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1 Bayesian networks
1.1 Evaluation functions
Bayesian Information Criterion (BIC)
CG: __K log. M +1 G: =
BIC(G:D)=-> ng +108, L(G:D)= Bayesian score

= ——logzM MZH(P | parents(P;)®),
i=1

- K= X7 qi(ri = 1),

- g;is the number of unique instantiations of P; parents,
+ nisthe number of variables,

+ 7;is the number of distinct P; values and

- M the number of observations.

Ky Niji
H(P; | parents(P;)®) = Z E l] 8, Nl] =
j=1 k= 1 ij

(R Nz;k z]k

=- DX

]1k1

- Nj; is the number of samples, where parents(P;) take
the j-th instantiation of values,

* Njjx is the number of samples, where P; takes the k-th

value and parents(P;) the j-th instantiation of values.

n
InPr(D | G) = In ] | g(P;, parents(P;)°)
i=1

qi

g(P;, parents(P;)) = H

11(

'_ 1)| HNZ]k

1.2 Dynamic Bayesian Networks (DBNs)

The recursive definition of filtering task:

Pr(Xp | erpr1) = aPreg | X)) Pr(Xesq | eqy) =
= aPr(eyy | Xi41) EPr(XHl | x)Pr(x; | ey)

Xt

X} -+~ the set of unobservable state variables at time { ,

E; --- the set of observable evidence variables at time { .
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2 Description Logics

—q rule

if (C;nGy) el

a{Cy,Cy} € L;(a) for somea € V.

then $ =SU(G'}\ {G},whereG’ = (Vg, Eg,Lg), aLle (a) = Lg(a) U {Cq, C,) and otherwise is the same as L.

—, rule

if (C,uGy)els

a{Cy,Col NLg(a) = @ forsomea € V.

then ' =5U{G;,G,}\ (G}, where Gujp) = (VG,EG,LG(HZ)) and LG(1|2) (a) = Lg(a) U {C(1)2)} and otherwise is the same as L.

—3 rule

if (3R - C) € L;(a) and there existsno b € V such that R € L¢(a, b) and at the same time C € L (b).

then ' =SU{G'}\ (G}, whereG’ = (Vg U{b}, Eq U {{a,b)}, Ley)and Ley (b) = {C}, Ly (a, b) = {R} and otherwise is the same as L.

—y rule

if (YR - C) € Lg(a) and there existsno b € V suchthat R € Ls(a, b) and at the same time C ¢ L (b).

then ' =5U{G'}\ (G}, whereG’ = (Vg,Eg,Lgr),aLlgr (b) = Lg(b) U {D} and otherwise is the same as L.

—r rule

if T ¢ Lg(a)for somen € V.

then $' =SU (G} \ {G},whereG’ = (Vg, Eg,Lg), aLle (a) = Lg(a) U {T¢) and otherwise is the same as L.

3 Basics of fuzzy logic

Inverse membership
Height

Support

Core

Vertical to horizontal
Horizontal to vertical

Fuzzy inclusion
Cutworthiness P(A;
Cut-consistency P(A;

3.1 Negation

Fuzzy negation

Standard negation
Cosine negation
Sugeno negation
Yager negation

Non-involutive negation

Godel negation

LAM) = {x € X | A(x) € M}

{
Height(A) = sup {a|x € A, A(x) = a}

Supp(A) = {x € X | A(x) > 0}
Core(A) = {x e X | A(x) = 1}
Ry(a) = {x € X A(x) = a}

pa(x) = max{a € [0,1] |x € Rp(a)}
ACBifu(x) < pg(x)forallx € A

s Ay) = PRy, (@), Ry (@)
oy Ay) © P(Ry (@), .., Ry (@)

ifa < fthen ;'ﬁ < ;'a(N1)

;‘;‘&=C¥(N2)

Sa= 1-«a

= cos(ma) + 1)/2
.

A%~ T

na=(1- at)i/A

:;‘0=1 and ;';'1=0(No)
if@ < fthen ;'[33 ;'a(Nl)

1 a=0
a =

_
G 0 otherwise

3.2 Implication

General fuzzy implication
Residue implication

R-impl. properties

Standard implication

Eukasiewicz implication

Algebraic implication

S-implication
Kleene-Dienes implication

Generalized fuzzy inclusion

(x=>y)=(@=y)onx,y€{0,1}
aDp=suplylany<pl
aDp=1iffa <pn)

126 = B1a)

2> B isnot increasingin a

and not decreasing in S (I3)

1 if a<
a%ﬁ: fas<p
S p  otherwise
1 if a <
a%ﬁ: fasp
L 1-a+ [ otherwise
1 ifa<
a%ﬁ: 8 as<p
A = otherwise
a%ﬁzga\o/ﬁ
S = —
a?ﬁ—max(l a,B)
ACB =inf{A(x) = B(x)| x € A}
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3.3 Conjunction

Definition

Standard c.
Eukasiewicz c.

