
CHAPTER 9. COMPUTER GRAPHICS

Exercises
*9,1.2 Generalize the algorithm in this section so that it can handle intersecting

polygons. Prove the bound in Theorem 9.1.4 for this algorithm, with appropriate
new interpretation.

+*9.1.3 (Dynamic hidden surface removal)
(a) Make the online hidden surface removal algorithm in Exercise 9.1.1 fully dy-

namic by allowing deletions of polygons. (Hint: Use dynamic shuffiing.)
(b) Show that the expected structural change in the visibility map over a random

(N. 6)-sequence is O(€(N.0)log n). if the signature 6 is weakly monotonic.
(c) Similarly. show that the expected conflict change over a random (N,6)-sequence

is O(A(N, 1) iog rr), if the siBnature 6 is weakly monotonic.
(d) Show that the expected running time of the dynamic hidden surface removal al-

goithm over a random (N,6)-sequence is O(@(.N, 1)polylogn), if the signature
6 is weaklv monotonic-

9.2 Binary Space Partitions
In this section. we consider the problem of priority generation that arises

in connection with the image space rendering of the visible view. Recall
that the problem is the following. We are given a set N of n polygons in
R3. The goal is to break the polygons in N into pieces so that the resulting
pieces do not admit overlapping cycles with respect to any view'point. Let
f(N) denote the resulting set of pieces. We want the size of l(N) to be as

small as possible. We also wish to have a data structure so that, given any
vierpoint, a priority order over f(N) with respect to this viewpoint can be
generated quickly--say, in O(lf(N)l) time. In this section. we shall present
one method for decomposing the polygons in N and generating a priority
order with respect to a given viewpoint. It is ba.sed on the so-called Binory
Space P ariitiorx (BSP ).

9.2.1 Dimension two

We shall first illustrate the basic ideas underlying Binary Space Partitions i.n

the sirrrplest setting by considering the analogous problem in two dimensions.
In two dimensions, the set N consists of segments in the plane rather than
polygons in R3, and the view from a"ny viewpoint is onedimensional rather
than two-dimensional. Observe that in two dimensions. the problem of over-
lapping cycles cannot arise for any viewpoint. Then why is there any need

to break the segments in N? WelI, the problem is that, in general, it is diff-
cult to generate the priority order on N with respect to the given viewpoint
quickly. For this reason, we shall break the segments in N into a set f(N) of
fragments, so that the priority order over f(N) can be geuerated quickly. Our



'Japro l€ql
u-r 

. +4f pue 'od. '-{ toJ s:apro ,{1rror.rd aqt 8u1leua1ecuoc ,{q Paw€lqo aq

ue" ,y roy rap.ro .t1r:orrd € '-l uI Paupluoc sI lmod.$ar.t aqr 31 '(9'6 amStg)
+]y ur luaur3as e deFazro louue" 0N ul luarrl8as e',{I.Ie11urs Pue'o ulo.g uaas

* +l{ n oN ur tueur€as e deFaao rr?J -N ur luaruBas ou asn"caq s'M.olloJ

srq;-'rapro l"ql q r-_N 
Pu€'ory'+1{ roJ srapro dluoud aql 8ull€ualeJuoJ

,{q paulelqo aq uec N roJ fapro d}Folrd €'+? I o lulodra"l^ due roJ 'l€ql
a rasqo -l ur peureluoc sacatd;o 1as aql '.-N pu" 1+? ur paur"luot sacald 1o

1as aqt '+{ 1(.fidua ,tlqrssod) ? ul paur"luoc sacatd 1o 1as aql '0N :slas earql

olur N uorlrFed '(sacard) sluau8e.g Sutlpsar Jo las aql alouap N 141 '?

