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1 Bayesian networks

1.1 Evaluation functions

Bayesian Information Criterion (BIC)

𝐵𝐼𝐶(𝐺 ∶ 𝐷) = −𝐾2 log􏷡𝑀+ log􏷡 𝐿(𝐺 ∶ 𝐷) =

= −𝐾2 log􏷡𝑀−𝑀
𝑛
􏾜
𝑖=􏷠
𝐻(𝑃𝑖 ∣ parents(𝑃𝑖)𝐺) ,

• 𝐾 = ∑𝑛
𝑖=􏷠 𝑞𝑖(𝑟𝑖 − 1),

• 𝑞𝑖 is the number of unique instantiations of𝑃𝑖 parents,
• 𝑛 is the number of variables,

• 𝑟𝑖 is the number of distinct𝑃𝑖 values and
• 𝑀 the number of observations.

𝐻(𝑃𝑖 ∣ parents(𝑃𝑖)𝐺) = −
𝑞𝑖
􏾜
𝑗=􏷠

𝑟𝑖
􏾜
𝑘=􏷠

𝑁𝑖𝑗

𝑀
𝑁𝑖𝑗𝑘

𝑁𝑖𝑗
log􏷡

𝑁𝑖𝑗𝑘

𝑁𝑖𝑗
=

= −
𝑞𝑖
􏾜
𝑗=􏷠

𝑟𝑖
􏾜
𝑘=􏷠

𝑁𝑖𝑗𝑘

𝑀 log􏷡
𝑁𝑖𝑗𝑘

𝑁𝑖𝑗
,

• 𝑁𝑖𝑗 is the number of samples, where parents(𝑃𝑖) take
the 𝑗-th instantiation of values,

• 𝑁𝑖𝑗𝑘 is the number of samples, where 𝑃𝑖 takes the 𝑘-th
value and parents(𝑃𝑖) the 𝑗-th instantiation of values.

Bayesian score

ln 𝑃𝑟(𝐷 ∣ 𝐺) = ln
𝑛
􏾟
𝑖=􏷠

𝑔(𝑃𝑖, parents(𝑃𝑖)𝐺)

𝑔(𝑃𝑖, parents(𝑃𝑖)) =
𝑞𝑖
􏾟
𝑗=􏷠

(𝑟𝑖 − 1)!
(𝑁𝑖𝑗 + 𝑟𝑖 − 1)!

𝑟𝑖
􏾟
𝑘=􏷠

𝑁𝑖𝑗𝑘!

1.2 Dynamic Bayesian Networks (DBNs)

The recursive definition of filtering task:

𝑃𝑟(𝑋𝑡+􏷠 ∣ 𝑒􏷠∶𝑡+􏷠) = 𝛼𝑃𝑟(𝑒𝑡+􏷠 ∣ 𝑋𝑡+􏷠)𝑃𝑟(𝑋𝑡+􏷠 ∣ 𝑒􏷠∶𝑡) =
= 𝛼𝑃𝑟(𝑒𝑡+􏷠 ∣ 𝑋𝑡+􏷠)􏾜

𝑥𝑡
𝑃𝑟(𝑋𝑡+􏷠 ∣ 𝑥𝑡)𝑃𝑟(𝑥𝑡 ∣ 𝑒􏷠∶𝑡)

𝑋𝑡⋯ the set of unobservable state variables at time 𝑡 ,
𝐸𝑡⋯ the set of observable evidence variables at time 𝑡 .
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2 Description Logics

→⊓ rule

if (𝐶􏷪 ⊓ 𝐶􏷫) ∈ 𝐿𝐺(𝑎) a {𝐶􏷪, 𝐶􏷫} ⊈ 𝐿𝐺(𝑎) for some 𝑎 ∈ 𝑉𝐺 .

then 𝑆′ = 𝑆 ∪ {𝐺′} ⧵ {𝐺}, where𝐺′ = (𝑉𝐺, 𝐸𝐺, 𝐿𝐺′ ), a 𝐿𝐺′ (𝑎) = 𝐿𝐺(𝑎) ∪ {𝐶􏷪, 𝐶􏷫} and otherwise is the same as𝐿𝐺 .

