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Introduction

Optimisation (more precisely mathematical optimisation) attempts to solve the minimisation
(or maximisation) of functions of many variables in the presence of possible constraint con-
ditions. This formulation covers many practical problems in engineering and in the natural
sciences; often we want to do something ‘in the best possible way’ in the ‘given circumstances’.
It is very useful for an engineer to be able to recognise optimisation problems in various situa-
tions. Optimisation, also called mathematical programming, is a branch of applied mathematics,
combining aspects of mathematical analysis, linear algebra and computer science. It is a mod-
ern, fast developing subject.
Examples of some tasks leading to optimisation problems:

e Approximate some observed functional dependence by a function of a given class (of func-
tions, e.g. a polynomial).

e Choose some shares to invest in, so that the expected return is large and the expected risk
is small.

e Build a given number of shops around a town so that every inhabitant lives near one.

e Determine the sequence of control signals to a robot, so that its hand moves from place
A to place B along the shortest path (or in the shortest time, using the minimum energy,
etc.) and without a collision.

e Regulate the intake of gas to a boiler so that the temperature in the house remains nearly
optimal.

e Design a printed circuit board in such a way that the length of the connections is minimal.
e Find the shortest path through a computer network.

e Find the best connection from place A to place B using bus/train timetables.

e Design the best school timetable.

e Build a bridge of a given carrying capacity using the least amount of building materials.
e Train a neural network.

Apart form the engineering practice, optimisation is also important in natural sciences. Most
physical laws can be formulated in terms of some variable attaining an extreme value. Liv-
ing organisms are, at any given moment, consciously or unconsciously, solving a number of
optimisation problems — e.g. they are choosing the best possible behaviours.

You will not learn on this course how to solve all these problems but you will learn how to
recognise the type of a problem and its difficulty. You will gain the foundations for solving the
easiest problems and for an approximate solution of the more difficult ones. The spectrum of
problems that you will be able to solve will be further significantly enhanced after the completion
of the follow-up course Combinatorial Optimisation.



Goal: To achieve a thorough understanding of vector calculus, including both problem
solving and theoretical aspects. The orientation of the course is toward the problem aspects,
though we go into great depth concerning the theory behind the computational skills that are
developed.

This goal shows itself in that we present no ‘hard’ proofs, though we do present ‘hard’ the-
orems. This means that you are expected to understand these theorems as to their hypotheses
and conclusions but not to understand or even see their proofs. However, ‘easy’ theorems are
discussed throughout the course, and you are expected to understand their proofs completely.
For example, it is a hard theorem that a continuous real-valued function defined on a closed
interval of the real numbers attains its maximum value. But it is an easy theorem that if that
maximum value is taken at an interior point of the interval and if the function is differentiable
there, then its derivative equals to zero at that point.

You will also learn to grasp quite a large number of important definitions.



Chapter 1

Formalising Optimisation Tasks

1.1 Mathematical notation

Bold font in these notes indicates a newly defined concept, which you should strive to compre-
hend and memorise. Words in talics mean either emphasis or a newly introduced concept that
is generally known. Paragraphs, sentences, proofs, examples and exercises marked by a star (%)
are elaborations (and thus more difficult) and not essential for the examination.

We now review mathematical notation used in these notes. The reader ought to become
thoroughly familiar with it.

1.1.1 Sets

We will be using the standard sets notation:

{ai,...,a,} a set with elements aq,...,a,

acA element a belongs to set A (or a is an element of A)

ACB A is a subset of set B, i.e., every element of A belongs to B
A=DB set A equals to set B, then A C B and also B C A

{a€ Al p(a)} setof elements of A with property ¢. Sometimes we abbreviate this as {a | ¢(a) }
AUB union of sets, set {a|a € Aora € B}

ANB intersection of sets, set { a | a € A and also zaroven a € B }
(a1,...,a,) ordered n-tuple of elements aq,...,a,

Ax B cartesian product of sets, set of all pairs { (a,b) |a € A, be B}
A" cartesian product of n identical sets, A" = A x --- x A (n-krat)
0 empty set

iff if and only if ( <)

Names of sets will be denoted by inclined capital letters, e.g. A or X. Numerical sets will be
written as follows:



set of natural numbers

set of integers

set rational numbers

set of real numbers
i set of non-negative real numbers
T4 set of positive real numbers
x1,%]  closed real interval (set {x e R | xy <x <a9})
x1,x2) open real interval (set {z € R |21 <z < x2})
set of complex numbers

AAAONZ

—

ﬁA

1.1.2 Mappings

A mapping from set A to set B is written as
fi A— B. (1.1)

Mapping can be imagined as a ‘black box” which associates each element a € A (in domain A)
with exactly one element b = f(a) € B (in codomain B). The formal definition is as follows:
subset f of the cartesian product A x B (i.e. relation) is called mapping, if (a,b) € f and
(a,b') € f implies b = . Even though mapping (map) means exactly the same as function,
the word ‘function’ is normally used only for mapping into numerical sets (e.g. B =R, Z, C
etc.).

The set of all images (codomain elements b) of all arguments (domain elements a) with
property ¢, is abbreviated as:

{fla)|aec A pla)} ={beB|b=fla), ac A pla)}

or just { f(a) | ¢(a) }, when A is clear from the context. Here ¢(a) is a logical expression which
can be true or false. For example, set {z? | —1 < z < 1} is half-closed interval [0,1). The
domain set A in the mapping f is written f(A) = { f(a) |a € A }.

1.1.3 Functions and mappings of several real variables

An ordered n-tuple x = (z1,...,x,) € R" of real numbers is called (n-dimensional) vector.
f: R" — R™ (1.2)
denotes a mapping, which associates with vector x € R" vector
f(x)="1f(x1,...,2,) = (i(x), ..., (X)) = (fi(z1, .. 20), o, fr(X1, ..o, 20)) €R™,

where fi,..., fm: R® — R are the components of the mapping. We can write also f =
(fi,--., fm). The following figure illustrates the mapping f: R?* — R%:

e |

> fl(fl?l,lé,ﬁﬁg)
Ty ——» f
T3—» ’ fz(ﬂfl,l‘g,xg)




When m = 1 then the codomain values are scalars, written in italics, as follows: f. When
m > 1 then the codomain values are vectors, written in bold font, f. Even though strictly
speaking the words ‘function’” and ‘mapping’ mean one and the same thing, it is common to
talk about a function when m =1 and a mapping when m > 1.

Definitions and statements in this text will be formulated so as to apply to functions and
mappings whose definition domain is the entire R". However, this need not always be the
case, e.g. the definition domain of the function f(x) = +/1 — 22 is the interval [—1,1] C R.
Nonetheless, the above default domain simplifies the notation and the reader should find it easy
to generalise any given statement to a different definition domain.

We use the following terms for functions f: R® — R:

e Graph of the function is the set { (x,y) € R"" | x e R, y = f(x) }.
e Contour of the value y of the function is the set {x € R" | f(x) =y }.

The following figure shows examples of the graph and the contours of functions of two variables
on the rectangle [—1,1]? (created by the matlab command meshc):
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1.2 Minimum of a function over a set

Given set Y C R, we call y € Y its smallest element (or minimum), iff y <y for all y/ € Y.
Not all subsets of R have the smallest element (e.g. interval (0, 1] does not).

Take function f: X — R, where X is an arbitrary set. Denote codomain Y of X by
function f

V=fX)={/f=)|re X} CR

When set Y has the smallest element, we define

min f(z) =minY
called minimum of the function f over the set X. In this case there exists at least one element
x € X, so that f(x) = minY. We say that the function attains minimum at the point x. The
subset of set X, at which the minimum is reached, is denoted by the symbol ‘argument of the
minimum’
argmin f(z) ={z € X | f(z) =minY }.
reX

We define the maximum of function over a set similarly. Minima and maxima of a function are
generically called its extrema or optima.

Example 1.1.

10



o miﬂrg]x—l] =min{ |z — 1| |z € R} =minR; =0, argmin |z — 1] = {1}
x€ z€R

e Let f(x) = max{|z|,1}. Then argmin f(z) =[-1,1].

o Let (ay,as,...,as) =(1,2,3,2,3). Then! msaf(az =3, argmaxa, = {3,5}. O

=1

1.3 The general problem of continuous optimisation

Optimisation problems are formulated as searching for the minimum of a given real func-
tion f: X — R over a given set X. This formalisation is very general, as the set X is quite
arbitrary. There are three broad categories of problems:

e Combinatorial optimisation, when set X is finite (even though possibly very large). Its
elements can be, for example, paths in a graph, configuration of the Rubik’s cube or text
strings of finite lengths. Examples are finding the shortest path through the graph or the
problem of the travelling salesman.

e Continuous optimisation when set X contains real numbers or real vectors. An example
is linear programming.

e Variational calculus when set X contains real functions. An example is to find the planar
curve of given length which encloses the maximum area.

This course addresses continuous optimisation. The general problem of continuous optimi-
sation is usually formulated as follows: we seek the minimum of function f: R” — R on set

X C R", which contains all solutions (z1,...,x,) of a set of m inequalities and ¢ equations.
gi(x1,...,2,) <0, i=1,...,m (1.3a)
hi(xl,...,xn): R Z:177€ (13b)

for given functions gy, ..., gm, h1,..., he: R* — R. In vector notation we write:

X = {xeR"|g(x) <0, hix)=0},

where g: R® — R™, h: R® — R’ and 0 denote null vectors of an appropriate dimension. We
seek the minimum of given function f: R™ — R on set X. That is written also as

min  f(xy,...,2,)
condition to  g;(z1,...,2,) <0, i=1,...,m (1.4)
hi<l'1,..., ):O Z:L,é

Example 1.2. A shepherd has 100 metres of fencing. He wants to make a sheep paddock that
is as large (in area) as possible. It is to be a rectangle whose three sides will be formed by the
fence and the remaining side by a river, as sheep cannot swim.

5 . . . .
! max a; is more often written as max _a;. We use the first method, following an analogy with the standard
= i=1,...,

5
notation Z a;.

=1

11



Let’s call the sides of the rectangle x,y. We are solving the problem

max zy
condition to 2z +y = 100

or
max{zy |z € R, y € R, 2z +y =100 }.

Here we have n =2, m =0, { = 1.
We know how to solve this problem easily. From the constraint 2x + y = 100 we have
y = 100 — 2x, therefore instead of the original problem, we can solve the equivalent problem

without constraints:
min (100 — 2z).

z€eR
The minimum of the quadratic function x(100 — 2x) is easily found by means of analysis of
functions of a single variable. O

Example 1.3. Find the pair of nearest points in the plane. One point lies on the circle of unit
radius with the centre at the origin and the second point lies in the square with the centre at
point (2,2) and the side of one unit. This problem can, of course, be solved easily by some
thought. However, let’s write it in the form (1.4).

Point (z1,7) on the circle satisfies 22 + 22 = 1. Point (x3,24) in the square satisfies
—%§x3—2§%, —%§x4—2§%. We have n =4, m =4, { =1 and

X ={(v1,20,25,m4) |2} +23-1=0, 3 —23<0, 23— 2 <0, 3 -, <0, 24— 3 <0}

We are solving the problem

min /(1 — 23)2 + (22 — 4)?
subject to z? + 23 —1=0
§—I3§0
Ig—ggo
%—.’L'4§0
1—32<0 O

[\V]

8

In mathematical analysis, the solution of problem (1.4) is called extrema of function f,
subject to constraints (1.3). When the constraints are missing, we talk about free extrema of
function f. Mathematical optimisation is commonly using somewhat different terminology:

e Function f is called the objective (also penalty, cost, criteria) function.

e clements of the set X are called admissible solutions, which is somewhat contradictory, as
they need not be the solutions of the problem (1.4). elements of the set argmin, y f(x)
are then called optimal solutions.

e Equations and inequalities (1.3) are called constraining conditions, in short constraints.

e Constraints (1.3a), respectively (1.3b), are called constraints of inequality type, respec-
tively equality type. When the constraints are missing (m = ¢ = 0), then we talk about
unconstrained optimisation.

e When the set X of admissible solutions is empty (constraints are in a conflict with each
other), then the problem is called inadmissible.

e When the objective function can grow above any bounds while fulfilling the constraints,
then the problem is called unbounded.

12



1.4 Exercises

1.1. Solve the following problems. Express the textual problem descriptions in the form of (1.4).
All that is necessary is some common sense and the derivatives of functions of a single
variable.

a)
b)

)

min{z> +y? |z >0,y >0, zy > 1}

minf (z 2 + (y— 17 |2 < 1, 42 < 1)

You are to make a cardboard box with the volume of 72 litres, whose length is twice
its width. What will be its dimensions using the minimum amount of cardboard?
The thickness of the sides is negligible.

What are the dimensions of a cylinder with the unit volume and the minimum surface
area?

Find the dimensions of a half-litre beer glass that requires the minimum amount of
glass. The thickness of the glass is uniform.

Find the area of the largest rectangle inscribed inside a semi-circle of radius 1.

A rectangle in a plane has one corner at the origin and another corner lies on the
curve y = z? + 2~ 2. For what value of z will its area be minimal? Can its area be
arbitrarily large?

Find the point in the plane, nearest to the point (3,0) and lying on the parabola
given by the equation y = 2.

One hectare plot (10K square metres) of rectangular shape is to be surrounded on
three sides by a hedge that costs 1000 crowns per metre and on the remaining side
by an ordinary fence that costs 500 crowns per metre. What will be the cheapest
dimensions for the plot?

x,y are numbers in the interval [1,5], such that their sum is 6. Find such numbers
so that zy? is (a) minimal and (b) maximal.

We seek the n-tuple of numbers zy,...,x, € {—1,+1}, such that their product is
positive and their sum is minimal. As your result, write down a formula (as simple
as possible), giving the value of this sum for any n.

Rat biathlon. A rat stands on the bank of a circular pond with unit radius. The rat
wants to reach the opposite point on the bank of the pond. It swims with velocity v,
and runs with velocity v,. It wants to get there as quickly as possible by swimming,
running or a combination of both. What path will it choose? The rat’s strategy can
change depending on different relative values of v; and v,. Solve this problem for all
combinations of these two values.

13



Chapter 2

Matrix Algebra

Real matrix of dimensions m x n is the table

ayx - Aip
A=laygl=1:1 -~ |,

Am1  *° Amnp

where a;; are the elements of the matrix. Matrix can also be understood as the mapping

,.

.,m} x{l,...,n} — R. The set of all real matrices of dimensions m x n (i.e., s m rows

and n columns) is written as R™*".
We will use the following terminology:

When m = n the matrix is called square and for m # n rectangular, while for m < n
it is wide and for m > n it is narrow.

Diagonal elements of the matrix are elements ajy,...,a,,, where p = min{m,n}.
A matrix is diagonal, when all non-diagonal elements are zero (this applies to both
square and rectangular matrices). When A is square diagonal (m = n), we write A =
diag(ai1, ase, - - -, app)-

Zero matrix has all elements zero, written 0,,x, (when the dimensions are clear from
the context, then simply 0).

identity matrix is square diagonal and its diagonal elements are all 1s, written I,, (when
the dimensions are clear from the context, then simply I).

A matrix can be composed of several sub-matrices (sometimes also called blocks), e.g.:

[A B} ’ sub — matrzcesA] ’ {A B} , {A I} .

B C D 0 D
The dimensions of the individual blocks must be compatible. The dimensions of the

identity matrix I and the zero matrix 0 in the fourth example are determined by the
dimensions of the matrices A and D.

(2.1)

2.1 Matrix operations

The following operations are defined on the matrices:
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e The product of scalar' a € R and matrix A € R™ " is the matrix cA = [aa;;] € R™*™.
e Addition of matrices A, B € R™*" is the matrix A + B = [a;; + b;;] € R™*™.

e Matrix product of A € R™*? and B € RP*" is the matrix C = AB € R™*" with
elements

p
Cij = Z aikbkj- (2-2)
k=1

Properties of the matrix product:
e (AB)C=A(BC)
e (A+B)C=AC+BCaAB+C)=AB+AC
e AL =A=1,A

e (¢/A)B = A(aB) = a(AB) (We might be tempted to think that the expression aA is
also a matrix product, where the scalar a € R is considered to be a matrix of dimension
1 x 1. However, this is not the case because the the inner dimensions of matrices would
be generally different.)

Generally it is not true that AB = BA (square matrices are generally non-commutitative).
It is useful to remember the following rule for the multipication of matrices composed of

blocks
A B| |X| |AX+BY
C D||Y| |CX+DY/|"

2.2 Transposition and symmetry

The transpose of matrix A = [a;;] € R™*" is written as AT = [a;;] € R™™. The properties
of transposition are:

° (OzA)T = AT
o (AT =A
e (A+B)T =AT +B?
e (AB)T = BTAT
A square matrix is called
e symmetric, when AT = A ie., a;; = ajj,

e skew-symmetric, when AT = —A| ie., a;; = —aj; (from which it necessarily follows
that Qi = 0)

2.3 Rank and inversion

Rank of a matrix is the size of the largest subset of its linearly independent columns. In other
words, it is the dimension of the linear envelope of the matrix columns. Rank is written as
rank A. The following holds (but it is not easy to prove)

rank A = rank A7, (2.3)

1 The term scalar in the real matrix algebra denotes a real number. More precisely, considering the set of
all matrices of dimensions m X n as a linear space, then it is the scalar of this linear space.
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thus instead of using the columns, it is equivalently possible to define the rank using the rows.

It follows that for any matrix
rank A < min{m,n}. (2.4)

When rank A = min{m,n}, we say that the matrix is of full rank. A square matrix of full
rank is called regular, otherwise it is said to be singular.
When matrices A € R™™™ and B € R™*" satisfy

AB =1, (2.5)

then matrix B is the right inverse of matrix A and matrix A is the left inverse of matrix
B. The right or the left inverse need not exist or they need not be unique. For example, when
m < n, then the equality (2.5) never holds (why?). The right inverse of matrix A exists iff the
rows of A are linearly independent. The left inverse of matrix B exists iff the columns of B are
linearly independent.

For m = n (square matrix A), its right inverse exists iff A is regular (this is why a regular
matrix is also called invertible). In this case it is unique and equal to the left inverse of the
matrix A. Then we talk only about an inverse of matrix A and denote it as A~!. Properties
of an inverse:

2.4 Determinants

Determinant is the function R"*" — R (i.e. it associates a scalar with a square matrix)
defined as

det A = ngnaﬁaw(i), (2.6)
o =1

where we are adding over all permutations n of elements o: {1,...,n} — {1,...,n}, where
sgn o denotes the sign of each permutation. Some properties of determinants:

e Determinant is a multilinear function of the matrix columns, i.e., it is a linear function of
an arbitrary column when all the other columns are constant.

e Determinant is an alternating function of the matrix columns, i.e., swapping two neigh-
bouring columns swaps the sign of the determinant.

o detlI =1

e det A = 0 iff A is singular

o det AT =det A

e det(AB) = (det A)(det B)

o det A~! = (det A)~! (it follows from the above for B = A™1)
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2.5 Matrix of a single column or a single row

A matrix with just one column (i.e. a element of R™*!) is also called a column vector?. A
matrix with just one row (i.e. an element of R'*™) is also called a row vector.

