Lecture 1 — Basic methods of dynamical
modelling (Newton-Euler equations)

The following several pages summarize the sequence of the most
important formulas necessary for the preparation of Newton-Euler
equations for dynamic modelling of the system of rigid bodies.

The presented text isn‘t the substitution of the lecture (!!!), it is only the
basic material for the lecture.

Prerequisities:

» Basic laws of Newton mechanics

» Kinematics of planar and spatial mechanisms
* Free body diagram in statics of mechanisms




Rigid body - limit state of system of
many small mass particles

System of mass particles
Moment of momentum

Lo =ro X H + (rgo x mvg) + Y rig x mfe x rio):

Ly=r¢x H+ Yroxmlow x rg)=rgx H+ L,

H=Jvdm=mv$ Lozf(rxv)drn

LU:!'SXH—I—LS

Ls = L[@ x (@ x g)]dm = L[w@2 — olwe)] dm =

= wj (& +n* + P)dm — Jg(wgf + w1 + o) dm

m

Rigid body
Moment of momentum
N
/ Tensor of inertia

S ... body centroid

Ly, = I.w; — D0, — Dy, Lg; = L,

Ls, = Lo, — Dy, — Dy, L= l® Ly, = Lo,
Ls, = Loy — Dygoy — Dy, L = I,



Moment of momentum with respect to general point

Lo = l.w; — Dy, — Dy,
Ly, = 1w, — D0, — D, 0, Lo'= (ro x mvg) + (rso X mvy) + Lo,
Ly, = I, — Dy, — Do,

n

Centroid motion equation mag = Y F, H-H,=) [ﬁdr

0

Moment of momentum equation

dL, —= =I5 X mag + —,
s 0 . dt dr
dt LMoo
where
dLy _ diLy "
X
dt dt O
For principal axes of inertia
(dLS) dLg; | I ;
| e , OJL,'_ Sy = dL .
dr /., dr (") = I.0, + w,0/l, — 1)
dr 5 L/ B S "
= L.z — Dy, — Dy, + (I, — Do, — Dy, 0,) — Saadr

— w(l,0, — D,», — D,,w,),

Hn



Euler equations
Simplified version for principal axes of inertia and reference point in centroid
Lo, + ool — 1) = Y M,
I,&, + w0 I —I)= )M,
I, + ., I,) = Y M,
General version for arbitrary axes and reference point out of centroid
m(aghs — Gg,Cs) + L, + (I, — I,) 0,0, +
+ Dy (w0, — ) — Defw.m, + @) + D, (wf — wF) =) M,
m(ag:{s — GorCs )+ Lo, + (I: — 1) o0, +
+ D, (w,w; — dy) — Dné(wr;wi + @) + D0} — wF) = Y M,
m(Gg,Ss — afze:'?s) + Ly + (I, — 1) w0, +
+ D{ww, ~ — @) — Dy (w0, + @,) + Dy (wF — ©F) =) M,

Newton equations
Mdge = ZFr'&

maﬁn = ZFfI,I
mas, = ) Fy



Newton-Euler equations for simplified motions

Translational motion
ma, = ZFix ;

may oy ZFI} i

N
ma, = ZF'.zﬁ k4 Yuid B e ¢
m(ysa, — zga,) = Y M, , ks il - < 1

m(zsax - x:i'az) ZMiy ’ A Bl e
1
m(xsa, — ysa,) = Y M,,

f'-‘_

I

I

Revolute motion

mQS':‘a o ZF:r ’
mos¢® = 'F,,
0 o ZFH;-

Dy + Dyow? = ¥,
—Dya — Dyw? = 3 M,

l'.',‘ >

I = ZMfg ,




General planar motion
mag; = ZF@,
dgy = Z in 2 ¥
0 =3F,;.
—Dgo + Dyw? =Y M,,,
-D,?ch Iz Dé§w2 =% ZMhr ’
Lo - ZMic

Spherical motion

Euler equations

dw.

& dw,
¢ di + (IC = Iu) 2 Diu(wfwi o dt;) -

de,
— Dy (w 0, + " ) + D"t( s (g'?) = ZM{.:,

dw du)
I 24 (T — L)w; D.s S )
! dt ( 2 e) mawé = nk @, Q) dt

d
—D,; (wm + :;;)—G-D {0f —of) =YM,,

dao, dw;
I, —c{r— + (I, — I)) ww, + Dy | 0,00, — =i

dw
— D, (w w; + dt) + D (wf — wf) = Y Mi,.

Euler equations for principal axes of inertia

Isd—(;—-l—(l — I,) 0,0, =3 M.,

o,
3 Lt (1, — 1) w0, = YM,,

de,
i d—+ (l — I, )(Uf(f)n = ZM

Newton equations

— s + olons + ols) —
— D5 + w:,-(w.:CS + w‘:és) =
— &5 + ofwls + w,Ns) —

+ of) &) = Y Fee
*H“e)ﬂs] Z in»
wy) {s] = Y Fi