→⊔ rule

if (𝐶􏷪 ⊔ 𝐶􏷫) ∈ 𝐿𝐺(𝑎) a {𝐶􏷪, 𝐶􏷫} ∩ 𝐿𝐺(𝑎) = ∅ for some 𝑎 ∈ 𝑉𝐺 .

then 𝑆′ = 𝑆 ∪ {𝐺􏷪, 𝐺􏷫} ⧵ {𝐺}, where𝐺(􏷪∣􏷫) = (𝑉𝐺, 𝐸𝐺, 𝐿𝐺(􏷪∣􏷫) ) and 𝐿𝐺(􏷪∣􏷫) (𝑎) = 𝐿𝐺(𝑎) ∪ {𝐶(􏷪∣􏷫)} and otherwise is the same as𝐿𝐺 .

→∃ rule

if (∃𝑅 ⋅ 𝐶) ∈ 𝐿𝐺(𝑎) and there exists no 𝑏 ∈ 𝑉𝐺 such that𝑅 ∈ 𝐿𝐺(𝑎, 𝑏) and at the same time𝐶 ∈ 𝐿𝐺(𝑏).

then 𝑆′ = 𝑆 ∪ {𝐺′} ⧵ {𝐺}, where𝐺′ = (𝑉𝐺 ∪ {𝑏}, 𝐸𝐺 ∪ {⟨𝑎, 𝑏⟩}, 𝐿𝐺′ ) and 𝐿𝐺′ (𝑏) = {𝐶}, 𝐿𝐺′ (𝑎, 𝑏) = {𝑅} and otherwise is the same as𝐿𝐺 .

→∀ rule

if (∀𝑅 ⋅ 𝐶) ∈ 𝐿𝐺(𝑎) and there exists no 𝑏 ∈ 𝑉𝐺 such that𝑅 ∈ 𝐿𝐺(𝑎, 𝑏) and at the same time𝐶 ∉ 𝐿𝐺(𝑏).

then 𝑆′ = 𝑆 ∪ {𝐺′} ⧵ {𝐺}, where𝐺′ = (𝑉𝐺, 𝐸𝐺, 𝐿𝐺′ ), a 𝐿𝐺′ (𝑏) = 𝐿𝐺(𝑏) ∪ {𝐷} and otherwise is the same as𝐿𝐺 .

→⊑ rule

if ⊤𝐶 ∉ 𝐿𝐺(𝑎) for some 𝑎 ∈ 𝑉𝐺 .

then 𝑆′ = 𝑆 ∪ {𝐺′} ⧵ {𝐺}, where𝐺′ = (𝑉𝐺, 𝐸𝐺, 𝐿𝐺′ ), a 𝐿𝐺′ (𝑎) = 𝐿𝐺(𝑎) ∪ {⊤𝐶} and otherwise is the same as𝐿𝐺 .

3 Basics of fuzzy logic

Inversemembership 𝜇-􏷠
𝐴(𝑀) = {𝑥 ∈ 𝑋 |𝐴(𝑥) ∈ 𝑀}

Height Height(𝐴) = sup {𝛼 | 𝑥 ∈ Δ,𝐴(𝑥) = 𝛼}
Support Supp(𝐴) = {𝑥 ∈ 𝑋 |𝐴(𝑥) > 0}

Core Core(𝐴) = {𝑥 ∈ 𝑋 |𝐴(𝑥) = 1}
Vertical to horizontal 𝚁𝐴(𝛼) = {𝑥 ∈ 𝑋 |𝐴(𝑥) ≥ 𝛼}
Horizontal to vertical 𝜇𝐴(𝑥) = max{𝛼 ∈ [0, 1] | 𝑥 ∈ 𝚁𝐴(𝛼)}
Fuzzy inclusion 𝐴⊆𝐵 if𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥) for all 𝑥 ∈ Δ
Cutworthiness 𝑃(𝐴􏷠, ..., 𝐴𝑛) ⇒ 𝑃(𝚁𝐴􏷪 (𝛼), ..., 𝚁𝐴𝑛 (𝛼))
Cut-consistency 𝑃(𝐴􏷠, ..., 𝐴𝑛) ⇔ 𝑃(𝚁𝐴􏷪 (𝛼), ..., 𝚁𝐴𝑛 (𝛼))

3.1 Negation

Fuzzy negation if𝛼 ≤ 𝛽 then ¬∘ 𝛽 ≤ ¬∘ 𝛼 (N1)