The linear space R™*! of all matrices with one column is ‘almost the same’ as the linear
space R™ of all ordered n-tuples (z1,...,x,). Therefore it is customary not to distinguish
between the two spaces and to move between their two meanings without a warning. We will
call the elements

T
. n
x= (T1,...,T,) = : eR
—_———
uspofddand n-tice Tn
——

matrix n X 1
of this space simply vectors. In other words, by the unqualified term vector will be meant a
column vector or equally, an ordered n-tuple of numbers?®.
The cases where vectors occur in the matrix products are important:

e Given matrix A € R™*" and vector x € R", the expression y = Ax is the matrix product
of matrix m X n with matrix n x 1, therefore according to (2.2), it is

n
Y = Z CLZ']‘ZE]‘.
j=1
The vector y € R™ is the linear combination (with the coefficients z1,...,x,) of the
columns of the matrix A.
e For x,y € R", x'y = 2191 + -+ - + 2,y is the matrix product of the row vector x? and
the column vector y, the result of which is a scalar.
e For x,y € R”, xy” is m x n matrix of rank 1, sometimes called the outer product of the
vectors X a y.

Symbol 1, = (1,...,1) € R™ will denote the column vector with all its elements equal to
one. When n is clear from the context, we will write just 1. For example, for x € R",
1'x =2+ +x,.

2.6 Matrix sins

When manipulating matrix expressions and equations, you should aim to gain the same proffi-
ciency as with manipulating scalar expressions and equations. Students sometimes make gross
errors when manipulating matrix expressions; errors which it is possible to avoid by paying
some minimal attention. Next, we give some typical examples of these ‘sins’.

2.6.1 An expression is nonsensical because of the matrices dimen-
sions

As the first example we note blunders where an expression lacks meaning due to the dimensions
of the matrices and vectors. The first type of these errors involves breaking the syntax rules,

2 The term wector has a more general meaning in the general linear algebra than in the matrix algebra; there
it means an element of a general linear space.
3 Of course, we could do the same with rows (and some do, e.g. in computer graphics).
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e.g.:
e When A € R?*3 and B € R3*3, then the following expressions are wrong:

A+B, A=B, [AB], A”B, A, detA, AZX

e A frightful example is the use of a ‘fraction’ for a matrix, e.g. B

In the second type of errors, the culprit produces an expression or a conclusion which does not
contradict the syntax rules but does not make sense semantically, e.g.:

e Inversion of an evidently singular square matrix. For example (ww?)™!, where w € R3.

e Assuming the existence of the left inverse of a fat matrix or the right inverse of a slim
matrix. For example writing QQ” = I, where Q € R>*3.

e The assertion that rank A = 5, where A € R3*5, is wrong because every quintuple of
vectors from R? is linearly dependent.

Example 2.1. When we see the expression (ATB)~!, we must immediately realise the follow-
ing about the dimensions of the matrices A € R™*" and B € R¥*?:

e In order to avoid a syntactical error in the multiplication, it must be the case that m = k.

e As the product A”B has the dimensions n x p, we must have n = p in order to avoid a
syntax error in the inversion. So, now we know that both matrices must have the same
dimensions.

e Since rank(AB) < min{rank A,rank B}, then should A” be narrow or B wide, it would
follow that ATB would certainly be singular and we would have a semantic error. In order

to avoid the error, both matrices must be either square or narrow, m > n.
Conclusion: in order for expression (A7B)~! to make sense, both matrices must have the same
dimensions and must be square or narrow. You may well object that, even so, the matrix A”B
still need not have an inverse — however, our goal was to find only the necessary conditions for
the dimensions of the matrices to make sense. 0

2.6.2 The use of non-existent matrix identities

Matrix manipulation skills can be improved by memorising a stock of matrix identities. Though,
of course, they must not be wrong. Typical examples:
e (AB)T = ATB” (when the inner dimensions in the matrix product ATB” differ, then it
is also a syntax error)
e (AB)"! = A7'B™! (for non-square matrices it is also a syntax error, for square but
singular matrices it is also a semantic error)
e (A +B)?>= A%+ 2AB + B? This identity is based on a very ‘useful’ but non-existent
identity AB = BA. Correctly it should be (A + B)? = A? + AB + BA + B2,

2.6.3 Non equivalent manipulations of equations and inequalities

Here the culprit takes a wrong step with nonequivalent manipulation of an equation or an
inequality. We are all familiar with equivalent and nonequivalent manipulations of scalar equa-
tions from school. For example, the operation ‘take a square root of an equation’ is nonequiv-
alent, since, though a = b implies a® = b%, a? = b? does not imply a = b. Examples:
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e The assumption that a’x = a’y implies x = y (not true even when the vector a is non
Z€r0).

e The assumption that when A € R3*® and AX = AY, then X =Y (not true because A
does not have a left inverse, i.e. linearly independent columns).

e The assumption that AT A = BYB implies A = B (not true even for scalars).

2.6.4 Further ideas for working with matrices

e Draw rectangles (with dimensions) under matrix expressions to clarify their dimensions.

e When encountering a matrix equation or a system of equations, count the scalar equations
and the unknowns.

e Work with Matlab as well as with the paper. Matrix expression manipulations can often
be verified on random matrices. For example, if we want to verify the equality of (AB)T =
BTAT, we can try e.g. A=randn(5,3); B=randn(3,6); (A*B)’-B’*A’. Of course, it is
not a proof.

2.7 Exercises

2.1. Solve these equations for the unknown matrix X (assume that, if needed, its inverse exists):

a) AX +B = A%X
b) X - A =XB
c) 2X-—AX=2A=0
2.2. Solve the system of equations {b; = Xa;, ¢ = 1,...,k} for the unknown matrix X €

R™*"™. What must be the value of k, so that the system will have the same number of
equations as unknowns? On what condition does the system have a single solution?

2.3. Solve the system of equations { Ax = b, x = ATy }, where x,y are unknown vectors and
the matrix A is wide with full rank. Find only the solution for x, we are not interested
in y. Verify in Matlab on a random example obtained by commands A=randn(m,n) ;
b=randn(n,1).

2.4. Consider the system of equations in unknowns x and y:

Ax+By=a
Cx+Dy=b

a) Express this system in the form Pu = q.

b) Suppose that a,x € R™, b,y € R". Show that x = (A — BD"!C)!(a— BD'b).
What is its computational advantage over computing u directly from the system
Pu=q”

2.5. Which of these equation systems are linear? Lower case denotes vectors, upper case
matrices. Assume the most general dimensions of the matrices and vectors. What is the
number of equations and unknowns in each system?

a) Ax = b, unknown x
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2.6.

2.7.

2.8.

2.9.

2.10.
2.11.

2.12.

b) x"Ax = 1, unknown x

c¢) a’Xb = 0, unknown X

d) AX + XAT = C, unknown X

e) {XTY = A, YIX =B}, unknown X,Y

Mapping vec: R™*™ — R™" (‘vectorisation’ matrix, in Matlab written as A(:)), is defined

so that vec A is the matrix A rearranged by columns into a single vector. The Kronecker

matriz product (in Matlab kron(A,B)) is defined as

CLHB e &1nB

A®B= : :
amlB o amnB

For arbitrary matrices (with compatible dimensions), we have:
vec(ABC) = (CT @ A) vec B. (2.7)

Use this formula to transform the following systems of equations in the unknown matrix
X into the form Pu = q in the unknown vector u. Assume that the number of equations
is equal to the number of unknowns. Assume that the matrices and vectors have the most
general dimensions that make sense.

a) {b/Xa;=0,i=1,...,k}

b) AX + XAT =C

The sum of the diagonal elements of a square matrix is called its trace.

a) Prove that the matrices AB and BA have the same trace.
b) Prove that the equation AB — BA =T has no solution for any A, B.

The commutator of two matrices is the matrix [A,B] = AB — BA. Prove the Jacobi’s
identity [A,[B,C]] + [B, [C, A]] + [C,[A,B]] = 0.

Prove the Sherman-Morrison formula (A is square regular and vIA~lu #1):

uvl A1 )

T\—1 -1
(A—llV) =A (I—Fm

Prove that (AB)™! = B~'A~L
Prove that for every square matrix A
a) A+ AT is symmetric
b) A — AT is skew-symmetric
c¢) there exists symmetric B and skew-symmetric C, such that A = B 4 C, where B, C
are uniquely determined.

Prove that for each A € R™*" and B € R"*™ the matrix

I-BA B

L=15A _ABA AB_1I

has the property L? = I (where L? is the abbreviation for LL). A matrix with this property
is called the involution.
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2.13
2.14
2.15

2.16

. When is a diagonal matrix regular? What is the inverse of a diagonal matrix?
. (%) Prove that when I — A is regular, then A(I— A)~! = (I—- A)~'A.
. (%) Prove that when A, B and A + B are regular, then

A(A+B)"'B=B(A+B)'A=(A"'+B )L

. (%) Let square matrices A, B, C, D be such that AB? a CD7T are symmetric and it holds
that AD” — BC” =1. Prove that A’"D — C'B =1.
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Chapter 3

Linearity

Set R™*™ of matrices of fixed dimensions m X n, together with the operations + (adding
matrices) and - (multiplying matrices by a scalar), form a linear space over the field of real
numbers. A special case is the linear space R™ ! of one column matrices or, applying the
identity §2.5, the linear space R™ of all n-tuples of real numbers.

Let’s review the notion of the linear space from linear algebra:

3.1 Linear subspaces

Linear combination of vectors xi,...,x; € R" is the vector
Xy + - QX

for some scalars aq,...,a, € R.
Vectors are linearly independent, when the following implication holds

ax;+- o F+ax=0 = a=---=q,=0. (3.1)
Otherwise they are linearly dependent.
Linear span of a set of vectors {xi, ..., Xy} is the set
span{xy, ..., xgt ={ux; + -+ apXp | a1,..., a4 ER}

of all their linear combinations (here we are assuming that the number of the vectors is finite).
The set X C R™ is called the linear subspace (briefly subspace) of the linear space R",
when an arbitrary linear combination of arbitrary vectors from X is contained in X (we say
that the set X is closed with respect to the linear combinations).
A basis of the linear subspace X C R"” is a linearly independent set of vectors, whose linear
envelope is X. A nontrivial subspace of R has an infinite number of bases, where each basis
has the same number of vectors. This number is the dimension of the linear subspace, written
dim X.

3.2 Linear mapping

The mapping f: R™ — R™ is called linear, when for each xy,...,x; € R” and a4, ...,a; € R,

f(Ole + -4 Oéka) = Ozlf($1) + -4 akf(a:k), (32)
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in other words, when ‘the mapping of a linear combination is equal to the linear combination
of the mappings’.
Let A € R™*™ then the mapping

f(x) = Ax (3.3)
is clearly linear, since
flarxi +- - +apxy) = Alanxy +- -+ opXy) = a1 Axy +- -+ apAxy = arf (1) +- -+ apf ().

Conversely, it is possible to prove (we omit the detailed proof), that for each linear mapping
f: R™ — R™, there exists precisely one matrix A € R™*" such that f(x) = Ax. We say that
the matrix A represents the linear mapping.

For m =1 the linear mapping is a function f: R” — R of the form

f(x)=alx=aiz; + -+ a,oy, (3.4)

where a € R”. This function is also known as a linear form.
A composition of linear mappings is another linear mapping. When f(x) = Ax and g(y) =
By, then
g(f(x)) = (g o f)(x) = B(Ax) = (BA)x,

i.,e. BA is the matrix of the composed mappings g o f. Therefore the matrix of composed
mappings is the product of the matrices of the individual mappings. This is the main reason
why it makes sense to define the matrix multiplication as in (2.2): the matrix multiplication
corresponds to the composition of the linear mappings.

3.2.1 The range and the null space

There are two linear subspaces closely associated with linear mappings: the range and the null
space (or kernel). When the mapping is represented by a matrix, as in f(x) = Ax, we talk
about the range and the null space of the matrix A € R™*",

The range of matrix A is the set

mg A =f(R") ={Ax | x € R"} =span{a;,...,a,} CR™, (3.5)

where ay,...,a, € R™ are the columns of the matrix A. Therefore the range is the linear
envelope of the columns of the matrix, as Ax = x1a; + - - - + x,a, is the linear combination of
the vectors ay,...,a, with the coefficients x1,...,x,. It is the set of all possible values of the
mapping f, i.e. the set of all y, for which the system y = Ax has a solution. The range is a
linear subspace of R™. From the definition of the rank of a matrix it is clear that

dimrng A = rank A. (3.6)
The null space of matrix A is the set
nullA ={xeR"|Ax=0} CR" (3.7)

of all vectors which map into the null vector. Sometimes it is also called the kernel of the
mapping. It is a linear subspace of R™. The null space is trivial (contains only the vector 0)
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iff matrix A has linearly independent columns. That is, every fat matrix has a nontrivial null
space.
The dimensions of the range and of the null space are related by:

dimrng A 4+ dimnull A = n. (3.8)
kA

You will find the proof of this important relationship in every textbook of linear algebra.

3.3 Affine subspace and mapping
Affine combination of vectors xy,...,x; € R" is such linear combination
a1Xy + -0 X,

for which aq + -+ a3 = 1.

Affine envelope of vectors xq,...,X; is the set of all their affine combinations. Affine sub-
space’ of linear space R™ is such set A C R™ which is closed with respect to affine combinations
(i.e. every affine combination of vectors from A is in A).

Example 3.1. Consider two linearly independent vectors x,y € R2 Their linear envelope is
the set

span{x,y} = {ax+ fy | a, 8 € R},

i.e. the plane passing through these two points and through the origin 0, that is the entire R2.
Their affine envelope is the set

aff{x,y} = {ax+ By |a,fER, a+B=1}={ax+(1—-a)y|a€R},

which is the line passing through the points x,y. The following figure shows the vectors
ax + (1 — a)y for various values of a:

Similarly, the linear envelope of two linearly independent vectors in R? is the plane passing
through these two points and the origin 0 and their affine envelope is the line passing through
these two points. The affine envelope of three linearly independent points in R? is the plane
passing through these three points. U

Theorem 3.1.

e Let A be an affine subspace of R" and xo € A. Then the set A—x9={x—%Xo|x€ A}
is a linear subspace of R".

I Here we define the affine subspace of a linear space rather than the affine space itself. The definition of
affine space not referring to some linear space exists but it is not needed here, so it is omitted.
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e Let X be a linear subspace of R™ and xo € R™. Then the set X +xo={x+X |x€ X }
is an affine subspace of R".

Proof. We prove only the first part, as the proof of the second part is similar. We want to prove
that an arbitrary linear combination of vectors from the set A — x¢ is in A — xo. That means

X1,...,Xx € Aand aq,...,ar € R must satisfy ag(x; —xo) + -+ + ap(xx — X9) € A — xg or
ap(X1 —Xo) + - Fap(Xp —Xo) +xXo=yxy + -+ agpxp + (L —ag — -+ — ag)xg € A.
This holds because a; + -+ + ax + (1 — a3 — -+ — ) = 1 and therefore the last term is an
affine combination of vectors from A, which by the assumption was in A. O

This theorem shows that an affine subspace is just a ‘shifted’ linear subspace (i.e. it need
not pass through the origin like the linear subspace). The dimension of an affine subspace
is the dimension of that linear subspace. Affine subspaces of R™ with dimensions 0, 1, 2 and
n — 1 are called respectively the point, line, plane and superplane.

Mapping f: R" — R™ is called an affine mapping, when (3.2) holds for all a3 +- -4y = 1,
i.e. the mapping of an affine combination is the same as the affine combination of the mappings.
It is possible to show (do it!), that the mapping f: R™ — R™ is affine iff there exists matrix
A € R™™ and vector b € R™, such that

f(x) = Ax+b. (3.9)
For m = 1 the mapping (3.9) is also called an affine function? f: R® — R and has the form
fx)=alx+b=ayz; + - +a,x, +b, (3.10)

where a € R" a b € R.

3.4 Exercises

3.1. Decide whether the following sets form linear or affine subspaces of R” and determine their
dimensions:

a) {xeR"|aTx =0} for given a € R"

b) {xeR"|alx =a} for given a € R", a € R
c) {xeR" |xTx=1}

d) {xeR"|ax” =1} for given a € R"

3.2. Given the mapping f(x) = x X y, where y € R3 is a fixed (constant) vector and x denotes

vector product (therefore this is a mapping from R? to R?), is this mapping linear? If so,
find the matrix A, so that f(x) = Ax. What is AT equal to? What is the rank of A?

3.3. Given mapping f: R?* — R3 determined by the rule f(z,y) = (z+y, 20 —1, z —y), is this
mapping linear? Is this mapping affine? Prove both of your answers.

2 The word ‘linear’ means something different in linear algebra and in mathematical analysis. For example,
you called the function of a single variable f(z) = ax + b linear at school. However, in linear algebra, it is not
linear — it is affine. Although the equation system Ax = b is called ‘linear’ even in linear algebra.
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3.4.

3.5.

3.6.

3.7.

Prove that (a) the set of solutions of a homogeneous linear system Ax = 0 is a linear
subspace and (b) the set of solutions of a non-homogeneous linear system Ax = b (for
b # 0) is an affine subspace.

Find the space of the range and the null space for each of the following linearch mappings:

a) f(xy,x9,23) = (11 — o, T3 — 3 + 227 )
b) f({L‘l,[EQ) = (21‘1 + To, 1 — T9, I1 + 2I2)
Write the shortest possible matlab code to determine whether the spaces of the ranges for

two given matrices are the same. What are the most general dimensions of the matrices
required for the task to make sense?

Which of the following assertions are true? Prove each one or find a counter-example.
Some of the assertions may be valid only for certain matrices dimensions — in those cases,
find the most general conditions for the matrices dimensions for the assertion to be true.

a) When AB is of full rank, then A and B are of full ranks.

b) When A and B are of full ranks, then AB is of full rank.

¢) When A and B have trivial null spaces, then AB has the trivial null space.

d) (x) When A and B are both slim with full rank and A”B = 0, then matrix [A B] is
slim with full rank.

e) (x) When matrix [ﬁ ]g] is of full rank, then A and B are both of full ranks.
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Chapter 4

Orthogonality

4.1 Scalar product
The space R™ is naturally equipped with the standard scalar product
x"y =xy + -+ Ty

Scalar product obeys the Cauchy-Schwarz inequality (xy)?* < (x'x)(y’y).
Standard scalar product induces the euclidian norm!

x|z = VxTx = (x% N xi)1/27

The norm fulfills the triangle inequality ||x + y||2 < ||x]||2 + ||y||2, which follows easily from
the Cauchy-Schwarz inequality (square it and multiply out). The norm measures the length
(more commonly called the magnitude) of the vector x. The angle ¢ between a pair of vectors
is given as

xy
]2 Iy ll2
The euclidian norm induces the euclidian metric

cos p =

d(x,y) = [Ix = ¥l

which measures the distance between points x and y.

4.2 Orthogonal vectors

A pair of vectors is called orthogonal (perpendicular), when x’y = 0. It is written as x L y.

A vector is called normalised, when it has a unit magnitude (||x| = 1 = xTx). The set
of vectors {x1,...,Xy} is called orthonormal, when each vector in this set is normalised and
each pair of vectors from this set is orthogonal, that is:

0 wheni#j
X X;j = 73, (4.1)
1 when i =j.
1 'We use the symbol || - |2 for the euclidian norm instead of just || - || because later we will introduce other

norms.

27



An othonormal set of vectors is linearly independent. To prove this take the scalar product
of the left hand side of the implication (3.1) with vector x;, which gives

0= XZTO = alxiTxl 4+ 4 OszZTXk = aixiTxi = ;.

therefore a; = 0. Repeating this for each 7, we get a1 = -+ = a4 = 0.
Orthonormal sets of vectors are in some sense ‘the most linearly independent’ sets of vectors.