Suop .,1. ur sluau8as aql rnC N ur luau8as auo Jsour 1" u.IPluoc u?t I uaql

-s,r.olloJ 
l€qi{ u-r aumsse lFqs a,e s"-uoll1sod praua8 ul 3Je N ul sluau8as

aqt JI N u1 sluau8as ul€luot ot I r!6.olp a A ,tperlrqre sareds-;pq aql IaqBI

a,ra '1ec-r1ra,r s1 J g1 :1 {q psPunoq aceds-;1eq randol aql alouaP -l 1a1 pue 1 fq
papunoq aceds-;1eq raddn aql alouap +? lal 1"qs and 'uo.rlue^uoJ " sY I '{q
papunoq saceds-;pq o,,rrl aql alouap -l Pu€ +? 1a1 aueld aql ul ? aul f,u€

xlC (g'6 ern8rg) ru?rpered :anbuoc-pue-apt,rrp 3ut.rao1ol aql uo Pas€q sl €Jl
4gg e 8ur.{1:apun 

"apr 
rls?q aqJ sluau8as u;o las ua^€ aql aq N lal oS

'(.t')f 
"l 

sluaul8"rJ aql q?I.4\ a"uaPuodsalor auo-ol-auo q aq lll.$' aorl

dsg aql Jo sapou aqJ lulod^\a-t^ ua.r6 aql ol lradsar qlll{ (N)J raao raPro

fluoud € Suueraua8 ro] pasn aq [Lt q)rq.t 'a"rl dsg ?ezzuLo?uDJ e PalIpa

'arnlf,uls "lpp 
e plnq oE" Ileqs and '.{lluauncuoC (1,8otu)O aq ol }no urnl

p,n (g)1go azrs parcadxa aq; p3zrtuopu"r aq 11rm uotltsoduroJap Jo poqlaur

m(
Jol
1ul,

p*
-la,
Jaq

U?I
'str

m1

frJn

.t11

lu€
aq
dln
s?

la-
3ul
UI

IIEi
sas

'.ranbuoc pue apr,rrq :9'6 arn8tg

it

a lsrod,$al^

I

sNot|l-8vd 3)vds  UVNIS 
.2.6

arn

el€
3ur

s)
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This leads us to the following preprocessing algorithm. Given a set -\'
of segments. the algorithm cuts these segments into pieces (fragments), and

concurrently builds a so-called BSP (Binary Space Partition) tree. \&'e shall

denote this tree by BSP(N). The nodes of BSP(N) will be in one-tcone cor-

respondence with the generated fragments. The reader should compare the

resulting randomized BSP tree with a randomized binary tree (Section 1.3):

a randomized binary tree can be thought ofas a ra,ndomized BSP tree in one

dimension. In the beginning, we shall sort the segments in N in a random

order. Once this order on N is fixed. BSP(N) is completely determined as

follows.

Algorithm 9.2.1 (Randomized BSP tree)

l. if N is empty. the BSP tree is NIL (empt5'\'

2. Oiherw'ise. randomly choose a segment S € ,\ ' This ls equivalent
to choosing the first segment in N according to the initial (randomly
chosen) order. Label the root of BSP(N) with S.

3. Let I denote the line through 5. Cut the segments in ,\, other than S,

along l. Let ,V1 and .&- be the resulting sets of fragments contained in
the half-spaces 1.. and l-, respectively. The orderings on ,V.. and I-
are derived from the ordering on N in a natural way.

4. I,et the left (negative) and the right (positive) subtrees of BSP(-V) be

the recursively computed trees BSP(,V-) and BSP(-&1).

Each node o in BSP(N) can be naturally identified with a string of + and

- s].mbols that couesponds to the path from the root to o. This string
will be called the signature of a. Figure 9.9 gives an example of a BSP

tree. The nodes of the BSP tree in Figure 9.9(b) a"re labeled with their
signatures. The fragrnents in Figure 9.9(a) are labeled with the signatures

of the corresponding nodes in the BSP tree. We shall denote the lragment
Iabeling a node o in BSP(N) by S(o). The set of ftagments labeling the

nodes of the subtree rooted at o will be denoted by N(a).
Observe that each node o of BSP(N) corresponds in a natural way to a

convex regron I1\o ) ! ft'-
1. The root of BSP(N) corresponds to the whole of R2

2. Inductively, if I : l(o) is the line passing through the segment S(o)
labelbg o, then the negative child of o can be identified with the region

R(o)nl- and the positive child can be identified with the region R(o)n
t..

The regions in the partition shown in Figure 9.9(a) correspond to the leaves

of the BSP tree show! b Figure 9.9(b). The two half-spaces in Figure 9.8

correspond to the nodes Iabeled + and -.
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Algorithm 9.2.2 (BSP tree traversal)

1 If r € l(o)-:
(a) Recur on the positive subtree of o (if it is nonemPty)

(b) Output S(o).