¬∘ ¬∘ 𝛼 = 𝛼 (N2)

Standard negation ¬
􏹤 𝛼 = 1 − 𝛼

Cosine negation ¬
􏸂􏸎􏸒𝛼 = (cos(𝜋𝛼) + 1)/2

Sugeno negation ¬
𝑆𝜆𝛼 =

􏷠−𝛼
􏷠+𝜆𝑎

Yager negation ¬
𝑌𝜆𝛼 = (1 − 𝑎

𝜆)􏷠/𝜆

Non-involutive negation ¬∘ ¬∘ 0 = 1 and ¬∘ ¬∘ 1 = 0 (N0)
if𝛼 ≤ 𝛽 then ¬∘ 𝛽 ≤ ¬∘ 𝛼 (N1)

Gödel negation ¬
􏹘 𝛼 =

⎧⎪
⎨⎪⎩

1 𝛼 = 0
0 otherwise

3.2 Implication

General fuzzy implication (𝑥 ∘⇒∘ 𝑦) = (𝑥⇒𝑦) on 𝑥, 𝑦 ∈ {0, 1}

Residue implication 𝛼 􏹣⇒∘ 𝛽 = sup{𝛾 | 𝛼 ∧∘ 𝛾 ≤ 𝛽}

R-impl. properties 𝛼 􏹣⇒∘ 𝛽 = 1 iff 𝛼 ≤ 𝛽 (I1)

1 􏹣⇒∘ 𝛽 = 𝛽 (I2)

𝛼 􏹣⇒∘ 𝛽 is not increasing in 𝛼
and not decreasing in 𝛽 (I3)

Standard implication 𝛼 􏹣⇒􏹤 𝛽 =
⎧⎪
⎨⎪⎩

1 if 𝛼 ≤ 𝛽
𝛽 otherwise

Łukasiewicz implication 𝛼 􏹣⇒􏹝 𝛽 =
⎧⎪
⎨⎪⎩

1 if 𝛼 ≤ 𝛽
1 − 𝛼 + 𝛽 otherwise

Algebraic implication 𝛼 􏹣⇒􏹒 𝛽 =
⎧⎪
⎨⎪⎩

1 if 𝛼 ≤ 𝛽
𝛽
𝛼 otherwise

S-implication 𝛼 􏹤⇒∘ 𝛽 = ¬􏹤 𝛼
∘∨ 𝛽

Kleene-Dienes implication 𝛼 􏹤⇒􏹤 𝛽 = max(1 − 𝛼, 𝛽)

Generalized fuzzy inclusion 𝐴 ∘⊆∘ 𝐵 = inf{𝐴(𝑥)
∘⇒∘ 𝐵(𝑥) | 𝑥 ∈ Δ}
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3.3 Conjunction

Definition
𝛼 ∧∘ 𝛽 = 𝛽 ∧∘ 𝛼 (T1)

𝛼 ∧∘ (𝛽 ∧∘ 𝛾) = (𝛼 ∧∘ 𝛽) ∧∘ 𝛾 (T2)

if 𝛽 ≤ 𝛾 then(𝛼 ∧∘ 𝛽) ≤ (𝛼 ∧∘ 𝛾) (T3)
(𝛼 ∧∘ 1) = 𝛼 (T4)

Standard c. 𝛼 ∧􏹤 𝛽 = min (𝛼, 𝛽)
Łukasiewicz c. 𝛼 ∧􏹝 𝛽 = max (𝛼 + 𝛽 − 1, 0)

Algebraic product 𝛼 ∧􏹒 𝛽 = 𝛼 ⋅ 𝛽

Weak conjunction 𝛼 ∧􏹨 𝛽 =

⎧⎪⎪
⎨⎪⎪⎩

𝛼 if 𝛽 = 1
𝛽 if𝛼 = 1
0 otherwise

3.4 Disjunction

Definition

𝛼 ∘∨ 𝛽 = 𝛽 ∘∨ 𝛼 (S1)

𝛼 ∘∨ (𝛽 ∘∨ 𝛾) = (𝛼 ∘∨ 𝛽) ∘∨ 𝛾 (S2)

if 𝛽 ≤ 𝛾 then (𝛼 ∘∨ 𝛽) ≤ (𝛼 ∘∨ 𝛾) (S3)
(𝛼 ∘∨ 0) = 𝛼 (S4)