4.3 Orthogonal subspaces

Subspaces X and Y of space R" are called orthogonal, when x | y foreachx € X andy €Y.

Written as X L Y. The testing for orthogonality of subspaces nonetheless does not require the

testing of an infinite number of pairs of vectors. It is sufficient (prove it!) to check that for two

arbitrary bases of X and Y, each base vector of X is orthogonal to each base vector of Y.
Orthogonal complement of subspace X in space R” is the set

Xt={yeR"|x"y=0forallx € X }. (4.2)

Thus it is the set of all vectors in R"™, such that each is orthogonal to each vector in X. In
other words, X+ is the ‘largest’ subspace of R", orthogonal to X. Properties of the orthogonal
complement:

o (XH)t=X.

e dim X + dim(X1) =n

e For each vector z € R”, there exists exactly one x € X and exactly one y € X+, such
that z =x+y.

Example 4.1. Two perpendicular lines in R3 passing through the origin are orthogonal sub-
spaces. However, they are not orthogonal complements of each other. Orthogonal complement
of a line in R3 passing through the origin is the plane through the origin which is perpendicular
to the line. 0

4.4 The four fundamental subspaces of a matrix

Every matrix A € R™*" generates four fundamental subspaces:
e mg A = {Ax | x € R"} is the set of all linear combinations of the columns of A,
e null A = {x € R" | Ax = 0} is the set of all vectors orthogonal to the rows of A,
e mg(AT) = {ATx | x € R™} is the set of all linear combinations of the rows of A,
e null(AT) = {x € R™ | ATx = 0} is the set of all vectors orthogonal to the columns of A.

It follows from the definition of the orthogonal complement (think about it!), that these sub-
spaces are related as follows:

(null A)* = rng(A”), (4.3a)
(rng A)* = null(A”). (4.3b)
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4.5 Matrix with orthonormal columns

Let columns of matrix U € R™*™ form an orthonormal set of vectors. Since orthonormal vectors
are linearly independent, then necessarily m > n. The condition of orthonormality (4.1) of the
columns then can be expressed concisely as:

U'U =1,. (4.4)
linear mapping f(x) = Ux (i.e. mapping from R™ to R™) preserves the scalar product, as
£(3)TE(y) = (Ux)?(Uy) = x'UTUy = xTy.

When x =y then it preserves also the euclidian norm, [|f(x)[|s = ||Ux||2 = [|x]||2. That is the
mapping preserves distances and angles. Such mappings are called isometric.
When the matrix U is square (m = n), the following relationships are mutually equivalent:

U'U=1 < U'=U'! < Uuu'=L (4.5)

The proof is not difficult. Since the columns of U are orthonormal, they are linearly independent
and U is regular. Multiplying the leftmost equation on the right by U~ we get the middle
equation. Multiplying the middle equation on the left by U we get the rightmost equation.
The remaining implications are proven analogously.

Equivalence (4.5) tells us that when a square matrix has orthonormal columns, then its
columns are orthonormal, too. Moreover, the inversion of such a matrix is easily computed
by a trivial transposition. A square matrix obeying the conditions (4.5) is called orthogonal
matrix.

It is worth emphasising that when U is rectangular with orthonormal columns, then it is
not true that UUT = I. Further, when U has orthogonal (but not orthonormal) columns, it
need not have orthogonal rows?.

Let U be an orthogonal matrix. Computing the determinant of both sides of the equation
UTU =1, we get det(UTU) = det(UT)det U = (det U)? = 1. That is det U can take on two

values:

e When det U = 1, the matrix is called special orthogonal or also rotational, as the
mapping f(x) = Ux (mapping from R™ to itself) means a rotation of vector x around the
origin. Every rotation in the R™ space can be uniquely represented by a rotation matrix.

e When det U = —1, then the mapping f is the composition of a rotation and a reflection
around a superplane passing through the origin.

Example 4.2. All 2 x 2 rotational matrices can be written as

U— {cps © —sin @}
sinp  cosg

for some value of . Multiplying a vector by this matrix corresponds to the rotation of the
vector in the plane by the angle ¢. Check that UTU =1 = UU? and det U = 1. O

2 this is perhaps the reason why a square matrix with orthonormal columns (therefore also rows) is not
called ‘orthonormal’ but ‘orthogonal’. Rectangular matrix with orthonormal columns and square matrix with
orthogonal (but not orthonormal) columns do not have special names.
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Example 4.3. Permutation matrix is a square matrix, the columns of which are permuted
vectors of the standard basis, e.g.

[63 (S31 82] =

— o O
o O =
o = O

Permutation matrices are orthogonal (prove it!) and their determinants are equal to the sign
of the permutation.

Remember: multiplying an arbitrary matrix A by a permutation matrix on the left permutes
the rows of matrix A. Multiplying matrix A by a permutation matrix on the right permutes
the columns of matrix A. OJ

4.6 QR decomposition

Matrix A is upper triangular when a;; = 0 for each ¢ > j (there are only zeroes under the
main diagonal). It is lower triangular when a;; = 0 for each ¢ < j (there are only zeroes
above the main diagonal).

Every matrix A € R™*™ with m > n can be decomposed into the product

A =QR, (4.6)

where Q € R™ " has orthonormal columns (QTQ = I) and R € R™" is upper triangular.
When A is of full rank (i.e. n) and the condition that the diagonal elements R be positive
(r;; > 0) is satisfied, then matrices Q and R are unique. The QR decomposition is implemented
in Matlab by the command® [Q,R]=qr(A,0).

Since columns of Q are linearly independent, Ax = QRx = 0 precisely when Rx = 0.
That means null A = null R. Then, using identity (3.8), we have: rank A = rank R.

When A if of full rank, matrix R is regular and therefore (think carefully!) g A = rng Q.
This demonstrates that when A is of full rank, then the QR decomposition can be understood as
finding the orthonormal basis of the subspace rng A, where the basis is formed by the columns
of the matrix Q.

QR decomposition has many applications. It is typically used for solving linear systems. For
example, let us solve the system Ax = b with regular square matrix A. Decompose A = QR
and left-multiply the system by Q”, which gives

Rx = Q”b. (4.7)
This is 7ekvivalentni tprava?, since Q is regular. However, as R is triangular, this system can

be solved easily by back-substitution.

4.6.1 (x) Gramm-Schmidt orthonormalisation

Gramm-Schmidtova orthonormalisation is an algorithm, which for given linearly indepen-
dent vectors ay,...,a, € R™ finds vectors qi,...,q, € R™, such that

3 Note that the command [Q,R]=qr(A) computes so called full QR decomposition, in which R is upper
triangular and of the same size as A, and Q is orthogonal of the size m x m. Find out about this command
using help qr!
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® qi,...,q, are orthonormal,
e For each k=1,...,nspan{qi,...,qr} = span{ai,...,ax}.

The idea of the algorithm is simple. Suppose that we already have vectors qi, ..., qr_1 with the
described properties. We add to the vector a; such linear combination of vectors qi, ..., qx_1,
so that it becomes orthogonal to them all. Then we normalise this vector, i.e.

k—1
adx
Ak i=a, — » Tppdj, Q= . (4.8)
Z , Tl

The algorithm iterates step by step for k =1,...,n.
How to find the coefficients r;,? From (4.8) it follows that

k

ap = Z Tikq;- (49)

Jj=1

here we have an extra coefficient 7, which represents the change of the vector q; by nor-
malisation. Relation (4.9) enables us to compute the coefficients rj; from the requirement of
ortonormality of the vectors qy, ..., q. Multiplying it by vector q;, we get rj;, = q;‘rak.

An improved version of Gramm-Schmidt orthonormalisation can be used for computing
the QR decomposition. Equation (4.9) can be written in the matrix form as A = QR, where
vectors ay, ..., a, are columns of matrix A, vectors q, . . ., q, are columns of Q, and R is upper
triangular with elements 7 = q7 a;. QR decomposition is then achieved by improvements to
this algorithm, which reduce the rounding errors and also allow for the linear dependence of
the columns of A.

4.7 Exercises

4.1. Find the orthogonal complement of the space span{(0,1,1),(1,2,3)}.
4.2. Find two orthonormal vectors x,y, such that span{x,y} = span{(0,1,1),(1,2,3)}.

4.3. Find the orthonormal basis of the subspace span{ (1,1,1,-1), (2,—1,-1,1), (-1,2,2,1) }
using QR decomposition.

4.4. Prove that the product of orthogonal matrices is an orthogonal matrix.

4.5. For which n is the matrix diag(—1,) (i.e. diagonal matrix with minus ones along the
diagonal) rotational?

a+b b—a
a—b b+a

4.7. The number of independent parameters (degrees of freedom) of an orthogonal matrix n xn
is determined by the difference of the number of matrix elements (n?) and the number of
independent equations in the condition UTU = I. Informally speaking, it is the number
of ‘dials’ you can independently ‘twiddle’ during a rotation in the n-dimensional space.
What is this number for n = 2, 3,47 Find the general formula for any n.

4.8. (%) Consider the mapping F: R"*" — R"*" given by the formula F(A) = (I—-A)(I+A)™".
Prove that:

4.6. What are the conditions on numbers a, b so that the matrix { ] is orthogonal?
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a) For each A, such that I+ A is regular, (I— A)(I+A)' = (I+A)'(I—-A).
b) The matrix F(A) is orthogonal for a skew-symmetric matrix A.

¢) The matrix F(A) is skew-symmetric for an orthogonal matrix A such that I+ A is
regular.

d) The mapping F is a self-inversion, i.e. F(F(A)) = A for each A. This applies for
any matrix A, not just for an orthogonal or a skew-symmetric A.

Before working out your proofs, check in Matlab that the above statements are valid for
a random matrix.
4.9. Let X,Y be subspaces of R". We define X +Y ={x+y|x € X, y € Y }. Prove that:
a) XCVY = Xtoyt
b) (x) (X +Y)t=Xtnyt
¢) (XNY)+ = X+ +Y"L Hint: prove this from the previous point by using (X+)+ = X.
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Chapter 5

Spectral Decomposition and Quadratic
Functions

5.1 Eigenvalues and eigenvectors

When
Av = )\v. (5.1)

for square matrix A € R™*", vector v € C", v £ 0 and scalar A € C,

then A is called an eigenvalue of the matrix and v is the eigenvector associated with the
eigenvalue A. Eigenvalues and eigenvectors can be in general complex-valued.

Equation (5.1) can be re-written as

(A — A\I)v = 0. (5.2)

This is a system of homogeneous linear equations in v, which has a non-trivial solution iff the
matrix A — Al is singular. That is eigenvalues are the roots of the polynomial

pa(N) = det(A — ), (5.3)

which is called the characteristic polynomial. Eigenvectors associated with eigenvalues A
can then be found from the equations system (5.2).

1 2

3 41 . The characteristic equation is

Example 5.1. Find the eigenvalues of the matrix A = [

1—A 2

det(A—/\I):det[ 5 4

}:(1—>\)(4—/\)—3-2:)\2—5/\—2:().

This quadratic equation has two roots A = (5 & v/33)/2. These are then the eigenvalues of
matrix A. Eigenvectors belonging to each A will be found by solving the homogeneous linear

System:
1—A 2
{ 3 4—/\}"_0'
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It follows from the definition of the determinant (2.6) (think about it!), that the character-
istic polynomial is of degree n, therefore it has n (in general complex) roots. Labeling the roots
A1, ..., A\, it follows that:

paV) =T =),
i=1
There may be some multiple roots. From this perspective, the matrix has exactly n eigenvalues,
of which some may be the same. This list of eigenvalues is sometimes called the spectrum
matrix.
Let A1, ..., A, be the eigenvalues of matrix A and vy, ..., v, be their associated eigenvectors.
Equation (5.1) for them can be written as the single matrix equation (think!)

AV = VD, (5.4)

where the diagonal matrix D = diag(\y,...,\,) has the eigenvalues on the diagonal and the
columns of the square matrix V = [v; --- v,,] are the eigenvectors.

The eigenvectors are not uniquely determined by their eigenvalues. All eigenvectors associ-
ated with one particular eigenvalue form the subspace R", since when Au = Au and Av = \v,
then A(au) = A(au) and A(u+ v) = A(u+ v). Eigenvectors can be in general linearly de-
pendent. This is not a simple question and we will not discuss it here in detail. Let us just
say that there is a good reason to choose such eigenvectors, so that the rank of matrix V is as
large as possible.

How are the eigenvalues and eigenvectors calculated? The characteristic polynomial is
mostly a theoretical tool and a direct solution for its roots is not suited to numerical computa-
tion. Numerical iteration algorithms are used for larger matrices. Different types of algorithms
are best suited to different types of matrices. The matlab function [V,D]=eig(A) computes
matrices V and D fulfilling (5.4).

5.1.1 Spectral decomposition

When V is regular (i.e., there exist n linearly independent eigenvectors), then it is invertible
and (5.4) can be written as
A=VDV (5.5)

This identity (5.5) is then called eigenvalues decomposition of a matrix or spectral
decomposition. In this case matrix A is similar to a diagonal matrix (it is diagonalisable),
since (5.5) implies VIAV = D.

Many properties of matrices are known to guarantee diagonalisability. The most important
one is symmetry.

Theorem 5.1. Let matrix A of dimensions n X n be symmetric. Then all its eigenvectors are
real and there exists an orthonormal set n of its eigenvectors.

This is sometimes called the spectral theorem. It says that for any symmetric A in the
identity (5.4), matrix D is real and V can be chosen as orthogonal, V™! = V. Therefore

A =VDVT’. (5.6)

Eigenvalues and eigenvectors are an extensive subject which we have by no means exhausted
here. From now on we will need only the spectral decomposition of a symmetric matrix.
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5.2 Quadratic form
Quadratic form over R” is the function f: R" — R given by the formula
f(x) = x"Ax, (5.7)

where A € R™".
Every square matrix can be written as the sum of a symmetric and a skew-symmetric matrix:

A= %(A+AT)+§(A—AT)

—
symetricka antisymetrickd
(see Exercise 2.11). However,

x"Ax = IxT(A + AT)x + 1 x"(A — A")x,
—_———
0
since x7 (A — AT)x = xTAx — x"ATx = xTAx — (xT Ax)T = 0, where we used the fact that
a transposition of a scalar is the same scalar.
Therefore when A is not symmetric, we can substitute for it its symmetric part %(A +AT),
leaving the quadratic form unchanged. Thus in what follows we will safely assume that A is
symmetric.

Definition 5.1. Symmetric matrix A is
e positive [negative] semidefinite, when for each x, x’ Ax > 0 [xTAx < 0]
e positive [negative] definite, when for each x # 0, x' Ax > 0 [xTAx < 0]

e indefinite, when there exist x and y, such that x’ Ax > 0 and y’ Ay < 0.

A matrix may have several of these properties. For example, a positive definite matrix is
also positive semidefinite. A null matrix is both positive and negative semidefinite.

Even though the definition makes sense for an arbitrary square matrix, it is customary to
talk about these properties only for symmetric matrices. Sometimes these properties are defined
not for a matrix but more generally for the quadratic form.

It is clear from definition 5.1 whether a quadratic form has an extremum and of what kind:

e When A is positive [negative| semidefinite, then the quadratic form has a minimum [max-
imum| at the origin.

e When A is positive [negative| definite, then the quadratic form has a sharp minimum
[maximum]| at the origin.

e When A is indefinite, then the quadratic form does not have an extremum.

This statement is easy to prove. When A is positive semidefinite, then the quadratic form
can not be negative and at x = 0 must be zero, therefore it has a minimum at x = 0 (and
possibly elsewhere, too). When A is indefinite and e.g. x’ Ax > 0, then a point x can not be
a maximum because (2x)TA(2x) > xT Ax. It can not be a minimum either because for some
y, yTAy < 0.

Theorem 5.2. A symmetric matrix is

e positive [negative] semidefinite, iff all its eigenvalues are non-negative [non-positive]
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e positive [negative| definite, iff all its eigenvalues are positive [negative]

e indefinite, iff it has at least one positive and one negative eigenvalues.

Proof. By the eigenvalues decomposition (5.6):
xTAx =x'VDV'x = y'Dy = My + -+ + \y2, (5.8)

where y = VTx. The substitution x = Vy thus diagonalised the matrix of the quadratic form.
As V is regular, the definity of matrix A is the same as the definity of D. However, as D is
diagonal, its definity is immediately clear from the signs of \;. For example, expression (5.8) is
non-negative for each y iff all \; are non-negative. O

When each ); is positive (A is positive definite), then the shape of the function g(y) = y’ Dy
‘looks like a pit’. When each \; is negative (A is negative definite), then the function ‘looks
like a peak’. When some \; are positive and some negative (A is indefinite), then the shape of
the function is a ‘saddle’:

R
QR
0,':‘,",,5 Z

227

1T

91, y2) = vi + 3 9y, y2) = vi — 3 91 y2) = —yi — 3

1T -

However, as V is orthogonal, the transformation x = Vy is just an isometry, thus the form of
f will differ from the diagonal form ¢ only by rotation/reflection in the domain space.

5.3 Quadratic function

General quadratic function (or second degree polynomial) of n variables has the form:
f(x) =x"Ax+b'x +c, (5.9)

where AT = A # 0. Compared to the quadratic form it has additional linear and constant
terms. Conversely, the quadratic form is the same as qadratic function without linear and
constant terms. Note that for n = 1 (5.9) is the well known quadratic function of a single
variable f(x) = ax? + bz + c.

How to find extrema of quadratic functions? Find the natural extrema using derivatives,
see later. Another method is to transform the quadratic function into a quadratic form by
translation of the coordinates.

Sometimes we can find vector xy, € R™ and scalar 1y, such that

xTAx +blx +c= (x —x0)TA(x — %0) + ¥o. (5.10)

The expression on the right hand side is a quadratic form with the origin moved to the point xq,
plus a constant. This transformation is called completing the square. You know it for the
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case of n = 1, as the school method for deriving the formula for the roots of the quadratic
equation of a single variable. We determine xg, 3o from the given A, b, ¢ as follows. Multiplying
out the right hand side, we get
(x —x0)"A(x — %) + 9o = X' Ax — xT Axg — X} Ax + X3 Axo + o
= xT Ax — 2x} Ax +xI Axq + yo.

Comparing the terms of the same degree we obtain
b = —2Ax, (5.11a)
Cc = XgAXo + Yo, (511b)

from which we find xo and yy. When the sytem (5.11a) has no solution, then the completion
of the square is not possible.

When the completion of the square is possible, then the solution of the extrema of a quadratic
function is no different to the solution of the extrema of a quadratic form because the only
difference is the translation by xo. When the completion of the square is not possible, then the
quadratic function does not have any extrema.

Example 5.2. Given the quadratic function

Fz,y) = 22% — 20y + 9% — 2y + 3 = mT {_? _ﬂ H + {_gr H +3.

Its completion of the square is
c—11"] 2 1] [z—1
_ N2 _ _ o2 _aq_ |T— - -1

thus we have xg = (1,2), yo = —3. Since matrix A is positive definite (verify!), the quadratic
function has an etremum at the point xq. O

Example 5.3. For the quadratic function

flay) =2~y = mT Ll) 8} m * H]T m

the square can not be completed. O

Contour of a quadratic function is called quadric, (or quadric surface). E.g. quadric is the
set
{xeR"|x"Ax+bx+c=0}. (5.12)

For n = 2 the quadric is called conic. An important special case of a quadric is ellipsoid
surface!, which is the set {x € R" | xT Ax = 1} for a positive definite A.

