1.2 What is a Combinatorial Game? We now define the notion of a combinatorial
game more precisely. It is a game that satisfies the following conditions.

(1) There are two players.
(2) There is a set, usually finite, of possible positions of the game.

(3) The rules of the game specify for both players and each position which moves to
other positions are legal moves. If the rules make no distinction between the players, that
is if both players have the same options of moving from each position, the game is called
impartial; otherwise, the game is called partizan.

(4) The players alternate moving.

(5) The game ends when a position is reached from which no moves are possible for
the player whose turn it is to move. Under the normal play rule, the last player to move
wins. Under the misere play rule the last player to move loses.

If the game never ends, it is declared a draw. However, we shall nearly always add
the following condition, called the Ending Condition. This eliminates the possibility of
a draw.

(6) The game ends in a finite number of moves no matter how it is played.
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Characteristic Property. P-positions and N-positions are defined recursively by the
following three statements.

(1) All terminal positions are P-positions.

(2) From every N-position, there is at least one move to a P-position.

(3) From every P-position, every move is to an N-position.
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Determining P and N positions

Step 1: Label every terminal position as a P-position.

Step 2: Label every position that can reach a labelled P-position in one move as an
N-position.

Step 3: Find those positions whose only moves are to labelled N-positions; label such
positions as P-positions.

Step 4: If no new P-positions were found in step 3, stop; otherwise return to step 2.

It is easy to see that the strategy of moving to P-positions wins. From a P-position,
your opponent can move only to an N-position (3). Then you may move back to a P-
position (2). Eventually the game ends at a terminal position and since this is a P-position,
you win (1).

Here is a characterization of P-positions and N-positions that is valid for impartial
combinatorial games satisfying the ending condition, under the normal play rule.
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Generate P and N positions in the subtraction game with substraction set {2, 5, 8}.

2 1
987654321098765432109876543210

- 8 5 2

- v v . 4 H
N 8 5 2

— v v v H_l
N 8 S 2

— v v . 4 H

N 8 5 2

- v v v H

N 8 S 2

- v v . 4 H




Generate P and N positions in the subtraction game with subtraction set {2, 5, 8}.

2 1
987654321098765432109876543210
8 Bl [
- 2
38 S 2
- 2
3 S 2
- A
8l Bl [
- N
8 [l [
S N 2 |
8 [l [2
B 2 i 2

== etc...