Standard d. 𝛼 􏹤∨ 𝛽 = max(𝛼, 𝛽)
Łukasiewicz d. 𝛼 􏹝∨ 𝛽 = min(𝛼 + 𝛽, 1)
Algebraic sum 𝛼 􏹒∨ 𝛽 = 𝛼 + 𝛽 − 𝛼 ⋅ 𝛽

Weak disjunction 𝛼 􏹨∨ 𝛽 =

⎧⎪⎪
⎨⎪⎪⎩

𝛼 if 𝛽 = 0
𝛽 if𝛼 = 0
1 otherwise

3.5 Relations

Composition 𝑅○∘ 𝑆(𝑥, 𝑧) = sup𝑦∈𝑌 𝑅(𝑥, 𝑦) ∧∘ 𝑆(𝑦, 𝑧)

Comp. properties 𝑅○∘ (𝑆○∘ 𝑇) = (𝑅○∘ 𝑆)○∘ 𝑇 (C3)

𝑅○∘ 𝐸 = 𝑅, 𝐸○∘ 𝑅 = 𝑅 (C1)

(𝑅 􏹤∪ 𝑆)○∘ 𝑇 = (𝑅○∘ 𝑇)
􏹤∪ (𝑆○∘ 𝑇) (C4)

(𝑅○∘ 𝑆)
-􏷠 = 𝑆-􏷠 ○∘ 𝑅

-􏷠 (C2)

𝑅○∘ (𝑆
􏹤∪ 𝑇) = (𝑅○∘ 𝑆)

􏹤∪ (𝑅○∘ 𝑇) (C5)

First projection 𝑅(􏷠)(𝑥) = sup𝑦∈𝑌 𝑅(𝑥, 𝑦)
Second projection 𝑅(􏷡)(𝑦) = sup𝑥∈𝑋 𝑅(𝑥, 𝑦)
Cylindrical extension 𝐴 × 𝐵(𝑥, 𝑦) = 𝐴(𝑥) ∧􏹤 𝐵(𝑦)
Identity relation 𝐸 = {(𝑥, 𝑥) | 𝑥 ∈ Δ}
Reflexivity 𝐸⊆𝑅
Symmetrictity 𝑅 = 𝑅-􏷠

∘-anti-symmetricity 𝑅 ∩∘ 𝑅
-􏷠 ⊆𝐸

∘-transitivity 𝑅○∘ 𝑅⊆𝑅

∘-partial order reflexive, ∘-transitive and ∘-anti-symmetric
∘-equivalence reflexive, ∘-transitive and ∘-symmetric

4 Fuzzy description logic

non-atomic c. interpretation
⊥ 0
⊤ 1
𝐴 𝐴ℐ (𝑥)

¬𝖢 ¬
􏹤 𝖢

ℐ (𝑥)

𝖢 ⊓∘ 𝖣 𝖢ℐ (𝑥) ∧∘ 𝖣
ℐ (𝑥)

𝖢 ∘⊔ 𝖣 𝖢ℐ (𝑥) ∘∨ 𝖣ℐ (𝑥)
𝖢 ∘↦∘ 𝖣 𝖢ℐ (𝑥) ∘⇒∘ 𝖣

ℐ (𝑥)

∃𝖱 ⋅ 𝖢 sup𝑦 𝖱
ℐ (𝑥, 𝑦) ∧∘ 𝖢

ℐ (𝑦)

∀𝖱 ⋅ 𝖢 inf𝑦 𝖱ℐ (𝑥, 𝑦)
∘⇒∘ 𝖢

ℐ (𝑦)
(𝑛 𝖢) 𝑛 ⋅ 𝖢(𝑥)

