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Convex hull
• Smallest convex set, which 
is superset of given set.

• Convex set: Set of points:
∀u,v∈A, k ∈ <0,1>: 
u.k+v(1-k) ∈ A,

• We are looking for 
boundary
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Algorithm properties

• Online construction
• Dynamic convex hull
• Point removal – must store 
all the points in convenient 
way
– Could be done by 
reconstructing whole structure 
from scratch (expensive)

• 2D only
• Query in O( lg(n)), Update in 
O( lg2(n))

4



Construction
• Solve upper(UH) 
and lower(LH) 
convex hull 
separately

• Final CH is union 
of UH and LH

• Construction is 
symmetric

ymin

ymax

5



Data structure – Binary tree
• Each interior node of 
the tree represents 
UH

• Only leaves are points
Bridge

[g, h]

• Each node keeps information about 
points of CH, which are not in parent 
CH.

• Concatenable queue(also tree, 
insert,delete,find,concat,cut in lg(n))

• Queue in root contains all points of 
upper(lower) convex hull
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Data structure – Binary tree

[1] {128}
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Construction ‐ Bridging
• Bridging problem
• From two distinct 
CH create one.

• Apply binary 
search on both CH

[1] {127}

[1] {127}
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Update
• Add and delete, 
Similar 
operations

• Algorithm:
– Descend 
(Splitting)

– Update
– Ascend 
(reconstruct)
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Update

11 4 3 129 61 7 82 510

[2]

[11,4,1,5,12]

[7]

[10]

[6][8]

[][]

[][]

[3, 9]

• Add and delete, 
Similar operations
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• Example 
inspired by   [1] {131}



Update

11 4 3 129 61 7 82 510

[2]

[11,4,1,5,12]

[7]

[10]

[6][8]

[][]

[][]

[3, 9]

• Add and delete, 
Similar operations
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Update

11 4 3 129 61 7 82 510

[2, 5, 12][11,4,1,7]

[10]

[6][8]

[][]

[][]

[3, 9]
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Update

11 4 3 129 61 7 82 510

[11,4,1,7]

[6][8]

[5,12][]

[][]

[3, 9]
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Update

11 4 3 129 61 7 82 510

[11,4,1,7]

[6][8]

[5,12][]

[][]

[3, 9]
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[10,13]
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Update

11 4 3 129 61 7 82 510

[11,4,1,7]

[2,13]

[6][8]

[5,12][]

[][]

[3, 9]
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Update

11 4 3 129 61 7 82 510

[11,4,1,7]

[]

[6][8]

[5][]

[][]

[3, 9]

13

[10]

[2,13, 12]
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Update

11 4 3 129 61 7 82 510

[7]

[]

[6][8]

[5][]

[][]

[3, 9]

13

[10]

[2]

[11,4,1,13,12]
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Complexity

• Add and delete are almost the same
• Descending: log(n)
• Update: 1
• Ascend and reconstruction: log(n)* log(k)

• Ascend + Bridging,  k<n

• Query: O(log(n))
• Update: O(log2(n))
• Build: O(n. log2(n))     !
• Space: O(n)
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• Unsurpassed until T. M. Chan. Dynamic planar 
convex hull operations in near‐logarithmic 
amortized time(log(1+ε)(n)) – after 20 years

• Current optimal algorithm have log(n) update 
time.(Brodal,Jacob), [3]
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Pseudo‐code

[1] {131}
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