(c) Recur on the negative subtree of o (if it is nonempty).

2- If u e I(o)-, do the above three stePs in reverse order.

The previous definition of a BSP tree was based on the divide and con-

quer paradigm. \!'e can also give an equiralent definition that is based on

the paradigm of randomized incrementation. We have already seen how a
randomized binary tree can be thought of as the history of a randomized in-
cremental algorithm (Section 1.3)- One can do exactly the same for BSP(-\ )

as well. For rhis. we imagine adding the segments in .\', one at a time. in
random order. Let Na denote the set of the first ,k added segments. The ini-
tial BSP(No) consists of just one node that corresponds to the whole plane.

In general, a leaf o of BSP(Nk) corresponds to a convex region R(o) in the
plane. Then, N(o) can be defined as the set of intersections of the segments

in N \ Nt with R(o). The convex regions that correspond to the leaves of
BSP(Nk) constitute a partition of the plane. The a.ddition of the (k + 1)th
segment s&+1 to BSP(N*) (Figure 9.10) is done by splitting the regions in-

tersecting Si+1. The splitting is done along the line l(Sk+l) passing through
,Sfr+l. Accordingly, the node for each region R(o) intersecting Sk+r gets two

children. The ftagrnents in N(o) are also cut along l(Sk+i).

sa-

(4,

Figure 9.10: Addition
(b) BSP(N4).

(b)

to a BSP tree: (a) BSP(N3).of a segment
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Figure 9.12: Effect of a free cut.

randomly. One can do better if N(o) contains a fragment 5 that spans

R(o). By this, r'e mean that 5 cuts R(o) in two pieces; e.g., see 57 in Fig-
ure 9.10(a). Choosing this fragment as S(a) provides a Jree cut in the sense

that the remaining segments in N(a) are not cut by this choice. \fo'e only
need to partition ,\(o) \ {S} into two subsets of fragments----one for each

half-spare bounded by the line tbrough 5. For example. in Figure 9-10(a)

the region ,R(o) can be cut for free by the fragment of ^S7 within it. Hence,

the partition in Figure 9-10(a) can be refined fi:rther by a free cut, as shown

in Figure 9.12(a). The new partition that results after the addition of four

s€gments is shown in Figure 9.12(b). Compare it with the partition in Fig-
ure 9.10(b). Notice how the middle fragment of ,57 is not cut further in
Figure 9.f2(b). Note that this heuristic does not chauge the order of addi-
tion of segments (in the randomized incremental version of the algorithm)
The only change is tha.t we exploit free cuts, g'henevel possible When a
segment is a.dded, we ignore its fragments that have been used in the earlier
free cuts.

There is one subtle issue here. How do we know which fragments in N(a)
span R(o)? This is a valid question because we do not carry the description
of R(o). Fortunately, the problem under construction is easy to handle. A
ftagment .9 e N(o) spans R(a) iff none of its end_points coincides with an

endpoint of the original segment in N containing S. If several fragrnents in
N(o) span .,R(o), we just choose the one with the lowest order; recall that
the order on N(t) is inherited from the initial random order on N. If there

is no spanning sepeat in N(a), we proceed as before.

(b)(4,
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cuts (Algorithm 9.2.4) generates a BSP tree of expected O(n2) size' This

bound is'worst-case optimal: There exists a set "lf of polygons such that

every BSP tree over -|y' must have Q(n2) size (Exercise 9 2 6)'

\!'e shall now describe this three dimensional variant of Algorithm 9'2 4'

Let N be a set of n non-intersecting polygons in R3 W'e assume that each

polygon h"" a constant number of edges lnitially' we Pui a random order

on if," "", 
N. We shall add the polygons in N in this order' Let 51 be

the ith polygon in this order and let Ni be the set of the first i polygons

i" tfri" rra"i rr!'e construct BSP(Nt) by induction on i. Each leaf B of

gsPffttl will corespond in a natural *ty 
'o 

t convex region R(0) c E3'

This'correspondence is only conceptual rv!'e do not maintain the description

of n(l) wit-h 9. The convex regions for all leaves of BSP(N]1.1j]t constitute a

con€x paltition of R3. W'e shall denote this partition by H(N')' Each node

.ibspi,l"l will be labeled I'ith a fragment of a polvgon in N' Initiallv'

fl(-lr'o) consists ofjust one region. nariely, the n'hole of 'R3 and BSP(No)