𝑚𝑜𝑑(𝖢) 𝑚𝑜𝑑(𝖢ℐ (𝑥))
𝑤􏷠𝖢􏷠 + ... + 𝑤𝑘𝖢𝑘 𝑤􏷠𝖢ℐ􏷠 (𝑥) + ... + 𝑤𝑘𝖢ℐ𝑘 (𝑥)

axiom satisfied if
⟨𝑖 ∶ 𝖢 | 𝛼⟩ 𝖢ℐ (𝑖ℐ ) ≥ 𝛼

􏾉(𝑖, 𝑗) ∶ 𝖱 | 𝛼􏽼 𝖱ℐ (𝑖ℐ , 𝑗ℐ ) ≥ 𝛼
⟨𝖢⊑𝖣 | 𝛼⟩ 𝖢 ∘⊆∘ 𝖣 ≥ 𝛼

􏾉𝖱􏷠 ⊑𝖱􏷡􏽼 𝖱ℐ􏷠 ⊆𝖱ℐ􏷡
⟨transitive𝖱⟩ 𝑅 is ∘-transitive
􏾊𝖱􏷠 = 𝖱-􏷠

􏷡 􏽽 𝖱ℐ􏷠 = (𝖱ℐ􏷡 )-􏷠
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5 Fuzzy DL algorithm

The reasoner applies each of the following rules sequentially:

𝖠 If a vertex 𝑣 is labeled ⟨𝖢, 𝑙⟩, add (𝑥𝑣∶𝖢 ≥ 𝑙) into𝒞 .

𝖠̄ If a vertex 𝑣 is labeled ⟨¬𝖢, 𝑙⟩, add (𝑥𝑣∶𝖢 ≤ 1 − 𝑙) into𝒞 .

𝖱 If an edge (𝑣, 𝑤) is labeled ⟨𝖱, 𝑙⟩, add (𝑥(𝑣,𝑤)∶𝖱 ≥ 𝑙) into𝒞 .

⊥ If a vertex 𝑣 is labeled ⟨⊥, 𝑙⟩, add (𝑙 = 0) into𝒞 .

⊓ If a vertex 𝑣 is labeled ⟨𝖢 ⊓ 𝖣, 𝑙⟩, append labels ⟨𝖢, 𝑥􏷠⟩, ⟨𝖣, 𝑥􏷡⟩ to 𝑣
and add the following constraints into𝒞 (with fresh 𝑥􏷠, 𝑥􏷡, 𝑦):

𝑦 ≤ 1 − 𝑙
𝑥􏷠 ≤1 − 𝑦
𝑥􏷡 ≤1 − 𝑦

𝑥􏷠 + 𝑥􏷡 = 𝑙 + 1 − 𝑦

⊔ If a vertex 𝑣 is labeled ⟨𝖢 ⊔ 𝖣, 𝑙⟩, append labels ⟨𝖢, 𝑥􏷠⟩, ⟨𝖢, 𝑥􏷡⟩ to 𝑣 and add (𝑥􏷠 + 𝑥􏷡 = 𝑙) into𝒞 (with fresh 𝑥􏷠, 𝑥􏷡, 𝑦).

∀ If a vertex 𝑣 is labeled ⟨∀𝖱 ⋅ 𝖢, 𝑙􏷠⟩, an edge (𝑣, 𝑤) is labeled ⟨𝑅, 𝑙􏷡⟩ and the rule has not been applied to this pair,
then append the label ⟨𝖢, 𝑥⟩ to𝑤 and add the following constraints into𝒞 (with fresh 𝑥, 𝑦):

𝑙􏷠 + 𝑙􏷡 − 1 ≤ 𝑥 ≤ 𝑦 ≤ 𝑙􏷠 + 𝑙􏷡

⊑ If ⟨𝖢⊑𝖣 | 𝑛⟩ ∈K , and the rule has not been applied to a node 𝑣,
then append labels ⟨nnf(¬𝖢), 1 − 𝑥􏷠⟩, ⟨𝖣, 𝑥􏷡⟩ to 𝑣
and add (𝑥􏷠 ≤ 𝑥􏷡 + 1 − 𝑛) to𝒞 .

∃ If a vertex 𝑣 is labeled ⟨∃𝖱 ⋅ 𝖢, 𝑙⟩ and it is not blocked,
add a new vertex𝑤 and an edge (𝑣, 𝑤), add labels ⟨𝐶, 𝑥􏷡⟩ to𝑤,
and ⟨𝑅, 𝑥􏷠⟩ to (𝑣, 𝑤) and the following constraints into𝒞 (with fresh 𝑥􏷠, 𝑥􏷡 and 𝑦):

𝑦 ≤ 1 − 𝑙
𝑥􏷠 ≤1 − 𝑦
𝑥􏷡 ≤1 − 𝑦

𝑥􏷠 + 𝑥􏷡 = 𝑙 + 1 − 𝑦
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