Algebraic product

Weak conjunction

3.5 Relations
Composition

Comp. properties

First projection
Second projection
Cylindrical extension
Identity relation
Reflexivity
Symmetrictity
o-anti-symmetricity

o-transitivity

o-partial order
o-equivalence

aNf=BAa(T)
anBpy)=(app)pylra
if f < ythen(ar A B) < (a A y) (T3)
(apl)=a(Ta)
a/s\ﬂ:min(a,ﬁ)
a/L\ﬁ:max(a+[3—1,0)
aﬁﬁza-/ﬁ

a iff=1
a\//\vﬁ: p ifa=1

0 otherwise

R(;S(x, z) = supyey R(x,y) A S(y,2)
RQ(SQT) = (R(O)S)(O)T(Cs)
ROE=R, EOR=R(c)

RUS)OT=ROT)O(SOT)(ca)
(R(o)S)‘l = S'1<o)R'1 (C2)
RO(S &) = (ROS) & (ROT)(Cs)

RO(x) = sup _\ R(x,y)
R®(y) =sup__, R(x,y)
AXB(x,y) = A(x) A B(y)
E={(x,x)|xeA}

ECR

R=R"

ROR'CE

RCO)RQR

reflexive, o-transitive and o-anti-symmetric

reflexive, o-transitive and o-symmetric

3.4 Disjunction

Definition

Standard d.
Eukasiewicz d.

Algebraic sum

Weak disjunction

avVp=pVals)
aV(BVvy)=(@Vp)Vysa
ifﬁgythen(a\o/ﬁ) < (a\o/)/)(53)
(@ V 0) = o (Sa)

a \57[3 = max(a, )
a\]7[3=min(a+ﬁ,1)

alp=a+p-a-p
a iff=0
aw‘B: g ifa=0

1 otherwise

4 Fuzzy description logic

non-atomic c.
1

T

A

-C

Cob
caD
CD
IR - C
VR - C

(nC)
mod(C)

wlCl + ..+ wka

axiom
(i:Cla)
(G)):Rla)
(CCD|a)

(R1ERy)

(transitive R)

e

interpretation
0

1

A7 (x)
207 ()

7 (x) A D7 (x)
C7 () VD7 (x)
7 (x)= D7 (x)
sup, R7(x,y) A C7(v)
inf, R7 (x,y) = C7 (y)

n - C(x)
mod(C” (x))
w01 C7 (%) + oo + w G (%)

satisfied if
@) za
R7G7,j7 )z a
CéDZa

R CRy

R is o-transitive

Ry = (Ry)"
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5 Fuzzy DL algorithm

The reasoner applies each of the following rules sequentially:

>

If a vertex v is labeled (C, [}, add (x,.c = [)into %

A Ifavertex vislabeled (- C,[),add (x,.c <1—[)into %.

R Ifanedge (v, w) is labeled (R, [), add (X, »).r = [) into &,

1 Ifavertexvislabeled (.L,[),add (I = 0)into % .

M Ifavertex vislabeled (C M D, ), append labels (C, x1), (D, x,) tov

and add the following constraints into & (with fresh x1, X, y):
y<1l-1

x<l-y
X <1- y

xp+x=l+1-y

Ll Ifavertex vislabeled (C LI D, ), append labels (C, x1), (C, x,) tovand add (1 + x, = [) into & (with fresh x, x5, y).

V Ifavertexvislabeled (VR - C,I;), anedge (v, w) is labeled (R, [, ) and the rule has not been applied to this pair,
then append the label {C, x) to w and add the following constraints into & (with fresh x, y):

ll+lz—1ﬁxsyﬁl1+lz

I

If(CC D|n) € X, and the rule has not been applied to a node v,
then append labels (nnf(— C), 1 — x1),{D, x;) tov
andadd (x; <xp+1-n)to%.

3 Ifavertex vislabeled (AR - C,]) and it is not blocked,
add a new vertex w and an edge (v, w), add labels (C, x, ) to w,
and (R, x1) to (v, w) and the following constraints into Z (with fresh x1, x, and y):

y<1l-I
X1 Sl—y
X<l-y

X+x=l+1-y
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