"on"i"i. 
of on. node r that corresponds to this region' We let N(r) : N'

Now consider the addition of S : Sl+t to N" In the three-dimensional

analogue of Algorithm 9.2'4. only the regions of fI(N') that intersect 5-:
.9;*1 iotta be"cut. In the following modified algorithm, a region of i/(N')

""rr'b" ",t, 
by the plane through S;.'1 even if it does not intersect S'+r' The

modified addition of S: S;+r to BSP(N') works as follov"'s'

Algorithm 9.2.5 (Addition)

1. For each leaf o of BSP(N'), do:

If some fragment in N(o) intersects the plane p(S) through 5' then

label a with S, cut N(a) along the plane p(S) and give two children

to o.

2. While there is a newly created leaf 6 such that N(B) contains a spannrng

ftagment, do:

(a) Choose the spanning fragment in N(B) v'rith the least order' Label

I with it.
(b) Cut N(F) along this fragment freely and give two children to B'

By a spanning fragment in N(B), we mea'n a fragment that cuts the convex

."gioo R(B) i.nto two pieces. This happens ifi the fragment is completely

"oirt.in"d 
in the interior of the containing polygon in N The cut via a

spanning ftagment is /ree in the sense that no polygon in N(B) is actually

cut by this choice.

Analysis
What is the expected size ofthe BSP tree generated by the above algorithm?

First.wehavetodefinethesizeofaBSPtreeformally.Wesha]ldefineit
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o

\-1- p(Q, &+r). (e.6)

(b)(4.)

Figure 9.14: Exterior regions within Q (shown shaded): (a) After i additions

(b) After i + I additions.

to p(5;, 1) n Q. Let us denote their number by -(Q' S;tt) Norl' we shall

.";vr; ,h" 1;-+ r;tt addition backwards For a fixed Ni+1 (not Nil' what

is the expecied number of exterior fragments in Q that are newly created

Jr-,.lng ttt" (t + 1)th addition? Because of the random nature of additions'

"""h iolygo.t in Nt+l i" equally likely to occu! as S;11 Hence' the expected

number of newly created exterior regions within Q is

1
.--:-?+ L ^

The latter sum is just the total face-length of all exterior regioDs in the

..*g"-.ot formei within Q bv p(f) n Q' P € Ntlr' Eac! such exterior

,lglo.r- U"toog" to the zone of some line bounding Q Applying the Zone

Theorem for line arrangements to each of the O(1) lines bounding Q' it

follows that this total face-length iS o(' + 1). Thus, the expression in (9.6)

i" Oit;. fo o,n , *ords, for a fixed Q / Ni+t 
' 
the expected number of newly

"re.ted 
f.apents within Q during the (t + l)th addition is O(1)'

For the (i + 1)th a^ddition, it thus follows that the expected number of

newly created ftagments within all polygons in N \ A-'+l is O(n - i) Thus'

the expected size of the BSP tree is O(!" n - t) = O(n'I
What is the expected cost of g€nerating the above BSP tree? First of all'

whatisthecostofdetectingeveryleafBofBSP(N"),suchthataftagment
i" lg(B) l"*t"""rs p(S;+r)? (Refer to the first step in Algorithm 9 2'5 ) We

h.rre al.""dy seeu that, for a fixed Q € N\Nt' the fragments of Q that occur

in the lists N(B)'s are the exterior fragments of Q and their number is O(i)

iI.@" g.lattij. Hence, the total number of fragments tbat occur in the

p(S,*,) n O
p(S,*,) n 0



aql ua a 'N ur suoS.tlod aql Jo s?uauSerJ II" 1eql sI poqlau srgt Jo a3"1q" pe

-srp auo 'JaPIO dluoud SursearJaP aql ur uaoJ"s athaP aql oluo Pslured aq

u"r suotdlod aql 'slql raqv lurod.tet^ ua^F aql o1 lcadsar qlla'sluaurSeg
JraqlrflasrcaJd alour tJo'suo8,{1od ua,rr8 aql Suoure rap:o.{llf,oud € al€aJtr