1 Sometimes it is also called ellipsoid but the terminology is ambiguous and some authors mean by an
ellipsoid the set { x € R" | x’ Ax < 1}. The difference is between the surface of a solid and the whole solid.
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5.4 Exercises

5.1.

5.2.

5.3.

5.4.
5.5.

5.6.

5.7.

5.8.

5.9.

5.10.
5.11.
5.12.
5.13.

5.14.

5.15.

5.16.

Compute the eigenvectors and eigenvalues of the matrices [ L 2} , [1 2] :

—4 =2 2 -3
2 0 3
Write down the equation whose roots are the eigenvectors of the matrix [0 —2 —1|.
3 -1 2

Find the eigenvalues and eigenvectors of (a) null, (b)unit, (c¢) diagonal, matrices. Find the
eigenvalues of a triangular matrix.

Show that Ay +---+ A\, = trace A and \; X --- x \,, = det A.

Suppose you know the eigenvalues and eigenvectors of matrix A. What are the eigenvalues
and eigenvectors of the matrix A + oI?

(x) We said that finding the roots of the characteristic polynomial (5.3) is not a suitable
method for finding the eigenvalues. On the contrary, finding the roots of an arbitrary poly-
nomial can be changed into finding the eigenvalues of a matrix, called the accompanying
matriz of the polynomial. Derive the shape of this matrix. Verify in Matlab for various
polynomials.

It is well known that an arbitrary rotation in the 3D space can be performed as a rotation
around some line (passing through the origin) by some angle. Using geometrical reasoning
only (i.e., without any calculations), deduce as much as you can about the eigenvalues and
eigenvectors of a rotational matrix of dimensions 3 x 3.

In §6.1.3 we defined projection as matrix P satisfying P? = P. Using geometrical reason-
ing, find at least one eigenvalue and an associated eigenvector of projection.

(x) Using geometrical reasoning, find at least two eigenvectors and associated eigenvalues
of the Householder’s matrix from Exercise 6.16.

What is A" equal to, when A is a symmetric matrix?
Show that the eigenvalues of a skew-symmetric matrix are either zero or purely imaginary:.
(%) Show that two square matrices commute iff they have identical eigenvectors.

(x) Let A € R™™ and B € R™™. Show that all non-zero eigenvalues of the matrices AB
and BA are identical.

For each following matrix determine whether it is positive/negative (semi)definite or in-

definite:

1 2 2 1 01 10

2 117 |1 27 (1 0" [0 O
Determine whether the following quadratic functions have a minimum, maximum, and at
which point. Use the completion of the square.

a) f(z,y) =a2*+4xy — 29> + 32 — 6y + 5

b) f(x) = x" B ﬂx+[2 1]x

1 -3

Consider the matrix A = [2 4

] . Which of the following statements are true?
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2.17.

5.18.
5.19.
5.20.
5.21.

5.22.

5.23.

a) x! Ax is non-negative for each x € R?.
b) x¥ Ax is non-positive for each x € R2.
c¢) The function f(x) = x’ Ax has an extremum at the point x = 0.

Hint: is the matrix symmetric?

(*) Implement a Matlab function ellipse(Q) that draws an ellipse given by the equation
xTAx = 1, for positive definite A. Think how to proceed when designing a function
conic(Q), that draws the conic section x” Ax = 1 for A of an arbitrary definity (recall
that a general conic section can be unbounded,therefore it is necessary to cut it off at the
boundary of a given rectangle).

Prove that the matrix AT A is positive semidefinite for any matrix A.
Prove that the matrix AT A + ul is positive definite for any matrix A and for any pu > 0.
Prove that a (square symmetric) matrix is positive definite iff its inverse is positive definite.

Must a positive semidefinite matrix have non-negative elements along its diagonal? Prove
your answer, weather it was positive or negative.

(x) Positive semidefinite matrix can be understood as a generalisation of non-negative
numbers. This is why positive semidefinity is sometimes denoted as A > 0 and positive
definity as A > 0. The notation A > B is an abbreviation of A — B > 0. Based on this
analogy, we might expect that:

a) If A= B and C = D, then A+ C > B+ D.
b) If A > 0 and a > 0, then A * 0.

c) If A =0, then A2 = 0.

d) If A > 0and B > 0, then AB > 0.

e) If A =0, then A=! = 0.

f) If A > 0and B > 0, then ABA > 0.

Which of these statements are really true? Prove or find counter-examples.

(x) Consider a random square matrix whose elements are independent random numbers
drawn from the normal distribution with zero mean and unit variance. Such matrix is
obtained in Matlab by the command A=randn(n). Suppose we generate in this way a
large number of matrices. What proportions of them will be positive definite, positive
semidefinite, and indefinite? Justify your answer. Try it in Matlab for finite samples of
matrices.

39



Chapter 6

Nonhomogeneous Linear Systems

consider the system of m linear equations in n unknowns
Ax =b, (6.1)

where A € R™*" x € R", b € R™. This system has (at least one) solution iff b € rng A (i.e. b
is a linear combination of the columns of A), which can also be written as rank[A b] = rank A
(the Frobenius theorem). The set of solutions of the system is an affine subspace of R™ (see
Exercise 3.4).

The system is homogeneous when b = 0 and nonhomogeneous when b # 0. In this
chapter we will concentrate solely on nonhomogeneous systems. We distinguish three cases:

e The system has no solution (this arises typically for m > n, though this condition is neither
necessary nor sufficient). In this case we may wish to solve the system approximately, which
is the subject of section §6.1.

e The system has exactly one solution.

e The system has infinitely many solutions (this arises typically for m < n, this condition
again being neither necessary nor sufficient). In this case we may wish to choose a single
solution from the infinite set of solutions, which is the subject of section §6.2.

6.1 An approximate solution of the system in the least
squares sense

When the system (6.1) does not have a solution, solve it approximately. Consider the vector
r = b — Ax of the residuals) and seek such x, so that its euclidian norm ||r||2 is as small as
possible. The problem does not change (why?), when instead of the euclidian norm we minimise

its square
m m
x5 :rTr:er:Z (al'x — b;)?
=1 =1

where al denotes the rows of matrix A. Therefore we are solving the following problem

min [|Ax — b||3. (6.2)

xeR™

As we are minimising the sum of squares of the residuals, it is called an approximate solution
of the system in the least squares sense or the least squares solution.
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Example 6.1. The system of three equations in two unknowns

z+2y==6
-+ y=3
T+ y=4

is over-determined. Its least squares solution means finding such numbers x, y, which minimise
(+2y—6)>2+(—z+y—37°+(x+y—4)*. O

It is possible to express many useful problems in the form of (6.2). Sometimes this is not
easy to see at the first glance and this can cause some difficulties to students.

Example 6.2. We seek the shortest connecting line between two nonintersecting lines (skew-
lines) in the R™ space. Let i-th line be defined by two points, denoted p;,q; € R™, for i = 1, 2.
We wish to formulate this problem in the form of (6.2). We are solving the required system

p1 + ti(a1 — p1) = P2 + t2(q2 — P2).

This system has n equations in 2 unknowns %y, %5. It can be written as Ax ~ b where

131
A= — — ) = , b=p—pi1.
[(h P1 P2 Q2] X [tz] P2 — P1 0

We solve Example (6.2) using the following analysis. In order that |Ax — b|> (i.e. the
distance between the points Ax and b) is minimal, then the vector b — Ax must be orthogonal
to the space rng A, i.e. to every column of matrix A. The following figure shows the situation:

This condition can be written as AT(Ax —b) =0, or
ATAx = A™b. (6.3)

System (6.3) is therefore called the normal equation. It is a system of n equations in n un-
knowns.

Equation (6.3) can be derived in other ways, too. Example (6.2) seeks the minimum of the
quadratic function

|Ax — b|? = (Ax — b)" (Ax — b)
= (x"AT - b") (Ax - b)
=x"ATAx —x"A"b - b"Ax + b’b
=x"ATAx — 2b"Ax +b'b, (6.4)
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where we used the fast that a scalar is equal to its transpose and thus b” Ax = (b7 Ax)? =
xTATb. Let us attempt to find an extremum of this quadratic function by completing the
square (see §5.3). System (5.11a) will have the form ATAx, = ATb (warning: A,b means
something different in (6.4) and in (5.11a)), i.e. we obtained the normal equations. At the same
time it is clear that the matrix AT A is positive semidefinite, as for every x € R” we have

xTATAx = (Ax)TAx = || Ax||3 > 0. (6.5)

Therefore the point xy will be minimum.
When matrix A is of full rank (i.e. n), then by (6.8) the matrix ATA is regular and the
system can be solved by inversion:

x=A"b, kde AT =(ATA)'AT (6.6)

Matrix AT is called the pseudoinverse of the (slim) matrix A. It is one of the left inverses of
matrix A, since ATA = (ATA)7!ATA =1

When A is not of full rank, then the matrix AT A is singular and the solution (6.6) can not
be used. In that case the system (6.3) and thus also Example (6.2) have an infinite number (an
affine subspace) of solutions (warning: this does not mean that the system (6.1) has an infinite
number of solutions!).

6.1.1 (%) Solvability of the normal equations

Let us prove that the system (6.3) always has a solution, which is not immediately obvious.

Theorem 6.1.
mg(ATA) = mg(AT) (6.7)

where A is an arbitrary matrix.
Proof. First we prove these two statements:
e null A C null(ATA), since Ax =0 = ATAx =0.

e null(ATA) Cnull A, since ATAx =0 = x'ATAx=||Ax[|3=0 = Ax=0.

Putting these two statements together, we obtain null A = null(ATA). Now applying iden-
tity (3.8) to matrices AT and AT A it follows that

dimrng(ATA) = rank(ATA) = rank A" = dim rng(A”). (6.8)

It follows from definition (3.5) (think about it!), that rng(A” A) C rng(AT). However, when
a subspace is a subset of another subspace and both subspaces have the same dimension, then
they must be the same. This much is clear: an arbitrary basis rng(ATA) is also in rng(AT)
and as both subspaces have the same dimension, it is also the basis of rng(AT). U

Corollary 6.2. System (6.3) has a solution for any A and b.

Proof. According to (6.7): ATb € rmg(AT) = rng(ATA). O
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6.1.2 Solution using QR decomposition

Formula (6.6) is not always best suited to numerical computation (where we necessarily use
limited precision arithmetic with finite length representation of numbers), even when matrix A
is of full rank.

Example 6.3. Solve the system Ax = b with

3 6 9
A= {1 2.01} b= {3.01] '

Matrix A is regular. Suppose we use floating point arithmetic with precision of three digits.
Gaussian elimination will find the exact solution of the system x = (1,1). Whereas if we express
the normal equations AT Ax = ATb in this arithmetic, we get:

. [10 20 [ 30
AA_{zo 40}’ Ab_{GO.l}'

The matrix of this system is now singular, since rounding occured in the product ATA. 0

Numerically more suitable method is to solve the normal equations without an explicit eval-
uation of the AT A product. That can be done using QR decomposition A = QR.. Substituting
this into the normal equations we get RTQTQRx = RTQ”b. Simplifying using Q7' Q = I and
left-multipying by the matrix R~ (which is an equivalence operation), we have

Rx = Q'b. (6.9)

This is the same formula as (4.7), the only difference being that Q in (4.7) is a square matrix,
whereas here it is rectangular.

Matlab implements the solution of the nonhomogeneous linear system by the operator \
(backslash). When a system is over-determined, then the result is an approximate solution in
the least squares sense and the algorithm uses QR decomposition. Learn to understand how the
operators slash and backslash work by studying the output of the commands help mrdivide
and help mldivide.

6.1.3 More about orthogonal projection

It is instructive to develop further the geometrical reasoning we used to derive the normal
equations. Suppose x is the solution of the normal equations, then vector Ax is an orthogonal
projection of vectoru b into the subspace X = rng A (see figure above). When A is of full rank,
then (6.6) gives

Ax =Pb, where P=A(ATA) AT (6.10)

This is an important result: an orthogonal projection of a vector into the subspace X is a linear
mapping represented by the matrix P. Therefore this matrix if often called the projektor.

Subspace X, which we are projecting into, is represented by the basis (columns of matrix A).
Projektor P should not change when we use a different basis of the subspace. Various basis
of the subspace X are represented by the columns of the matrix A = AC, for various regular
matrices C € R™*" (i.e. C is the transfer matrix to a different basis). It is easy to verify that,
indeed

A(A"A)"'A" = AC(CTATAC)'CTA” = ACC'(ATA)"'CTCTA” = A(ATA)'AT.
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When X is represented by an orthonormal basis, then AT A =T and the expression (6.10)
simplifies to! P = AAT. A special case of orthogonal projection is dimX = 1, i.e. the
projection onto a line. Let X = span{a}, where we assume ||a||; = 1. Then P = aa”. The
formula (a’b)a = aa’b = Pb for the projection of vector b onto a normalised vector a ought
to be familiar to you from the secondary school.

By purely geometrical reasoning we can see what is the range and the null space of the
projector. An arbitrary vector from R™ is projected into subspace X. An arbitrary vector
orthogonal to X is projected to the null vector 0. Therefore

mgP = X, (6.11a)
nullP = X+, (6.11Db)

The figure shows that the vector b — Ax = b — Pb = (I — P)b is an orthogonal projection
of vectoru b into X*+. Therefore the projector into X+ is the matrix I — P. Note that the

projector into X+ has a natural role in an approximate solution of a system: the value of the
minimum in problem (6.2) is ||b — Ax||2 = |b — Pb|j3 = ||(I - P)b||2.

Note about general projection. Projection in linear algebra means such linear mapping
f(y) = Py, which satisfies f(f(y)) = f(y), i.e. PP = P? = P. This expresses an understand-
able requirement that, once a vector is projected, further projection should leave it unchanged.
Projection does not have to be orthogonal in general; it can also be skewed — then the projection
is along subspace null P into subspace rng P. Projection is orthogonal, when nullP 1 rngP.
This? occurs exactly when, in addition to P? = P, also PT = P (we leave out the proof of this
assertion). Verify that the projector defined by formula (6.10) satisfies P> = P = PT.

6.1.4 Using the least squares for regression

Regression is the modelling of the dependency of variable y € R on variable ¢ € T" by the
regression function

y=f(tx).
The function is known, except for the parameters x € R™. Given a list of pairs (¢;,y;), i =
1,...,m, where measurements of y; € R are subject to errors, the goal is to find parameters x,

so that y; =~ f(¢;,x) for all . We are minimising the sum of squares of the residuals, i.e. solving
the problem

m

min 2 [y — f (s, x))". (6.12)

Let us choose the regression function as a linear combination

f(t, %) = 21p1(t) + -+ + 2apa(t) = (1) x

! Remember (see §4.5), that matrix A with orthonormal columns need not have orthonormal rows, in other
words, ATA =1 does not imply AAT = 1. Then the question arises: what is matrix AAT? Here you got the
answer.

2 Of course, it is not true that the null space and the range space of a general square matrix are mutually
orthogonal. They are even less likely to be orthogonal complements. Do not confuse with relations (4.3)!
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of the given functions ;: T'— R. Then

m

Dl = ft X)) = lly — Ax|3,

i=1

where y = (y1,...,Yn) and the elements of matrix A are a;; = ¢;(¢;) (think about it!). Thus
we expressed problem (6.12) in the form of (6.2).

Example 6.4. Polynomial regression. Let T = R a ;(t) = t'~!. Then the regression function
is the polynomial of degree n — 1,

f(t,x) = 21 + 2ot + a3t + - -+ 2, t"

Specifically, for n = 1 problem (6.12) becomes min, >_,(y; — z)?. The solution is the arith-
metic mean (average): x = = " y; (verify!). O

6.2 Least norm solution of a system

Suppose now that the system (6.1) is underdetermined, in other words it has infinitely many
solutions. Let x’ be an arbitrary vector satisfying Ax’ = b (so called particular solution of
the system). Since for each x € null A, A(x' + x) = Ax’ = b, it is possible to express the set
of the solutions of the system parametrically, as

{xeR"| Ax=Db}=x"+nullA. (6.13)

It is often useful to pick just one solution from this set of solutions, according to some
criteria. A natural criterion is to minimise the euclidian norm of the solution, which results in
the problem

min{ [|x[|5 | x € R", Ax=b}. (6.14)

Instead of minimising the norm ||x||, we are again minimising its square. This problem is known
as solving the nonhomogeneous linear system with the least norm (least norm solution). Note
that sometimes it is appropriate to use other criteria than the least euclidian norm, see e.g.
Exercise 10.25.

Example 6.5. The system of two equations in three unknowns

T+2y+ z=1
—r+ y+2z2=2

is underdetermined, i.e., it has infinitely many solutions. The solutions set is
(20, Y0, 20) + null A = (1,—1,2) + span{(1, -1, D)} ={(1+a,-1—a,2+a) |a € R}.
Its least norm solution is the solution which minimises the number 2 + 3% + 2% O

Problem (6.14) is easy to solve by the method of Lagrange multipliers. This will be covered
in a later chapter. For now we sove it by inspection.
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{x|Ax=Db}

nullA = {x|Ax =0}

vectors x and x’" are two different solutions of the system but only x has the least norm. It
is clear that an arbitrary solution x has the least norm (i.e., is the nearest to the origin 0)
iff vector x is orthogonal to the null space of matrix A. According to (4.3a), this means that
x € rg(AT), i.e., x must be a linear combination of rows of A. In other words, there must
exist some vector A € R™, such that x = ATX. Thus in order to solve problem (6.14), we must
solve the system of equations

AT =x, (6.15a)
Ax =b. (6.15b)

This is a system of m + n equations in m + n unknowns (x, ).

Let us solve this system. Substituting x into the second equation, AATX = b. Assume that
matrix A is of full rank (i.e. m). Then A = (AA”T)"'b. Substituting into the first equation,
we get

x =A"b, where AT =AT(AAT)7. (6.16)

Matrix A™ is called the pseudoinverse of the (fat) matrix A. It is a right-inverse of matrix A
(verify!).

6.2.1 Pseudoinverse of a general matrix of full rank

Pseudoinverse of a slim matrix was defined earlier by formula (6.6). Summary: when matrix
A is of full rank (i.e. max{m,n}), its pseudoinverse is defined as

(6.17)

. JATA)T'AT  when m > n,
-~ |AT(AAT)"' when m < n.

Vector x = A™b is in the first case the least squares solution of the system Ax = b, in the
second case it is the least norm solution. When m = n, then in both cases AT = A~ (verify!).

In case A is not of full rank, then it is not possible to use formula (6.17) and the pseudoin-
verse has to be defined differently. We will return to this question later, in §7.6.

6.3 Exercises

6.1. Given the system Ax = b, where A € R™*" and b # 0, are the following statements
true? Prove your answers, whether positive or negative.

a) When m < n, then the system always has a solution.
b) When m > n, then the system never has a solution.
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6.2.

6.3.

6.4.

6.5.

6.6.

6.7.

6.8.

6.9.

6.10.

6.11.

¢) When m < n and A is of full rank, then the system always has an infinite number of
solutions.

Solve approximately in the least squares sense the following system, using (a) pseudoin-
verse, (b) QR decomposition:

10 -1 1
12 1| % I
11 =3| ™|~ |1
01 1L 1

We seek the point x € R™, which minimises the sum of squares of the distances to the
given points ai,...,a, € R™, ie., it minimises the expression Y . | ||a; — x||3. Express
the problem in the form of (6.2) (analogously to Example 6.2). Prove that the minimum
is attained at the ‘center of gravity’ x = %Z?Zl a;.

