value /(z?, y*, w) and its sub-gradient #'(z?, y*, w) at w

1. Solve augmented classification problem (ACP)

' € argmax [f(yi, y) + (w, ¥(z’, y)>}
yey

2. Compute sub-gradient ¢/ (!, y*, w) = ¥(x’, §") — ¥(x?, y').

Notice the analogy with Perceptron algorithm: in order to learn you have to be able to
classify.
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8.B: Margin-rescaling loss for max-sum classifier C
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Consider the max-sum classifier

y € argmax (w, ¥(x,y)) = argmax <w, Z W, (x,y,) + Z W (X, Yy, yvl)>
yeyV yeyV vEV {v,0'}€E

and an additive loss £(y,y’) = >, cy Co(Yu,¥,,) Where £,,: Y — [0,00), v € V
(e.g. the Hamming loss)

Then the augmented classification problem boils down to solving

§' € argmax ﬁ(yi,y)+<w,‘1’(wi,y)>}
yc)V -

= argmax Z (Ev(yf),yv) + (w, \va(wi,yv») + Z (w, \va’(wiayvayv’)ﬂ

yeyVv RIT=aY; {v,v'}e&

The ACP is tractable if the graph (V, &) is acyclic.
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8.B: Margin-rescaling loss for sub-modular max-sum @ -
classifier 8/13

Consider a class of the max-sum classifier

y € argmax(w, ¥(x,y)) = argmax <w, Z W, (x,y,) + Z \Ilw/(yv,yv/)>

yeyv yeyv vEY {v,v'}e€&

where w € W C R” such that —g,./(y,y") = (w, ¥,(y,y’)) is sub-modular w.r.t. an
ordering of Y = {1,..., K}.

Learning: RRM with additive loss £(y,y’) = >,y £v(Yu, ¥,,) leads to a constrained convex
problem

w” = argmin [)\Q(w) + Zé(w", y’, w)]

weR™ i=1
subject to

<’w, Voo (v, YY)+ Wow(ly+ 1,y +1) =Wy, vy +1) — ¥(y + 1, y’)> > 0,

{v,o'} e &y, y e{1,... K—1}

Provided the solver maintains the intermediate solution w feasible the max-sum problems
associated with the ACP are sub-modular and thus tractable.
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8.B: LP relaxation of margin-rescaling loss
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The ACP associated to a general max-sum classifier and additive loss

r;lg}f V(yi, y) + (w, @(wﬂy))}

— max [Z (Ev(y;"),yv)—l—Cw,\Il x’, 1) )—I— Z w, W, .7yvayv/)>]

v
yey vey {v,v'}e€

A\ 7
-~

f(y;zt,yt,w)

can be upper bounded via the LP relaxation:

max f(y;x',y', w) <minU(p;z', y', w)
yeyV P

where

U(p;x', y',w) = max ¢¥ (y; ', y!, w) + max oyt w
(p; 2",y [Zyeyq vzl Z}ng’)@ﬂg Y,y )

and ¢ € R2I€1Y is a vector of dual variables Ooo': Y = R, 0ury: Y = R, {v,v'} € € and
qup(ya (I)i,y,f),’lU) — gv(yfpyv) + <’UJ, lIl,U(ajZ’y» — Z @vv’(y)a (IS Vay S y

92 (v, sz w) = (W, P (@' 9,Y)) + Cou (Y) + P (Y), {v,v'} €€y, y €Y
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8.B: LP relaxation of margin-rescaling loss

The LP-relaxed margin-rescaling surrogate is obtained by substituting the LP dual: 10/13
'y’ w) = max [y y) + (w, (', y))| — (w, ¥’ y")
Yy

< min U(cp;a:i,yi,’w) — <’w> ‘I’(wzayZ»
Y

= ZLP(wiayiaw)

Learning: RRM leads to a convex problem w* = argmin, cpn [)\Q(fw) + RT(w)} where

ZELP 7y ’UJ Zmln [ 7;7yi7u)) o <w,l:[l(a;7”y7’)>}
First order oracle: compute the value /p(x?, y’, w) and its sub-gradient ¢ ,(x’, y*, w)

1. Solve the LP dual | o
@' = argmin U (p; ", y", w)
P

2. Compute the sub-gradient

o (2, Yyt w) € 9y [U(ph 2!, y', w) — (w, ®(x', y"))]
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8.B: PosLearn: surrogate of additive loss
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A linear classifier h(z;w) = (hy(z;w) € Y | v € V) € argmax,,yv(w, ¥(x,y)) can be
evaluated component-wise

hy(x; w) € argmax max (w,¥(x,y)) where V(y,) ={y' € 3% |y, =y}
yo€Y YEYV(yv)

An additive loss £(y*, h(x*;w)) = > £,(y, hy(x;w)) can be bound by

veEY

U’y w) = Y Ly(a',ys, w) where

veVY

lo(Yy, ho(Z', W)

mava(yfj,yv)[n}a}c(w,\If(mi,y’» — max (w, ¥(z",y)) <0]

Yo €Y y'cy YV (yv)

max £, (v, yo ) [(w, ¥(x", y")) — max (w,¥(z',y)) < 0]

Yo €Y yeY(yv)

max gv(yia yv) max {Oa 1 — <’LU, \IJ(mZ’ yz)> + max <w7 \Ij(a;ﬂ, y)>}
Yo €Y yeY(yo)

max (o (g} ) |1 — (w0, U(a'y) + max (w, B(a'y))]

Yv€EY yEY (yo)

A

bo(z',y", w)
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8.B: PosLearn: surrogate of additive loss
12/13

Learning: RRM leads to a convex problem w* = argmin,, cpn [)\Q(fw) + RT(’w)} where

RT(w) — _Zzg 7yv7

1= 1 veY
_ _ZZmaxﬁ Y Yo [ — (w, ¥(z",y")) + max <’w,‘I’(£Bi,y)>}
i=1 ve V veyim)

For example, in the case of the Hamming loss ¢, (y,vy’) = |y # y'] the surrogate simplifies to

zfv(wi,yi,w)=max{o,1—<w,w<wi,yi>>+ max  max <w,w<wi,y>>}
Yo €V\{vs} Y€V (yv)
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8.B: PosLearn: surrogate of additive loss
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Consider surrogate of the Hamming loss ¢, (y,y") = [y # y'] which reads

zfv(w%yi,w)=max{o,1—<w,w<w@',yi>>+ max  max <w,w<wi,y>>}
Yo €V \{vy:} Y€V (Yv)

First order oracle: compute the value /,(x?, y*, w) and its sub-gradient ' (x’, y*, w) at w

1. Compute | |
7, € argmax max (w,¥(x' y))
yoeV\{yi} YEYV (o)

which is the best labeling not containing 3¢, at position wv.
2. Compute sub-gradient

0 if (w, ¥z, y")) >1+ (w,\Il(mi,@f)»

é’ T ot — o .
(2", Y w) { U(x',y,) — ¥(x' y') otherwise

For example, the max-marginals max,cyy,)(w, ¥(x,y)) can be computed efficiently for
max-sum classifier with acyclic graph (V,&).
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