IIIA sr,qJ, '1urod-uar,r .f,ra,'ra roJ ra^o II" aa.rl dsg aql asJa^eJl u?f, auo'aldu"xa
rod qclef,f,s urorJ lurod-u.arl .{ra,ra ol lcadsar ql,rrltr ,ual^ aql alnduroJ 01 aq

ppo.,a rnalqord sr,qt Bulqc€oldd" 3o ,{e.u eug 1u1od.tat,r But,tou e o1 pads

-€J qlr.s. l oruar aleJrns uaPPIq;o rualqo:d aql raPrsuol as 'uoll"as srql uI

lurod^.aI^ 8upr.otr41 8'6

'azls (zz)u a^eq

lsnul N .ra o aaJl dsg f,ue leqt os'.11 ur suo3dlod u Jo N las e lsnJqsuoC 9'Z'6
'azls papodxe (r-"u)O lo aorl dsg e salelaua8

uorlras s-rqt ur urq4uoBle aql Jo ?uel.re.^. I€uolsuanrP-P aql 1?q1 ,toqs 'azls PoPEnoq
e seq adotf,lod qoea reqt aumssv pU uI sedodlod PuolsueulP-(I - P) lo las e aq

N la.I p uorsoaurlp Paxg ,{rPjllqre ol uollcas qql ul slFsa.r aq1 ezTPrauaC 9'Z'6
'(.r)O or uorle:auag aarl dsg Jo lsof, Pepadxa aql u,..roP Suug 7'7'6*

sosrf,raxg

'(uSoy ra)g sr uoryetauaB slr 1o

1so2 papad.xa aqI 'Emfcasralut-uou a-re N ur suo8.tpd aql lr '(.ru)g * uqlrt
-a?fe aql iq parynuaB 

""Ji dsg aIF Jo az$ pa|tadxa atII s'Z'6 ruarooql

sr aarl dsg aq1 Sutte:aua8;o lsoc

:azlJeruurns oa '(z 3o1 ,u)6
patf,adxa aq} teql s,rolloJ snql 1I

'(er)O sr ulqluoBle aql Jo

u€d srql ur parJnJur rsoo Ielol paloadxa aql 'acua11 (au)6 sI slnJ Jo Jaqrunu

palcadxa aqt teqt uaas .{pea:p a,req a,1\ '11 }soru re sl (.^I)dsg 1o qldap aql

asnereq sr slr{tr ', Jo setloqJ ?, lsoru le ro1 (o)1tr ut luau8eg e Punoq u"3

g z 6 ruqllro8lY Jo dats lsrg aql uI 1nr paxg e .tq palerauaS aSpa ue 1ng
'(r)rt .rt sluau8e4 11e ;o sa3pa Jo raqunu l?lol aql dq Papunoq .{lsnollqo

sr sq1 (o)1i Sulltnf, Jo lsoc aqt '(1)459 Jo , apou qrea roJ 'punoq ol
paau dluo a^! 'pauracuoc st urqltroSle aql Jo lsar aql Jo 1so" aql se JeJ sV

'(u 3o1 ,u)9 ot dn sPPs slql

'rrrqtrroBle aloq,{ aql raag (l3ol (l - u)'1)g st (6/).,y ur luaur8eg q s}rasralul

(I+1S')d tpqt qcns (,,r, )4gg 1o s,6/ sa^€al 11e 8ut1ca1ap 3o lsof, Ielol aql 'snqJ
'(l'g z aslcraxg) aurll rtruqtlx€8ol ,{1uo saryl lsal slql }€q} os'luaru8e{ -{rala

Jo sacrua^ Jo lsrl J?lnrrl) aql qllxi oaJl Paluel€q € urclureur sdendl" IreJ a'a\

'ra^a^aoH a oJ atnJq fq auop st lsal aql Jt salrua^ s1I Jo raqunu at{l ol

IeuoruodoJd aurlt a{"1 uel (r+$)d s?lasralur 1l Jar{}aq,tT 3ut1sa1 '1uau3e4
paxg e rol '((l - ")l)O q (,N)dSg Jo sa^"al aql qtl.ra pal"rf,osse s!(t)rv slsll

].NlodMllA 9Nln Ol/\ € 6

(

I
a

I

l
a

.1

a

-l

t8€s