Given vectors a, s,y € R", find the point y which is the nearest to the line { a+ts |t € R }.
Express this problem in the form of (6.2).

Given vectors a,y € R™ and scalar b € R, find the point y which is the nearest to the
superplane {x € R" | a’x = b}. Express this problem in the form of (6.2).

Given set m of lines (affine subspaces of dimension 1) in space R", where i-th line is the
set {a; +t;8; | t; € R}; find the point y whose sum of squares of distances to the lines is
minimal. Express this problem in the form of (6.2). Hint: Minimise over the variables y
and t = (t1,...,tm).

Expand on Exercise 6.6 for the case where instead of m lines we have m affine subspaces
of dimensions dy, ..., d,.

Given m lines in a plane, where i-th line’s equation is a] x = b; for given a; € R? and
b; € R; find the point minimising the sum of squares of distances to each of the lines.
Express this problem in the form of (6.2).

A plank of wood has n holes in it with coordinates xi,...,z, € R, all in one line. We
measure distances d;; = x; — x; between selected pairs of points (7,j) € E, where set
E C{1,...,n} x {1,...,n} is given. The pairs are chosen so that z; > x;. Use the
distances d;; to estimate the coordinates zi,...,z,. Express this problem in the form
of (6.2), i.e., find the matrix A and the vector b. Is it possible to achieve that A is of full
rank? If not, how would you change the problem so that it is of full rank?

In the problem of weighted least squares, we want to find x = (z1, ..., x,) € R" minimising
the function . . )
f(X) = Z w; ( Z Qi T5 — bz)
i=1 j=1

whre w; are non-negative weights. Express the function in matrix form (hint: collect the
scalars w; into the diagonal matrix W = diag(w)). Write down the matrix expression for
the optimal x. Under what conditions does this problem have a solution?

Given vectors u = (2,1,—-3) and v = (1,—1,1); find the orthogonal projections of vec-
tor (2,0, 1) into subspaces (a) span{u}, (b) (span{u})*, (c) span{u, v}, (d) (span{u, v})*.

47



6.12.

6.13.

6.14.

6.15.

6.16.

6.17.

6.18.

6.19.

Let X = span{(—: 3.0, g,O) (O, 0,0,1), ( ,0, g,O) }. Find the projectors into the sub-

space X and the subspace X1, Hint: are the vectors orthonormal, per chance?

120
Given A = |2 4 1], find the orthogonal projections of vector (1,1, 1) into the subspaes
1 20
rng A, null A, rng(A7T), null(AT).
The null space of a projector is typically non-trivial, i.e. projector P is a singular matrix.
When is P regular? In that case what are the matrix A in formula (6.10) and the subspace
X =rng A? What is the geometrical meaning of this situation?

(x) We have shown in §6.1.3 that the matrix A(ATA)"'AT can be interpreted as a pro-
jection into the subspace rng A. Based on the analysis of §6.2, it is natural to construct a
similar matrix AT(AAT)"1A. What is the geometrical interpretation of this matrix?

(x) For |lalls = 1, H = I — 2aa’ is known as the Householder’s Matriz. Transformation
Hx is the reflection of vector x in the superplane with the normal vector a. This is why
H is sometimes also called an elementary refiector.

a) Derive the matrix H using similar reasoning as we used to derive the projector.
b) Show that H = H” and H'H =1 (i.e., matrix H is symmetric and orthogonal).

c¢) It follows from the above two properties that HH = I. What does that say about
the transformation Hx?

d) Show that det H = —

e) What is Ha? What is Hx, when a’x = 0?7 Demonstrate your answers algebraically
and justify (explain) them geometrically.

(%) RQ decomposition decomposes matrix A = RQ, where R is upper triangular and Q is
orthogonal. How would you calculate the RQ decomposition from the QR decomposition?

(x) Matrix A is normal, when ATA = AAT. An example is a symmetric matrix (but
not all normal matrices are symmetric). Prove that rng A L null A for normal matrix A.
Hint: start with (6.7).

Given an arbitrary matrix A of full rank, prove the following properties of its pseudoinverse
from (6.17):

a) AT = A~! when A is square

b) (AH)F =A

) (A7) = (A*)"

d) AA*A A ATAAT = AT (AANT = AAT (ATA)T = ATA
) A
)

o

=ATAAT = ATAAT
f (ATA)+ —A+(AT) (AAT)+ — (AT)+A+

D
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Chapter 7

Singular Values Decomposition (SVD)

Every matrix A € R™*™ can be decomposed as
A =USV” (7.1)
where

e S € R™" is diagonal. Its diagonal elements o7, ...,0,, where p = min{m,n}, are the
singular numbers of matrix A. put them in descending order oy > --- > o, > 0.
When this condition is satisfied, then the singular numbers are uniquely determined by
the matrix.

e Uc R™™ UTU = 1. The columns of matrix U are left singular vectors of matrix A.
e V c RV VIV =1. The columns of matrix V are right singular vectors of matrix A.

Decomposition (7.1) is called SVD (Singular Value Decomposition).
The number of non-zero singular numbers is equal to the rank of the matrix A. Let r =
rank A < p be the number of non-zero singular numbers. Then (7.1) can be written as

S, 0| VT T
A= [Ul Ug] =U;S,V; (7.2)
—— |0 0| V]
U
S vT
where S; = diag(oy,...,0,) € R™" is square diagonal matrix whose diagonal consists of all

non-zero singular numbers. The sizes of the blocks U, Uy, V1, V5 and of the zero blocks
are determined by the size of the matrix S; (when some block has one zero dimension, it is
considered to be empty). The decomposition A = U;S; V7 is called Reduced SVD.

Reduced SVD is obtained from full SVD (7.1) by cutting matrix S to make it square r X r,
leaving out the last m —r columns from matrix U and leaving out the last n —r columns from
matrix V. Full SVD is obtained from reduced SVD by adding columns to slim matrices U,
and V; to make them square orthogonal, and adding zeros to the square matrix S to make it
rectangular of the same dimensions as A.

Example 7.1. Here is an example of the full and reduced SVDs of a 2 x 3 matrix:

1/vV2  1/V2 0

32 27 [1/v2 1/V2][5 00 - _ .
w20 R i o] o

UvZ 1215 0] [1/v2  1/V2 01 ]
HO 3] {1/\/1_8 ~1/V18 4/V18 =U;S\v; O

-l s
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SVD is a powerful tool for analysing linear mapping represented by matrix A. Formula (7.1)
reveals that every linear mapping is a composition of three simpler linear mappings, specifically
of isometry V7', diagonal mapping S and isometry U. Linear mapping represented by a diagonal
matrix is simply stretching or shrinking along the coordinate axes. Possibly, when the matrix
is fat, it means leaving out some coordinate axes or, when the matrix is slim, adding zero
coordinates.

T T T, _
X V7 Vix | S SVix YU USsv X_Ax>

isometrie protazeni/zkriceni podél os isometrie
vynechdni/pfidani soufadnic

In the language of the basis it means that for any linear mapping it is possible to find orthonor-
mal bases of the domain space and of the co-domain space, such that with respect to these
bases, the mapping is diagonal.

Matlab command [U,S,V]=svd(A) calculates the full SVD. The reduced SVD is not directly
implemented but can be easily obtained by using the command [U,S,V]=svd (A, ’econ’), which
returns U € R™*? S € RP*P and V € R"*P.

Note on numerical linear algebra. We introduced already three different matrix decompo-
sitions: QR, spectral decomposition, and SVD. There are many more. The design of numerical
algorithms for matrix operations, solutions of systems of linear equations and decompositions
of matrices by vectors is the subject of the numerical linear algebra. Freely accessible software
packages for numerical linear algebra do exist, for example LAPACK and BLAS. Matlab is
built on top of the LAPACK package.

7.1 SVD from spectral decomposition
Let (7.1) be satisfied. Then

ATA = vSTUTUSVT = VvSTSVT  where S*S =diag(c?,...,0%,0,...,0), (7.3a)
(n—7)

0,...,0). (7.3b)
~——

(m—r)

AAT =USVTVSTUT = USSTU”,  where SST = diag(c?,...,0?

T

Note that (7.3a) is the spectral decomposition of the symmetric matrix ATA (see §5.1.1).
The diagonal elements of the matrix STS are the eigenvalues of the matrix ATA. They are
non-negative, which is in accord with AT A being positive semidefinite (see (6.5)). The columns
of the orthogonal matrix V are eigenvectors of the matrix AT A.

Similarly, (7.3b) is the spectral decomposition of the symmetric positive definite matrix
AAT.

So we see that the right singular vectors of matrix A are eigenvectors of the matrix AT A,
the left singular vectors of matrix A are eigenvectors of the matrix AAT, and that non-zero
singular numbers of matrix A are square roots of the non-zero eigenvalues of the ATA (and
also of AAT).

Thus we demonstrated that decomposition (7.1) exists and can be found using the spectral
decomposition. This computation is not numerically satisfactory, since an explicit computation
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of the matrices ATA and AAT can lead to rounding errors (see §6.1.2). Therefore SVD is
typically computed by algorithms which manage to avoid the computation of these matrices.
On the other hand, when we do not mind the loss of precision, then the computation of the
SVD by spectral decomposition can be faster. For instance, when m < n and we need to
compute only the matrices U and S (and do not need V), then the spectral decomposition of
the matrix AAT will be typically faster, as the size of this matrix is small (m x m).

7.2 Orthonormal basis of the fundamental subspaces of
a matrix

SVD reveals orthonormal basis of all four fundamental subspaces generated by matrix A
(see §4.4), as

rmg U; = g A, (7.4a)
mg V; = rng(A7), (7.4Db)
g U, = null(AT), (7.4c)
rng Vo = null A. (7.4d)

Identity (7.4a) can be proven as follows:

mgA ={U;S,Vix [xcR"} 2 {USy|yeR I} 2 {Uz|zeR} =mgU,.

Here the identity marked (a) is valid because V; is of full rank and thus (by the Frobenius
Theorem) for each y € R” there exists x € R" satisfying y = VIx. In other words, rng(V7T) =
R". The identity marked (b) is valid for the similar reason: S; is square regular, thus rng S; =
R".

Identity (7.4b) follows from (7.4a), as AT = (U;S,V,)T = V,STUT =Vv,;S,UT.

Matrices U and V are orthogonal. Thus from the definition of orthogonal complement it is
clear that (rng U;)* = rng U, and (rng V;)+ = rng V. Identities (7.4c) and (7.4d) now follow
from (4.3).

7.3 The nearest matrix of a lower rank
Frobenius norm of matrix A € R™*" is the number
m n 1/2 n 1/2
Al = (Zzafj) _ (Z ||aj||3) (75)
i=1 j=1 j=1

where aj,...,a, are the columns of matrix A. Since clearly |Allr = ||AT]||r, we could also
write rows instead of columns in (7.5). Similarly to the euclidian norm, the Frobenius norm
does not change under an isometric transformation of rows or columns of a matrix, or

U'U=1 VIV=1 = [Alr=|[UAlr=[AV"|r = [UAV"[. (7.6)

This follows easily (think about it!) from (7.5).
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Consider the problem where given matrix A € R™*" of rank r, we wish to find the nearest
(in the Frobenius norm sense) matrix A’ of a given lower rank " < r. So, we are solving the

problem:
min{ |A — A'||p | A" € R™" rank A’ =1"}. (7.7)

Theorem 7.1 (Eckart-Young). Let SVD matrix A = USV?, where S = diag(oy,...,0,).
Let 8" = diag(o},...,0.), where

reTr

/_
o, =

o; wheni <7/,
0 wheni>r'.

Then the solution of problem (7.7) is matrix A’ = US'VT and
1A = Alllp = (074 + -+ 07) 12 (7.8)

We present the main part of this theorem without a proof. We will prove only the asser-
tion (7.8). Using (7.6), we have:

IA — A'llp = [[USVT —US'VTlp = [U(S = S )V g = S = S'|lr = (0741 + - +07)"2.

In this sense the singular numbers give the distance of matriz A to the matriz of a given lower
rank.

The theorem says that we can find the nearest matrix of the given lower rank »’ by setting
to zero r — 1’ smallest singular numbers in the SVD of the original matrix (so that the number
of the remaining singular numbers is r’). Putting it another way, SVD decomposition (7.1) can
be written as the sum

'
A=USV'=> ouv/, (7.9)
i=1
where uy,...,u,, are the columns of matrix U and vy,...,v, are the columns of matrix V.

Note that u;v? € R™*" is matrix of rank 1 (see §2.5). The matrix of a lower rank is obtained
by taking only the first 7’ terms of this sum:

/
s s
A =USV' = g o] = E o).
i=1 i=1

We see that the singular numbers give not just the rank of a matrix but by (7.8) also tell us
how ‘far’ the matrix is from the matrix of a given lower rank. Singular vectors not only define
the orthonormal bases of all the fundamental subspaces of a matrix by (7.4) but in addition
they show how these subspaces would change, should the matrix be substituted by one of a
given lower rank.

7.4 Fitting a subspace to given points

We seek the (linear) subspace X C R™ of a given dimension that minimises the sum of squares

of the distances to the given points' a;,...,a, € R™. This task can not be turned into the
least squares problem of §6.1. However, it can be solved by using Theorem 7.1:
r =rank A = dimspan{ay,...,a,}, (7.10)
r" =rank A’ = dimspan{a,...,al }, (7.11)

! This problem is called the principal component analysis (PCA) or Karhunen-Loewe transform in statistics.
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where a; are the columns of matrix A € R™*" and a’; are the columns of matrix A’. Further,

n
1A — A" =) llay — a5

j=1
Le. X =span{a),...,a,} =rngA’ is such subspace of dimension 1/, that the sum of squares
of the perpendicular distances of points ay, ..., a, from this subspace is minimal:

X =span{a),...,a}}

Usually we need not find the points a’ but only the subspace X. We can easily find its
orthonormal basis from the relationships (7.4). Since only the first " singular numbers of
matrix A’ are non-zero, the basis of the subspace X = rng A’ is the set of the first v’ columns
of matrix U in the decomposition A = USV?. Sometimes it can be more advantageous to
seek the orthogonal complement X T = null(A’)T of the desired subspace. Its basis is the last
m — 1’ columns of matrix U.

Example 7.2. Given n points ay,...,a, in the space R3. Let the full SVD of the matrix, whose
columns are the given points, be [a; - --a,] = USV7T. Denote the columns of matrix U € R?*3
as ujp, Ug, Us.

Find the line passing through the origin, such that the sum of squares of the perpendicular
distances of these points from the line is minimal. Such line is the set

span{u;} = {ou; [a €ER} = {x € R* | ulx = ulx = 0} = span{uy, uz}*.

Find the plane passing through the origin, such that the sum of squares of the perpendicular
distances of these points from the plane is minimal. Such plane is the set

span{uy, up} = {aju; + oty | a0 ER} = {x € R* | ulx = 0} = span{uz}*. O

7.4.1 (Generalisation to affine subspace

Genealising the previous problem, now instead of the linear subspace we seek the affine subspace
of dimension 7’ that minimises the sum of squares of perpendicular distances from the points
aj,...,a,. This affine subspace can be written as X = b+span{aj,...,a/,} for some translation
b € R™ (see §3.3):

X =b +span{aj,...,a}}
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The sum of squares of perpendicular distances from X is (consult the figure)
" llay — ) — b2 = [|A — A" b17]2. (7.12)
j=1

We seek b € R™ and A’ € R™*", which minimise (7.12) given the condition that rank A" = r’.
When A’ is fixed, the minimisation of (7.12) with respect to variable b can be easily solved
explicitly (see Exercise 6.3): the minimum is achieved at the point

where & = L(a; + - +a,) and @ = i(aj + .-+ a). As & € spanf{a),...,al}, then
a=Db+a € X (see the figure). Thus we proved that the optimal affine subspace X passes

through the ‘center of gravity’ a of points ay, ..., a,.
Now the solution is clear. We seek the affine subspace passing through the point b, which
minimises the sum of squares of the distances to points ay, ..., a,. Therefore it is sufficient to

first translate all the points so as to place their center at the origin and then to find the linear
subspace that minimises the sum of squares of the distances to the translated points.

7.5 Approximate solution of homogeneous systems
Let us solve the homogeneous linear system
Ax =0 (7.13)

for A € R™* ™. The set of solutions is the set null A, which is a linear subspace of R™ of
dimension d = n — rank A (see §3.2.1). One of the solutions is always x = 0 (so called trivial
solution).

Can a homogeneous system be over-determined? Over-determined can be defined as dimen-
sion d of the solutions space being less than some given dimension d’ > d. A special case is
when the system has only the trivial solution (d = 0) but we would like a non-trivial solution.
Let us solve the system approximately, so that matrix A is changed as little as possible, while
the solution space gains the desired dimension d’. In other words we first find the matrix A’
of rank n — d’ which is the nearest to matrix A (by Theorem 7.1) and then solve the system
A'x =0.

Relationship to the nonhomogeneous case. In §6.1 we formulated an approximate so-
lution of nonhomogeneous (b # 0) system Ax = b as the problem mingegn ||[Ax — bll5. It
may appear that this formulation is totally different from the formulation of an approximate
solution of a homogeneous system given here. However, this is not the case. Let us formulate
an approximate solution of a nonhomogeneous system as follows: when the system Ax = b has
no solution, change vector b as little as possible, such that the system has a solution. More
precisely, we seek the vector b’ such that for some x, Ax = b’ and the number ||b —b’||5 is as
small as possible. This problem can be written as

min{ ||b — b’ | Ax=Db', x e R", b’ € R" }.
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Here we minimise with respect to the variables x and b’ (it does not matter that x does not
occur in the criterion). It is possible to simplify this problem (think about it!): substituting
b’ = Ax into the criterion ||b — b’||2, gives minyegn» [|[Ax — b||2. To sum up:

e In an approximate solution of nonhomogeneous system Ax = b, change vector b as little
as possible, so that the system has a solution.

e In an approximate solution of homogeneous system Ax = 0, change matrix A as little as
possible, so that the system has the solutions space of a given dimension.

7.6 (x) Pseudoinverse of a general matrix

Let us now return to the solution of nonhomogeneous linear system Ax = b for A € R™*".
In §6 we separately discussed the cases where the system had none, one, or infinitely many
solutions. Now we merge all these cases into just one general formulation

min { x|

x € argmin [|Ax’ — b]|2 } (7.14)

x/eR™

That means we seek vector x for which the number ||[Ax — b||3 is minimal; should there be
several such vectors, we select the one with the smallest norm ||x||5.
Let SVD of matrix A be given by formula (7.2). Then:

IAx — b = [USV'x — b

= [[UT(USVTx — b)||3 as ||UTz|y = ||z||, for each z
= [|SVix — U”b||3 as UTU =1
=[Sy —clf3

-5 S - =)

. Siy1 — ¢ ?
= e,

2

2

= [S1y1 — cull3 + [leall3, (7.15)
where . .
v \Vix| _ |yi| _ . |Uib| |ci|
Vix = [Vgx =15, =Y U'b = UTb| = |eo| = c. (7.16)

What have we achieved here? We have shown that the exression ||Ax — b||3 is equal to the
expression (7.15), which is much easier to minimise, since matrix S; is diagonal and regular.
The minimum of (7.15) is thus achieved for y; = S7'cy, as then S;y; = ¢;. Since S; is diagonal,
its inverse is simply S;* = diag(oy*, ..., 0 1).

Expression (7.15) does not depend on vector ys, which can thus be chosen arbitrarily. Let
us choose it such that vector y has the smallest norm. This will evidently occur when y, = 0.
Additionally, x will also have the smallest norm because ||yl = |[VTx||s = ||x]|2 (follows from
orthogonality of V).

The solution of problem (7.14) is obtained by back-substitution from (7.16):

Sl_lcl

x=Vy=[Vi V] {YI} =[Vi Vv, { 0

} =V,S;'c; = V,;S;'UThb.
y2
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The matrix
AT =vVv,s7'ut (7.17)

is the pseudoinverse (of the general) matrix A. It is also called the Moore-Penrose pseu-
doinverse. When A is of full rank, then this definition agrees with formulae (6.6) and (6.16)
(verify!).

Note that while we needed the full SVD for the derivation of formula (7.17), only reduced
SVD occurs in the formula itself. Matrices Uy and V5 were needed only for the derivation of
the formula.

7.7 Exercises

7.1. Given the matrices

0.64 0.6 —0.48

0.528  0.896 —0.72} { 0.6 —0.8]
A= , U= , V=1048 —-0.8 —-0.36
~1.204 —0.528  0.96 —0.8 0.6 e 0 os
Calculate the matrix B of rank one, such that |A — B||r is minimal (where | - || denotes

the Frobenius norm). Find the value of |A — B||r for the matrix B.
Answer: ||A — B||r = 0.5.
7.2. Find the orthonormal basis of the subspace span{ (1,1,1,—-1), (2,—1,-1,1), (-1,2,2,1) }

YTy

using SVD.
7.3. (%) Solve the system of Exercise 6.2 approximately, in the least squares sense, using SVD.
120
7.4. Given A = |2 4 1], find the orthonormal bases of subspaces rng A, null A, rng(AT),
120

null(AT). You may use a computer.

7.5. (%) Prove the properties of the pseudoinverse in Exercise 6.19, using (7.17) for arbitrary
(square or rectangular) matrices of any rank.
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Chapter 8

Nonlinear Functions and Mappings

In previous chapters we encountered the linear and affine mappings and quadratic functions.
In this chapter we will consider in more detail the nonlinear functions f: R* — R and the
mappings f: R" — R™. Let us revise the functions and mappings notation from §1.1.3:

Example 8.1. Examples of functions and mappings of several variables:

1.
2.

NSe g w

0

[ R =R, flz,y) =2 -y
f: R" - R, f(x) = 1 (even when zy,...,x, is missing, f is still understood to be a
function of n variables)

f: R - R, f(x) =a’x (linear function)

f: R* = R, f(x) =a’x + b (affine function)

fiR* 5 R, f(x) = eIl

AR =R, f(x)= m%fx

f: R — R? f(t) = (cost, sint) (parametrisation of a circle, set f([0,27)) represents a
circle)

f: R — R3 f(t) = (cost, sint, at) (parametrisation of a helix)

9. f: R" — R", f(x) = x (identity mapping)

10.
11.
12.

13.

14.

f: R" — R™, f(x) = Ax (linear mapping)

f: R" — R™, f(x) = Ax + b (affine mapping)

f: R? > R3, f(u,v) = ((R+rcosv)cosu, (R+rcosv)sinu, rsinov)
(parametrisation of a torus or annuloid, set f(]0,27) x [0, 27)) represents a torus)

The image morphing technique deforms an image (e.g. of a face) to another image (face).
Morphing is represented by the mapping R? — R2.

An electric field associates with every point in R? a vector in R3. 0

8.1 Continuity

Definition 8.1. Mapping f: R® — R™ is continuous at point x € R", iff

Ve>0 30>0VyeR": [x—y|[|<d = |f(x)—~1(y)| <e.

A mapping is continuous over set X C R" iff it is continuous at every point x € X .
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Informally speaking, a mapping is continuous if it associates a pair of near points with a
pair of near points. However, definition 8.1 is not convenient for checking continuity. We give a
sufficient (but not necessary) condition that is more practical. We assume that the reader can
verify the continuity of functions of one variable. We leave out the proof.

Theorem 8.1.

(a) Let function f: R — R be continuous at point x. Let k € {1,...,n} and let function
g: R™ — R be given by g(x1,...,z,) = f(x1) (i.e. g depends solely on variable x;). Then
function g is continuous at every point (xy,...,x,) where xj = x.

(b) Let functions f, g: R™ — R be continuous at point x. Then the functions f + g, f — g and
fg are continuous at point x. When g(x) # 0, then the function f/g is also continuous at
point x.

(c) Let g: R — R be continuous at point x and f: R — R be continuous at point y = g(x).
Then the composite function f o g: R™ — R is continuous at point X.

(d) Let functions fi, ..., fm: R" — R be continuous at point x. Then the mapping f: R — R™
defined by f(x) = (f1(x), ..., fm(X)) is continuous at point x.

Example 8.2. Using the above theorem we can easily show that, for example, the (frightfully
looking) function

flz,y) = \/sin(:r;3y —yt) + |2? + ye®|

is continuous. E.g. by (a), 2% is a continuous function of two variables (z,y). Similarly, ¥ is

a continuous function of variables (x,y). Then, by (b), the function 23y is continuous. The
continuity of the whole function can be proved in this ‘recursive’ manner. 0

8.2 Partial differentiation

The partial derivative of function f: R” — R with respect to z; is denoted in the following

ways:
of(x) Oy
8m,~ a fxl(X) - Qmi’

where the last notation assumes that y = f(x). The partial derivative is evaluated by treating
all the variables x;, j # 7 as constants and differentiating the function with respect to the single
variable z;.

Example 8.3. Consider the function f(z,y) = 2%y + sin(xz — 3?). Its partial derivatives are

3f(81; y) = fu(z,y) = 22y + cos(z — y3),
—aféi—’ D f(e) = 2* - 3% cos(z — ). -
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8.3 The total derivative

Let us review the definition of the derivative of function f: R — R of a single variable at point
x. When the limit
df(z)

S\ f/(l") — lim f(y> — f(x) (8.1)

da y=r  y—ax
exists, then function f is differentiable at point x and the value of the limit is its deriva-

tive at point x. Differentiability means that the function can be ‘well approximated’ in the
nighbourhood of point x by the affine function

fy) = f@)+ f(@)(y — ). (8.2)

As shown in this figure:

@ Y

How to generalise the concepts of differentiability and derivative to the mapping f: R" —
R™? It appears that it is not easy to do so by a generalisation of the limit concept (8.1). It is
better to use formula (8.2). Let us approximate the mapping in the neighbourhood of point x
by:

fy) = f(x) + £'(x)(y — x). (8.3)

When x is fixed, then the right hand side of (8.3) is an affine mapping in the variable y.
Since x,y € R™ and f(x) € R™, then f'(x) must be a matrix of size m X n. A mapping is
differentiable at point x if it is ‘similar’ to an affine mapping in the neighbourhood of x. E.g.
there exists matrix f'(x) such that the approximation error f(y) — f(x) — f'(x)(y — x) is ‘small’
for a ‘small’ y — x. In order to express this condition precisely we would need to use the limit
of a function of several variables, the knowledge of which we do not expect of the reader. We
therefore leave the concept of ‘differentiable mapping’ undefined and instead define a somewhat
stronger property which is in practice sufficient:

Definition 8.2. mapping f: R* — R™ at point x is continuously differentiable, iff at
point x all the partial derivatives 0f;(x)/0z; exist and are continuous.

It is possible to prove that when a mapping is at some point continuously differentiable,
then it is at that point also differentiable.

Example 8.4. Consider the function of Exercise 8.3; both its partial derivatives are continuous
functions over the entire R?, therefore the function is differentiable at each point (x,y) € R?.[J

Note that the mere existence of all the partial derivatives is not sufficient for differentiability.
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Example 8.5. Let the function f: R? — R be defined by

1 kdyz zy =0,
fla,y) = ;
0 kdyzx #0ay+#0.

At point (0, 0) both partial derivatives exist (both are equal to zero) but the function dz/0f(z, y)
is not continuous function of (z,y) at (0,0). It is possible to show that f is not differentiable
at point (0,0). This is not surprising as the function is not at all like an affine function in the
neighbourhood of this point. 0J

When mapping f is differentiable at point x, then in this case the matrix f'(x) has a natural
shape: its elements are the partial derivatives of all the mapping elements with respect to all
the variables:

31(;1 (=) .. 3? (%)
df . o
X Ofm(x) - Ofm(x)
8:1:1 arn

matrix (8.4) is called the total derivative' (or shortly just the derivative) of the mapping f
at point x. For historical reasons it is also called the Jacobi’s matrix. Special cases:

e For f: R — R, f'(z) is a scalar and is the same as ordinary derivative (8.1).
e For f: R — R™, f'(z) is a column vector.

e For f: R" — R, f'(x) is a row vector.

8.3.1 Derivative of mapping composition

The ‘chain rule’ for differentiation of function compositions can be naturally extended to map-
pings. The proof of the following theorem is long and so we will not give it here.

Theorem 8.2. Let g: R® — R™ and f: R™ — R’ be differentiable mappings. The derivative
of the mappings composition f o g: R® — R’ is

(fog)(x) = B _ pigi0) i) (85)

The dimensions of the relevant spaces can be succinctly expressed by the following diagram:
R" £ R™ -5y R (8.6)
If we put u = g(x) and y = f(u), the rule can also be written in the Leibnitz notation as:

dy _ dy du

dx  du dx’ (8.7)

which is easy to remember, as du can be ‘as if eliminated’ (however, this is not a proof!). Let
us emphasise that this equality is matriz multiplication. The left hand side expression is matrix
¢ x n, the first expression on the right hand side is matrix £ X m and the second one is matrix

I The term ‘differential’ is sometimes used instead of ‘the total derivative’. These terms are similar but not
identical: the total derivative is a matriz, whereas the total differential is a linear mapping represented by the
matrix. This difference is exactly the same as saying, in linear algebra, just ‘matrix’ instead of ‘linear mapping’.
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m xn. When / =m =n =1 we get the well known chain rule for differentiating compositions
of functions of a single variable. The rule can be evidently extended to the compositions of
more than two mappings: The Jacobi’s matriz of the composed mapping is the product of the
Jacobi’s matrices of the individual mappings.

Example 8.6. Let f(u,v) be a differentiable function of two variables. Determine the (total)
derivative of the function z = f(z + y, xy) with respect to (w.r.t.) the vector (z,y), i.e. its
partial derivatives w.r.t. x and y.

Given the diagram R? -2+ R? SN R, where mapping g is given by
g(z,y) = (u,0) = (z +y,2y).
The derivative of mapping f w.r.t. the vector (u,v) is the 1 x 2 matrix (row vector):
Fuv) = [2ged 2| = [fu(,0) fulw,0)].

The derivative of mapping g w.r.t. the vector (z,y) is the 2 x 2 matrix:

Jd(x d(x
ooy — B@D) —;aiy) —;ajy) _ [1 1] |
’ d(fE, y> E;Iy) gyy) Yy x

The derivative of the mapping f o g: R? — R w.r.t. the vector (x,y) is the 1 x 2 matrix (row
vector)

dz _ df(g(=,y))
d(z,y) d(z,y)

— J'(u. 08 ()
= [wo) Awo)] | )]
= [fu(u,v) + yfv(u7v) fu(uyv) + :va(u, 'U)} . |

Example 8.7. Show two methods how to determine the partial derivative f, of the function
Fa,y) = el e,

e Treat y as a constant and differentiate f as a function of single variable z:
fo =20z +y) + 2xy)yleVFEDT = 2z 4y 4wy el TS,
e Putu=a+y, v=uay, flu,v)= e"*+v* From Example 8.6, we have f, = f, + yf,. Since
fu=2ue" " f, = 20"t

we have f, = fu +yf, = 2ue™ " 4 y(20)e” T = 2z + y + ay?)ele T @), 0

Example 8.8. Given differentiable function f: R?> — R, determine the derivative of the func-
tion z = f(t + t%,sint) w.r.t. t.

Consider the diagram R -+ R? SN R, where g(t) = (u,v) = (t + t?,sint). Then

142t

G = g = [ Ao [ l] = Aoz + s ot

O
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8.3.2 Differentiation of expressions with matrices

When a function or a mapping are given by an expression containing vectors and matrices, then
the derivatives can always be computed by ‘brute force’, i.e., by expanding the expression into
its individual elemements and computing the partial derivatives of each element w.r.t. each
variable. Strictly speaking this solves the problem. Nonetheless, it is advantageous to simplify
the result and turn it into a matrix expression.

Example 8.9. Let us find the (total) derivative of the qudratic form f(x) = x’ Ax, where
A is an arbitrary (not necessarily symmetric) matrix of size n x n. Writing out function f in

detail: T )
x'AX = a;1r]7  + @n%2x1 + -+ QuiTaT1 +

2
A12T1T2 + G225  + -+ + Ap2Z,T1 +

A1pT1 Ty + AonTaTy + =+ + Apnl.
With a bit of effort we can see from this expression that

0f(x)
8x1

= 2&111’1 -+ (a21 + a12)$2 +-+ (Gnl + Clln)l'n

and similarly for the derivatives w.r.t. the remaining variables. Note that these partial deriva-
tives can be arranged in a row vector

ro0= [ ] XA AT -

The following table lists other often seen derivatives. Derive them all as an exercise! The
chain rule is often useful for this.

f(x) f'(x) notes

X I f: R - R™

Ax A AceR™" f:R" - R™

xI'x 2xT f:R" - R

xTAx xT(A + AT) AcR™ f:R" - R

x'a=a’x|a’ acR", f:R*" =R

[eS|P x"/||x]|2 f:R" - R

g(Ax) g'(Ax)A A R g R 5 R™ f: R" — R™
g(x)"g(x) | 28(x)"g'(x) g:R* > R™, f: R" - R

g(x)Th(x) | g(x)’h'(x) + h(x)Tg'(x) | gc R* = R™, h: R - R™, f: R* - R

8.4 Directional derivative

The cut of function f: R®™ — R at point x € R" in direction v € R" is the function p: R — R:

ola) = f(x+av). (8.8)

The following figure illustrates a cut for the case n = 2:
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2

The directional derivative of function f at point x in direction v is the scalar

dep(c) _fx+av) - f(x)

/ _ —

p(0) = —~ T lim - - (8.9)
The directional derivative in the direction of the i’ standard basis vector (0, ...,0,1,0,...,0)

(1 in the i** position) is just the partial derivative w.r.t. the variable ;.

The directional derivative of a mapping is obtained by computing the directional derivatives
of each component. IL.e. the directional derivative of mapping f = (f1,..., fi,): R” — R™ at
point x € R™ in direction v € R" is the vector (¢}(0),...,¢.,(0)) € R™ where ¢;(a) =
filx+ av).

Theorem 8.3. Let mapping f: R® — R™ be differentiable at point x. Then its directional
derivative at point x in direction v is f'(x)v.

Proof. Mapping y = ¢(«a) = f(x + av) is a composition of two mappings y = f(u) and

u = x + av. We have diagram R umray, je Y=, gom and du/da = v. By the chain rule

_dy dydu df(u)
“da  dude  du '

@' (a)

Putting a = 0 gives u = x, which proves the theorem. O

8.5 Gradient

The transpose of the total derivative of function f: R” — R is called the gradient and is

written as
0f(x)
o1
fx =11 | =Vf(x)
9f(x)
Oxn

(V is read as ‘nabla’). Whereas f'(x) is a row vector, the gradient is a column vector?.

Consider the directional derivatives at a fixed point x in various directions given by a
normalised vector v (i.e. ||[v||a = 1). Such derivative is f'(x)v, that is the scalar product of the
gradient at point x and the vector v. It is clear (but think about it), that:

2 Introducing a new term for the transpose of the derivative seems superfluous — nonetheless the justification
is that the total derivative is a linear function, whereas the gradient is a vector. Unfortunately, the literature
is inconsistent in drawing a distinction between the gradient and the (total) derivative function. Sometimes
they are treated as identical, both denoted as V f(x). However, this leads to an inconsistency with the notation
used in linear algebra, as the derivative of function R” — R is then no longer a special case of the derivative of
mapping R™ — R™ (i.e. Jacobi’s matrix), which is a row vector when m = 1.
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e The directional derivative is maximal in the direction v = V f(x)/||V f(x)]2, i.e. when
v is parallel with the gradient and has the same orientation. That means the gradient
direction is the direction of the steepest ascent of a function.

e The gradient magnitude ||V f(x)||2 expresses the steepness of the slope of a function in the
direction of the steepest ascent.

e The directional derivative in the direction perpendicular to the gradient is zero.

Further, it can be shown (see §10.2.1) that the gradient is always perpendicular to the contour.
The following figure shows three contours of function f: R? — R and its gradients at several
points:

V(x)

8.6 Second order partial derivatives

Differentiating function f: R®™ — R first w.rt. z; and then w.r.t. z; produces the partial
derivative of the second order, denoted

0 0f(x)  0*f(x)

ox; Ox; ~ O Ox;’
When i = j, we write in the condensed form
0 0f(x) ()

ox; Ox; - ox?
It can be proved that when the mixed partial derivatives

0 f(x) 0*f(x)

Ox; Oz’ Oxj Ox;
are continuous at point x, then they are equal, i.e. the order of the differentiation w.r.t. the
individual variables can be changed.

Example 8.10. Determine all the second derivatives of the function f(z,y) = x?y+sin(z —y?)
from Example 8.3. The first derivatives are already given in that example. Now follow the
second derivatives:

aggf?f) - a%my +eos(z —y?)] =2z + 3y sin(z —y?)
—aﬁfy( gé;y) - aﬁ[ — 3y* cos(w — y”)] = 20 + 3y sin(x — o)
PLED 22—y costr —47)) = —6ycon(s — ) ~ ' sin(s — ),
Note that the order of differentiation w.r.t.  and y is indeed immaterial. ]
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We write the matrix of all the second partial derivatives of function f: R™ — R as follows

P 0P
0x10z1 0zx10Tn
ffe=1 + -~
Pfx) .. PP
Oxn0x1 OxnO0xn

It is a symmetric matrix of dimensions n X n, often called the Hess matrix.

What might be the second derivative of mapping f: R” — R™? It will no longer be just a
two dimensional table (i.e. matrix) of dimensions n x n but rather a three dimensional table
of dimensions m x n x n.

8.7 Taylor’s polynomial

Let function of one variable f: R — R have at point x derivatives up to order k. Its Taylor’s
polynomial of degree k at point x is the polynomial T;: R — R of degree k such that at point x
all its derivatives up to order k are the same as those of function f. In this sense polynomial 7},
is an approximation function of f in the neighbourhood of point z.

Taylor’s polynomial is uniquely defined by this requirement and its form is (derive!):

=> 1' F@ — ), (8.10)

=0

~.

where £ denotes i-th derivative of function f (here zero-th derivative is the function itself
f©@ = f) and where we put 0! = 1. The form of the polynomial up to degree two:

(l“) + f'(2) (y — o),

Tg(y) = f(2) + f'() (y — 2) + 5" () (y — 2)*.
Taylor’s polynomial of zero-th degree Ty is a very poor approximation, equal simply to constant
function. We already know the polynomial of the first degree T’ (x) from the formula (8.2). The

polynomial of the second degree 75 is a parabola which has the same value and the same first
two derivatives with function f at point x. See the following figure:

To(y) Ti(y)
f(y) \\\V /

X

Can we generalise Taylor’s polynomial to functions of several variables f: R* — R 7 Tay-
lor’s polynomial of k" degree (function f in the neighbourhood of point x) is the polynomial
Ty: R — R of degree k, which has at point x all its partial derivative up to order k the same

65



as function f. We list now the polynomials only up to degree two, without giving the general
formula for any degree:

To(y) = f(x), (8.11a)
Ti(y) = f(x) + f'(x) (y —x), (8.11b)
Ta(y) = f(x) + f(x) (y = %) + 3y —x)" (%) (y —%). (8.11c)

Here x,y € R", f/(x) € R™™ is Jacobi matrix (row vector) and f”(x) € R™*™ is Hess matrix.
Function (8.11b) is affine and function (8.11c) is quadratic.

Taylor’s polynomial can be generalised to the mapping f: R™ — R™ in such a way that we
take Taylor’s polynomials of all components fi, ..., f,,. The polynomial of the first degree thus
results in the mapping

Tu(y) = £x) + /() (y - ). (8.12)

which is the same as (8.3). The polynomial of the second degree leads to the mapping T, whose
components are functions (8.11¢). This can not be written in a matrix form, as all m x n x n
second partial derivatives do not ‘fit” into a matrix.

Example 8.11. Find Taylor’s polynomial of second degree at point (zg, o) = (2, 1) of function
f(x,y) = sin(x + y?) of Example 8.3.
We have

f(x(b 3/0) = Sin3,
f'(zo,10) = cos(z + %) [1 Qy] |(x7y):(2’1) = (cos 3) [1 2] ,

L2y } = —(sin3) B Z]

" o 2
f (Z'(), 3/0) - Sln(iL‘ +ty ) |:2y 4y2 —9
Thus by (8.11c) we have (watch out, our variables are denoted differently than in (8.11c))

(zvy):(271)

1) = o)+ 1) [17 0]+ 4 [2 7] n [2 )

= sin3 + (cos3) [1 2] E:ﬂ _g |:;j:%:|T B g] B:ﬂ

sin 3

=sin3+ (cos3)(xr —2+2(y—1)) — (=22 +4(x —2)(y — 1) +2(y — 1)?)

= (cos3)(x + 2y — 4) + (sin 3)(—2?/2 — y* — 22y + 32 + 6y + 6). O

8.8 Exercises

8.1. Given sets X = [-1,1] x {0} = {(2,0) | -1 <2 <1} CR? and Y = [-1,1] x [-1,1].
Sketch the following sets:

a) {y € R*|[ min[x —yllo <1}
b) {y € R*|[ max|x —yll. <2}

c¢) contours of height 1 in function f(x) = mi}r/l IIx — yl2
xe
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8.2.

8.3.
8.4.

8.5.

8.6.
8.7.

8.8.

d) contours of height /2 in function f(x) = max [x =yl
p<S

Given function of two variables f(z,y).

a) Calculate the derivative of f in polar coordinates (¢, ), where x = r cos ¢, y = rsin .
b) Point (x,y) is moving in time ¢ along the curve given by equation (x,y) = (t* +
2t,In(t> +1)). Find the time derivative of f.

Calculate the derivative of function g(u) = f(a’u,||ul|2) with respect to the vector u.

An altitude (height above the sea level) of some lanscape is given by the formula h(d, s) =
25 + 3sd — d* + 5, where d is geographical longitute (increasing from the West to the
East) and s is geographical latitude (increasing from the South to the North). At point
(s,d) = (1,—1), determine:

a) the direction of the steepest ascent of the terrain
b) the steepness of the terrain in the South-Easterly direction.

Find the second derivative f”(z,y) (i.e. Hess matrix) of the functions

2

a) flay)=e ¥
b) F(z.y) = (e +
Hess matrix of the quadratic form f(x) = xTax is f”(x) = a + a’. Derive.

Given function f(z,y) = 6xy* — 22° — 3y3, find Taylor’s polynomials of first and second
degree at point (zo,yo) = (1, —2).

The finite difference method calculates function derivatives approximately as

Py~ LD 1)

where h is a small number (a good choice is h = 4/, where ¢ is machine accuracy).
This is applicable also to partial derivatives. Make up two mappings g: R” — R™ and
f: R™ — R for some unequal dimensions n,m,¢ > 1. Choose a point x € R". Calculate
approximately the total derivative (Jacobi matrix) g'(x) and f'(g(x)) in Matlab, using
the method of finite differences. Then calculate the derivative of the composite mapping
(f o g)'(x) by the method of the finite differences and also by multiplying matrices g’(x)
and f'(g(x)). Compare the results.
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Chapter 9

Extrema of a Function over a Set

9.1 Minimum and infimum

We begin by defining the following concepts for a set Y C R:
e Lower bound of set Y is any number a € R, such that a <y forally € Y.
e Infimum of set Y is its greatest lower bound. It is denoted as inf Y.
e The smallest element (or minimum) of set Y is its lower bound that is also a member
of Y. When the minimum exists, it is unique. It is denoted as minY".

Upper bound, the greatest element (maximum, maxY’) and supremum (supY’) are defined
correspondingly.

Minimum or maximum of a subset of real numbers need not exist. Nonetheless, it is a
deep property of real numbers, that there exists an infimum [supremum]| for every lower [upper]
bound subset. This property is called competeness.

Let us introduce two elements —oo and +o0o (which do not belong to the set R) and let us
define —0co < a < +o0o for each a € R. When set Y is not bound below [above], we define
infY = —oo [supY = +oo]. For an empty set, we define inf ) = +oo and sup () = —oo.

Example 9.1.
1. The set of all upper bounds of the real interval [0,1) is [1, 4+00).

The set of all upper bounds of set R is ().

The set of all upper bounds of 0 is R.

Interval [0, 1) does not have the maximum but it does have the supremum 1.

The minimum of set {1/n | n € N} does not exist but the infimum is 0.

The maximum of set {z € Q | 22 < 2} = [-v/2,v/2]NQ does not exist but the supremum

is V2.

7. max{1,2,3} = sup{1,2,3} = 3 (the minimum and maximum of each finite set exist and
are equal to infimum and supremum respectively).

A ANl o

8. Set R does not have the smallest element, i.e. minR does not exist.

9. Empty set () does not have the smallest element, i.e. min{) does not exist. 0
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9.2 Properties of subsets of R”

The set
Ucx) ={y eR"||x -yl <e}, (9.1)

where € > 0 and x € R", is called! e-neighbourhood of point x. It is a sphere (without a
boundary) with center at x and non-zero radius .

Definition 9.1. Consider set X C R™. Point x € R" is called its
e interior point, when there exists € > 0 such that U.(x) C X
e boundary point, when for each ¢ > 0, U.(x) N X # () and U.(x) N (R™\ X) # ()
e exterior point, when there exists € > 0, such that U.(x) N X =)
e accumulation point, when for each ¢ > 0, (U.(x) \ {x}) N X # 0
e isolated point, when there exists € > 0, such that U.(x) N X = {x}.

Note that the boundary and the accumulation points of a set need not belong to that set.
When a point does belong to a set, it is either an interior or a boundary point but not both
(prove!). Interior [boundary] of a set is the set of all its interior [boundary] points.

A set is called

e open, iff all its points are interior points;
e closed, iff it contains all its boundary points.

It can be proved that set X is closed [open], iff its complement R™\ X is open [closed]. Openness
and closeness are not mutually exclusive: sets () and R™ are open and closed. Furthermore, some
sets are neither open nor closed, e.g., the interval (0, 1].

Set X is bounded, iff there is r € R such that ||x — y||2 < r for all x,y € X. In other
words, the set ‘fits’ into a sphere of finite radius.

Example 9.2. Consider set { (z,y) € R? | 2*+y* <1, y > 0} U{(1,1)} C R? shown in this
figure:

Point a is an interior point of the set because there exists ¢ > 0 such that neighbourhood U, (a)
is wholly contained in the set.

Point b is a boundary point because a neighbourhood U,(b) has for each £ > 0 a non-empty
intersection with the set and also with its complement. Note that b does not belong to the set.
Point a is not a boundary point and point b is not an interior point.

Point c is not interior, is a boundary point, and belongs to the set.

Points a, b, ¢ are accumulation points, point d is isolated. Point (1, 1) is exterior and therefore

! The norm in (9.1) can be euclidian or any other vector p-norm (see §12.3.1). The interior and the boundary
of the set are independent of the choice of the norm.
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does not belong to the set.

This set is not open because, for example, point ¢ is not interior. Nor is it closed because,
for example, point b is a boundary point but does not belong to the set. The set is bounded.[]

Example 9.3. Point 1/2 is an interior point of the interval (0,1] C R and points 0 and 1 are
boundary points. 0

Example 9.4. Set [0,1] x {1} = {(z,y) | 0 < 2z <1, y = 1} C R? (line segment in a
plane) has no interior points. All its points are boundary and accumulation. It is thus its own
boundary. It is not open, it is closed, and is bounded. 0

9.3 Existence of extrema

Let us recall (see §1.2) the concept of extrema of a function over a set. Function f: R" — R over
set X C R™ achieves its minimum at point x € X, iff for all X' € X, f(x) < f(x'). The value
of this minimum is f(x). In other words, the value of the minimum is the smallest element of
set

fX)={f(x)[xe X} CR,
which is the image of set X under the mapping f.
The minimum need not always exist, as set f(X) need not have the smallest element.

Example 9.5. function f(z) = x over set (0,1) € R (open interval) has no minimum, as set
f((0,1)) = (0,1) does not have the smallest element. O

Example 9.6. function f(x,y) = = +y over set X = {(z,y) € R* | 2> + y*> < 1} has no
minimum, as set f(X) = (—v/2,v/2) does not have the smallest element. O

Theorem 9.2 gives sufficient condition for the existence of extrema of a function over a set.
First though, we give without proof the following more general fact.

Theorem 9.1. Continuous mapping image of a closed bounded set is a closed bounded set.

Thus for closed and bounded set X C R™ and continuous mapping f: R” — R™, set
f(X)={f(x)|xe€ X} CR™is also closed and bounded?.

It might appear that continuous mapping would preserve closeness even without compact-
ness. However, it is easy to find counterexamples.

Example 9.7. let X be defined by interval [1, +00) C R. This set is closed but not bounded.
Continuous mapping f(z) = 1/x produces image set f(X) = (0, 1], which is not closed and is
bounded. O

Example 9.8. consider mapping f: R" — R" given by
f(x) = (1+x"x)""/*x.

The image of unbounded set R™ under mapping f is open bounded set f(R") = {x € R" |
xTx < 1} (unit sphere without a boundary). For illustration we display in the figure set
f(X) CR?*for X = (R xZ) U (Z x R) C R? (i.e. X is a planar grid. Think about it!):

2 Sets which are both closed and bounded are called compact.
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Theorem 9.1 has important consequences for optimisation. It is known as the extreme value
theorem or Weierstrass Theorem.

Theorem 9.2. Continuous function f: R® — R over a closed bounded set X C R" achieves
its minimum.

Proof. For function f: R™ — R, the image of closed bounded set X C R" is closed bounded
set f(X) C R. That can be none other than closed finite interval or a union of such intervals.
Such set certainly has the smallest element. 0

We emphasise that Theorem 9.2 gives only sufficient but not necessary conditions for exis-
tence of minimum of a function over a set. E.g. function f(x) = 2 has a minimum over set R,
even though set R is unbounded.

9.4 Local extrema

Definition 9.2. For function f: R" — R and set X C R". Point x € X is called local
minimum function f na mnoziné X, iff there exists € > 0 such that x is minimum of function f
over the set U.(x) N X.

Local maximum is defined similarly. Every minimum of function f over set X is also a local
minimum of function f over set X (but, in general, the converse is not true). In the context
of discussing local extrema, we can sometimes use the term global extrema to emphasise the
‘ordinary’ extrema (in the sense of §1.2). When a reference to set X is missing, then the full
domain of function f is meant.

Example 9.9. Function of one variable in the figure has in the closed interval [a, f] at point a
a local and also the global maximum, at point b a local minimum, at point ¢ a local maximum
and also a local minimum, at point d a local maximum, at point e a local and also the global
minimum, at point f a local maximum.
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Example 9.10. Let X C R? je kruznice a funkce f: R? — R m4 vrstevnice jako na obrazku:

V bodé x nabyva funkce f na mnoziné X globalniho (a tedy i lokélniho) minima, protoze v
zadném bodé na kruznici X nemd funkce mensi hodnotu nez f(x) = 2. V bodé x’ nabyva
funkce f na mnoziné X lokalniho minima, protoze existuje € > 0 tak, ze v bodé x’ nabyva
funkce f na ¢ésti kruznice U.(x’) N X svého (globalniho) minima. O

Example 9.11. Function f(x) = z; has over set {x € R™ | ||x][s < 1} the global (and
therefore also a local) minimum at point (—1,0,...,0). O

Example 9.12. Any function f: R — R has over Z (the set of integers) at an arbitrary point
x € Z a local minimum and also a local maximum. O

9.5 Exercises

9.1. Sketch the following subsets of R?:

a) [—1,0] x {1}
b) {(z,y)[z>0,y>0, 2y=1}
c) {(z,y) | min{z,y} =1}
9.2. Which of the following sets is the union of a finite number of (open, closed, half-closed)
intervals? Find these intervals. Example: {z? |z € R} = [0, +-00).

a) {1/z]x>1}
b) {1/z | |z[ 21}
c) {e ™ |z eR}
d) {z+y|2?2+y2 <1}
e) {v+yl|a?+y2=1}
f) {z—yla?+y* =1}
g) {lz|+yl|2*+y* =1}
h) {z1+ - +z, | xeR, 23+ +22 =1}
) {lz—yllzel0,1], ye(1,2]}
DAz+yllzl =1 |y =1}
9.3. What is the interior and the boundary of these sets?

a) {(z,y) eR?|2?+y’ =1,y >0}
b) {(z,y) eR? |y=2% —1<z<1}
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c) {(z,y) eR? |2y <1, 2>0,y>0}

d) {xeR"|max} ,z; <1}

e) {x€eR"|alx =0}, where a € R", b € R (superplane)

f) {xeR"|b<alx <c}, where a € R", b,c € R (panel)

g) {x € R" | ax = b}, where a is wide (affine subspace of R™)

9.4. Given function f: R" — R, sets Y C X C R”, and point x € Y. Consider these two

9.5.

assertions:

a) function f has at point x local minimum over set X.
b) function f has at point x local minimum over set Y.

Does the second assertion follow from the first one? Does the first one follow from the
second? Prove from the definition of local extrema or disprove by giving a counter example.

Can it happen that a function over a set has a local minimum but does not have global
minimum? Prove your answer.
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Chapter 10

Analytical Conditions for Local
Extrema

10.1 Free local extrema

Theorem 10.1. Let f: R" =R ax e X CR". Let
e funkce f je v bodé x diferencovatelna,
e x je vnitini bod mnoziny X,
e x je local extrém funkce f na mnoziné X.

Pak f'(x) = 0, neboli vSechny parcidlni derivace funkce f v bodé x jsou nulové.

Proof. 7 Definice 9.2 plyne, ze existuje € > 0 tak, ze funkce f méa v bodé x (globalni) extrém
na okoli U.(x). Z toho ovsem plyne, ze fez p(a) = f(x + av) funkce f (viz §8.4) v libovolném
sméru v # 0 mé (globdlni) extrém v bodé o = 0 na mnoziné { @« € R | |a| < ¢/||v| }. Tedy
funkce p ma v bodé a = 0 local extrém. Tedy jeji derivace je v tomto bodé nulova (to vime z
analyzy funkci jedné proménné). Ale tato derivace je smérové derivace funkce f v bodé x ve
sméru v. Parcidlni derivace jsou specialnim pripadem smérové derivace. O

Bod, ve kterém mé funkce vSechny parcidlni derivace nulové, se nazyva jeji stacionarni
bod. Véta 10.1 svadi k tomu, aby se pouzila v situacich, kdy nejsou splnény jeji predpoklady.
Uved'me piiklady tohoto chybého pouziti.

Example 10.1. V Piikladu 9.9 jsou predpoklady Véty 10.1 splnény pouze pro body b, ¢, které
jsou stacionarni a vnitini. Body a, f jsou hrani¢ni (tedy ne vnitin{) body intervalu [a, f] a v
bodech d, e neni funkce diferencovatelna. O

Example 10.2. Funkce f(z) = 2* md na R v bodé 0 staciondrn{ bod, ale nemd tam local
extrém. To neni v rozporu s Vétou 10.1. 0J

Example 10.3. Funkce f(x) = [|x||2 m4 na hyperkrychli X = {x e R" | -1 < x <1}
v bodé 0 volné local minimum (nakreslete si mnozinu a vrstevnice funkce pro n = 1 a pro
n = 2!). Nemd tam ale stacionarni bod, protoze tam neni diferencovatelnd. Déle ma funkce
na mnoziné X local maxima ve vSech rozich hyperkrychle, napi. v bodé 1. V bodé 1 ale neni
stacionarni bod, coz neni v rozporu s Vétou 10.1, protoze 1 neni vnitini bod X. O
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Veéta 10.1 tika, ze stacionarni body jsou body ‘podezrelé’ z volného lokdlniho extrému.
Udéava podminku proniho radu na volné extrema, protoze obsahuje prvni derivace. Nasledujici
podminka druhého tddu pomuze zjistit, zda je stacionarni bod lokdlnim extrémem, piipadné
jakym.

Theorem 10.2. Let f: R" - R ax e X CR". Let

e funkce f je v bodé x dvakrat diferencovatelna,

e x je vnitini bod mnoziny X,

e f'(x)=0.

Pak plati:

e Je-li Hessova matice f"(x) pozitivné [negativné| definitni, pak x je local minimum [maxi-
mum]/ funkce f na mnoziné X.

e Je-li f”(x) indefinitni, pak x nenf local extrém funkce f na mnoziné X.

I kdyz Vétu 10.2 nebudeme dokazovat, zakladni myslenka ditkazu neni prekvapujici. Misto
funkce f vysetfujeme v blizkosti bodu x jeji Tayloruv polynom druhého stupné (8.11c),

Tr(y) = f(x) + f/()(y — %) +3(y —x)" f"(x) (y — %)
0

Protoze f’(x) = 0, linedrni ¢len je nulovy a polynom je tedy kvadratickd forma posunutd
do bodu x. Rozdil je ale v tom, ze pokud je kvadratickd forma (pozitivné ¢ negativné)
semidefinitni, ma v poc¢atku extrém, zatimco Véta 10.2 o piipadu, kdy je f”(x) semidefinitni,
nic nepravi. V tom piipadé v bodé x local extrém byt muze nebo nemusi (prikladem jsou
funkce f(z) = 2% a f(z) = z* v bodé x = 0). Bod x, ve kterém je f'(x) = 0 a matice f”(x) je
indefinitni, se nazyva sedlovy bod.

Example 10.4. extrema kvadratické funkce (5.9) umime hledat pomoci rozkladu na ¢tverec.
Ovsem je to také mozné pomoci derivaci. Podminka stacionarity je

di(XTAX +b'x +c)=2x"AT + b’ = 0.
X

Po transpozici dostaneme rovnici (5.11a). Druh extrému uréime podle druhé derivace (Hes-
sidnu), ktery je roven 2A (predpokadame symetrii A). To souhlasi s klasifikaci extrému kvadrat-
ické formy z §5. OJ
10.2 local extrema vazané rovnostmi
Hledejme minimum funkce f: R™ — R na mnoziné

X={xeR"|gx)=0}, (10.1)

kde g = (g1, ..., 9m): R" — R™. To odpovida tloze (1.4) s omezenimi typu rovnosti:

min  f(xy,...,z,)
za podminck g,(er,...,2,) =0, i (102

Il
o
-~
Il
\'H
3
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Mluvime o minimu funkce f vdzaném rovnostmi g(x) = 0.

Mnozina X obsahuje vSechna feseni soustavy g(x) = 0, coz je soustava m rovnic o n neznamych.
Mnozina X obvykle neméa zadné vnitini body, proto nelze pouzit Vétu 10.1. V nékterych pti-
padech ale lze vyjadfit vSechna feseni soustavy g(x) = 0 parametricky a ulohu tak prevést na
ulohu bez omezeni. Toto jsme pouzili v Piikladu 1.2, uved’'me dalsi piiklady.

Example 10.5. Hledejme obdélnik s jednotkovym obsahem a minimalnim obvodem. Tedy
minimalizujeme funkci f(z,y) = x + y za podminky xy = 1, neboli hleddme minima f na
mnoziné X = { (z,y) € R* | g(z,y) =1—2y =0}

Mnozina X nemé zadné vnitini body (dokazte!), proto nelze pouzit Vétu 10.1. Z podminky
ale mdme y = 1/z, coz dosazeno do ucelové funkce dé f(z,1/x) = x + 1/x. Dle Véty 10.1 mé
tato funkce na svém definicnim oboru dva stacionarni body x = £1. Tedy body podezielé z
lokalniho extrému jsou (z,y) = £(1,1). O

Example 10.6. Resme tlohu

min x4y

za podminky 22 +y? =1, (10.3)

tedy hleddme minimum funkce f(z,y) =  + y na mnoziné X = { (z,y) € R? | g(z,y) =0}
kde g(z,y) =1 — 2% — 3%

Mnozina X nemd zadné vnitini body. Ale lze ji parametrizovat jako X = { (cos z,sinz) | z €
R}. Ulohu tak prevedeme na hledani lokalnich extrému funkce jedné proménné f(cos z,sin z) =

cos z + sin z. Podminka stacionarity df(cosz,sinz)/dz = —sinz + cosz = 0 ma dvé feseni
z = £7. Tedy body podezielé z lokdlniho extrému jsou (z,y) = :l:*/Ti(l, 1). O

Neékdy ovsem mnozinu (10.1) parametrizovat nejde nebo je to slozité. Nyni proto odvodime
obecnéjsi postup, metodu Lagrangeovych multiplikdatori.

10.2.1 Tecny a ortogonalni prostor k povrchu

Zapomenme nejprve na ucelovou funkei f a zkoumejme jen mnozinu (10.1). Predpoklddejme,
ze zobrazeni g je v okoli néjakého bodu x € X spojité diferencovatelné. V tom pripadé je
mnozina X v okoli bodu x ‘zakfiveny povrch’* v R". Pak existuje teény prostor (mnozina
vSech tecnych vektoru) a ortogondlni prostor (mnozina vsech kolmych vektoru) k povrchu X
v bodé x. Tyto dva prostory jsou ortogondlni doplnék jeden druhého (viz §4.3). Zde presné
definice pojmu ‘vektor teény k povrchu’ a ‘vektor kolmy k povrchu’ neuvadime a spoléhdme na
geometrickou intuici. Nésledujici lema uvadime bez dikazu?.

Lemma 10.3. Let zobrazeni g: R — R™ je v bodé x € X spojité diferencovatelné. Let
rank g'(x) = m. (10.4)
Pak ortogonalni prostor k mnoziné X v bodé x je mnozina
T
g g'(x)" = span{Vgi(x),..., Vgn(x)}. (10.5)
1 Pfesnéji, mnozina X je piikladem objektu, ktery se nazyva diferencovatelnsj manifold. Studiem takovych
objektu se zabyva diferencidlni geometrie.

2 Lema lze dok4zat napi. pomoci véty o implicitni funkci, kterd se standardné vyucuje v kursech vicerozmérné
analyzy, ale ke které jste se nedostali.
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Viz obrazek:

span{Vgi(x),..., Vgm(x)}

x X = {x|g(x) =0}

Jelikoz fadky Jacobiho matice g'(x) jsou gradienty Vg;(x), podminka (10.4) vlastné iké,
ze gradienty Vg;(x),...,Vgn(x) musi byt linedrné nezavislé. Bodu x € X splaujici pod-
minku (10.4) se nékdy ikd regularni bod povrchu.

Pro m = 1 podminka (10.4) zni Vg(x) # 0 a lema zobeciiuje skutecnost, kterou jsme bez
dikazu uvedli v §8.5, totiz ze gradient funkce je v kazdém bodé kolmy k jeji vrstevnici. Lema
ale navic 1ika, ze kazZdy vektor kolmy k vrstevnici musi byt nasobek gradientu.

Example 10.7. Let g: R? — R je funkce g(x,y) = 2* + y?> — 1. Mnozina X je jednotkova
kruznice v R%. Méme Vg(z,y) = (2x,2y). ProtoZe pro kazdé (z,y) € X je Vg(z,y) # (0,0),
predpoklady Lematu 10.3 jsou splnény a ortogondlni prostor k X v bodé (z,y) je mnozina
span{Vyg(z,y)} = { (ax,ay) | « € R}, coz je piimka kolm& ke kruznici. Teény prostor v bodé
(x,y) je ortogonalni doplnék této primky, tedy piimka tecna ke kruznici. O

Example 10.8. Let g: R* — R je funkce g(x,y, 2) = 22 +y*+22—1. Mnozina X je jednotkova
sféra v R3. Mame Vg(z,vy, z) = (2z, 2y, 22). Ortogondlni prostor k X v bodé (z,y, z) je mnozina
span{Vyg(x,y,2)} = {(az,ay,az) | « € R}, coz je piimka kolma ke sféte. Te¢ny prostor v
bodé (z,y, z) je ortogondlni doplnék této piimky, tedy rovina tecna ke sfére. ([l

Example 10.9. Let g = (g1, ¢2): R?* — R? je zobrazeni
g,y 2) = (a2 + 1+ 22— 1, (z =12+ 2+ 22— 1).

Nulové vrstevnice funkce g; je jednotkova sféra se stfedem v bodé (0,0, 0), nulové vrstevnice
funkce g, je jednotkova sféra se sttedem v bodé (1,0,0). Mnozina X je prunik téchto dvou
sfér, je to tedy kruznice v R3. Mdme Vg (z,y,2) = 2(x,y,2) a Vgo(z,y,2) = 2(z — 1,y, 2).
Ortogonalni prostor k mnoziné X v bodé (z,y, z) je mnozina span{Vyg(x,y, z), Vga(x,y,2)} =
{an(z,y,2) + aa(xr — 1,y,2) | ar,a0 € R}, coz je rovina kolmd ke kruznici v bodé (z,y, 2).
Tecny prostor je ortogondlni doplnék této mnoziny, tedy primka tecna ke kruznici. 0

Example 10.10. Let g: R? — R je funkce g(z,y) = (2* + y*> — 1)2. Mnozina X je stejna
kruznice jako v Pifkladé 10.7. Mame Vg(z,y) = 4(z* +y*—1)(z,y). Pro kazdy bod (z,y) € X
je Vg(z,y) = (0,0), tedy predpoklady Lematu 10.3 nejsou splnény. Ortogondlni prostor neni
mnozina span{Vg(z,y)} = {(0,0)}. O

10.2.2 Podminky prvniho rfadu

Nyni pfiddme do nasich uvah i icelovou funkci f. Je intuitivné ziejmé (dukaz neuvadime), ze
pokud x mé byt local extrém funkce f na mnoziné X, smérovd derivace f'(x)v = Vf(x)Tv
funkce f v bodé x v kazdém sméru v tecném k povrchu X musi byt nulovd. To znamena, ze
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gradient V f(x) musi byt kolmy k te¢nému prostoru v bodé x, neboli musi patfit do ortogonél-
niho prostoru (10.5), neboli musi byt linedrni kombinaci gradientu Vg, (x),. .., Vgn(x). Tedy
existuji ¢isla A1, ..., A\, € R tak, ze

Vix)+MVa(x)+ -+ A Vgn(x) = 0. (10.6)
Vysledek téchto ivah se obvykle formuluje nasledujicim zptusobem.

Theorem 10.4. Let f: R" - R, g: R" - R™ x € X. Let
e f ag jsou v bodé x spojité diferencovatelné,
e rank g'(x) = m,
e bod x je local extrém funkce f na mnoziné X.
Pak existuji ¢isla (A1, ..., A\pm) = A € R™ tak, ze L'(x,A) = 0, kde funkce L: R — R je

dana jako
L(x,A) = f(x) + ATg(x) = f(x) + Mg1(x) + - + Mg (%) (10.7)

Zapis L'(x,X) = 0 oznacuje, ze parcidlni derivace funkce L podle z1, ..., x,, A1, ..., Ay jsou
nulové, neboli bod (x,A) € R™™ je stacionarni bod funkce L. Rovnost dL(x,A)/dx = 0
je ekvivalentni rovnosti (10.6). Rovnost 0L(x, X)/OA = g(x) = 0 je ekvivalentni omezenim.
Cislam \; se ifkd Lagrangeovy multiplikdtory a funkeci (10.7) Lagrangeova funkce.

Example 10.11. Reime znovu tlohu (10.3). Lagrangeova funkce je
L(z,y,\) = 2 +y+ M1 — 2% — 9?).
Jeji staciondrni body (x,y, A) jsou feSenimi soustavy tfi rovnic o tfech neznamych

OL(x,y,\)/0xr =1-2\x =0
OL(z,y,\)/oy=1-2\y =0
OL(x,y,\)/ON=1—2* —y* = 0.

Prvni dvé rovnice daji = y = 1/(2)\). Dosazenim do tret{ mame 2/(2))* = 1, coz d4 dva
kofeny A\ = #+1/+/2. Staciondrni body funkce L jsou dva, (z,y, \) = #(1,1,1)/v/2. Tedy mame
dva kandidaty na local extrema, (z,y) = #(1,1)/v/2.

Tuto jednoduchou tlohu je samoziejmé snadné vytesit ivahou. Nakreslete si kruznici X =
{(z,y) | 2> + y*> = 1} a nékolik vrstevnic funkce f a najdéte kyzené extremal! O

Example 10.12. Resme tlohu (10.3), kde ale omezeni zménfme na g(z,y) = (1—2%—42)? = 0.
Podle Prikladu 10.10 mame ¢'(z,y) = (0,0) pro kazdé (z,y) € X, ¢ekdme tedy problém.
Stacionarni body Lagrangeovy funkce L(x,y,\) = z +y + A(1 — 2% — ?)? mus{ spliiovat

OL(z,y,\)/0x =1 — 4z (1 — 2% — o)

OL(x,y,\)/0y =1 — 4 y(1 — 2° — y°)
aL(x7y7)‘)/8/\ = (1 - 172 - y2)2

0
0
0.

Tyto rovnice si odporuji. Jelikoz 1 — 22 — y* = 0, tak napf. prvni rovnice ik 1 — 4 \z - 0 = 0,
coz neplati pro zadné (x, \). Zaver je, ze local extrema (z,y) = £(1,1)/v/2 jsme nenasli. O
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Example 10.13. Vrat'me se k tloze (6.14), tedy k hledani feseni nehomogenni linedrni sous-
tavy s nejmensi normou. Lagrangeova funkce je

L(x,A) = x"x 4+ 227 (b — Ax),
kde pridand dvojka nemeénf situaci. Je OL(x,A)/0x = 2x7 — 2AT A (odvod'te!). Staciondrni
body funkce L tedy ziskdme feSenim soustavy (6.15), kterou jsme v 6.2 odvodili ivahou. [

Predchozi ptiklad vyzaduje od studenta nejen znalost metody Lagrangeovych multiplika-
toru, ale i jistou zrucnost v manipulaci s maticovymi vyrazy. Cvicte tuto zruénost ve Cvicenich 10.22—
10.25!

Véta 10.4 udava podminky prvniho fadu na extrema vazané rovnostmi. Riké, Ze pokud
(x,A) je stacionarni bod Lagrangeovy funkce, pak bod x je ‘podeziely’ z lokalniho extrému
funkce f na mnoziné X. Jak pozname, zda tento bod je local extrém, pripadné jaky? Podminky
druhého fadu pro vazané extrema uvadime nepovinné v §10.2.3. Zde pouze zduraznime, ze druh

lokalniho extrému nelze zjistit podle definitnosti Hessovy matice L”(x, A), tedy je chybou pouzit
Vétu 10.2 na funkei L.

10.2.3 (%) Podminky druhého #adu

Theorem 10.5. Let f: R" - R, g2 R" - R™ x € R” a A € R™. Let
e (x,) je stacionarni bod Lagrangeovy funkce, neboli OL(x,A)/0x = 0 a OL(x,A)/OX = 0,
e f a g jsou dvakrat diferencovatelné v bodé x.
Pak plati:
o Je-li 0*L(x, \)/0x? pozitivné [negativné] definitni na nulovém prostoru matice g'(x), m4 f
v bodé x ostré local minimum [maximum]| vdzané podminkou g(x) = 0.
o Je-li 9*L(x,\)/0x? indefinitni na nulovém prostoru matice g'(x), nemd f v bodé x local

minimum ani local maximum vdzané podminkou g(x) = 0.

Zde vyraz
aQL(XJ A) " < "
o =0+ ol

znaci druhou derivaci (Hessovu matici) funkce L(x,A) podle x v bodé (x,A). Tvrzeni, ze
matice A je pozitivné definitn{ na mnoziné T znamend, ze y’ Ay > 0 pro kazdé y € T'\ {0}.
Jak zjistime definitnost dané matice A na nulovém prostoru Jacobiho matice g'(x)? Najdeme-
li bazi B tohoto nulového prostoru, pak kazdy prvek mnoziny 7' lze parametrizovat jako y = Bz.
Protoze y' Ay = z' BT ABz, pievedli jsme problém na zjist'ovani definitnosti matice BT AB.

Example 10.14. Najdéme strany kvadru s jednotkovym objem a minimalnim povrchem. Tedy
minimalizujeme xy + xz 4+ y2z za podminky xyz = 1. Lagrangeova funkce je

L(z,y,z,\) = vy + 2z +yz + A1 — 2yz2).
Polozenim derivaci L rovnym nule mame soustavu
L (z,y,2,\)=y+2—Ayz =0
L(x,y,2,A\) =2 +2—Arz =0
L(x,y,z,\) =2 +y— ey =0
Li\(z,y,2,\) =xyz — 1 = 0.
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Soustava je zjevné splnéna pro (z,y,z,\) = (1,1,1,2). Médme ukazat, ze tento bod odpovida
lokalnimu minimu. Mame

9 0 1—Xz 1—=M\y 0 -1 —1
—ag(x’y’z’f): 1—-Xz 0 1-Xz|=|[-1 0 —1|. (10.8)
(2,y,2) 1—Xy 1=Xz 0 1 -1 0

Ukéazeme, ze tato matice je pozitivné definitni na nulovém prostoru Jacobiho matice

g (x,y,2) =[~yz —zz —wy]=[-1 -1 —1].

Nejdifve zkusme §tésti, zda matice (10.8) nen{ pozitivné definitni jiz na R — v tom pifpadé
by zjevné byla pozitivné definitni i na nulovém prostoru ¢'(z,y, z) (promyslete, proc to tak je!).
Neni tomu tak, protoze jeji vlastni ¢isla jsou {—2, 1,1}, tedy je indefinitni.

Néjakou bazi nulového prostoru matice ¢'(x,y, z) snadno najdeme ruéné, napf.

1
B=|-1 0
0 -1

Snadno zjistime, ze matice
7 PL(x,y,2,\) 1 -1 0 0 -1 -l 1 1 2 1
B ———— B= -1 0 =1 (-1 0] = .
oz, y, 2) e N e B

mé vlastni ¢isla {2, 1}, tedy je pozitivné definitni. O

10.3 Cviceni

10.1. Co je vnitfek a hranice téchto mnozin? Vysledek napiste v mnozinovém zapisu.

a) {(z,y) eR? |2?+y’ =1, y>0}

b) {(z,y) eR? |y=2? —1<z<1}

) {(z,y) eR* oy <1, >0, y>0}

d) {xeR" |max};x; <1}

e) {xeR"|alx =10}, kde a € R", b € R (nadrovina)
f) {(xeR"|b<alx<c} kdeacR" bceR

10.2. Je dana funkce f: R” — R, mnoziny Y C X C R", a bod x € Y. Uvazujme dva vyroky:

o

a) Funkce f ma v bodé x local minimum na mnoziné X.
b) Funkce f ma v bodé x local minimum na mnoziné Y.

Vyplyva (b) z (a)? Vyplyva (a) z (b)? Dokazte z definice lokélnitho extrému nebo vyvrat'te
nalezenim protipiikadu.

10.3. Muze nastat ptipad, kdy funkce na mnoziné ma local minimum ale neméa na ni globalni
minimum? Odpovéd’ dokazte.

10.4. Funkce f: R®* — R m4 stacionarni bod (2,1,5). Co se d4 o tomto stacionarnim bodé ¥ici,
kdyz Hessova matice f”(2,1,5) v ném ma vlastni ¢isla
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a) {2,3,—1}
b) {2,3,0}
c) {0,—1,1}

10.5. Pro nésledujici funkce spocitejte (na papite) staciondrni body. Pro kazdy stacionarni

bod urcete, zda je to local minimum, local maximum, ¢i sedlovy bod. Pokud to urcit
nedokazete, oduvodnéte.

a) f(z,y) =a(l - 32> —y?)

b) flz,y) =1/z+1/y +xy

c) flz,y) =e'(y* —2?)

d) f(z,y) =3z —2* —3xy

e) flx,y) = 6xy* — 22° — 3y*

f) f(a:,y)—x4/3+y4/2—4xy2+2:c2+2y2+3

g) flw,y,z) =2 +y*+ 2zyz + 22

10.6. Dokazte, ze funkce f(z,y) = x nabyva za podminky z® = 3? minima pouze v pocatku.
Ukazte, ze metoda Lagrangeovych multiplikatoru toto minimum nenajde.

Nésledujici dlohy se pokuste vyfesit parametrizaci podminek (analogicky k Ptikladu 10.6) a

pak metodou Lagrangeovych multiplikatoru. Pokud jedna z téchto metod neni pouzitelna,

vynechte ji. Pri pouziti metody Lagrangeovych multiplikatoru stac¢i pouze najit stacionarni
body Lagrangeovy funkce — nemusite urcovat, jde-li o local extrema a piipadné jaké.

10.7. Najdéte local extrema funkeci

b) f(z,y) =z(y—1)
¢) flz,y) =" +2y°
d) f(z,y) =%y

e) flz,y) =a*+y
f) f(z,y) = sin(zy)
g) flz,y) =e™

na kruznici 22 + y? = 1. Népovéda: Nékdy je dobré ticelovou funkei zjednodusit, pokud
to nezmeéni feseni.

10.8. Najdéte extrema funkce
a) f(z,y,2) = x +yz za podminek 22 + y? + 22 = 1 a 22 = 2% + 3
b) f(z,y,z) = ryz za podminek z°> + y? + 22 =l azy +yz + 20 =1
10.9. Najdéte extrema funkce

a) f(z,y,2) = (z+y)(y+2)

b) f(z,y,2) =a/xz+b/y+c/z, kde a,b,c > 0 jsou dany
c) fla,y,2) =2 +y’ + 2

d) f(x,y,2) =23 +y* + 2% + 2xy2

e) (%) f(z,y,2) =2+ 1>+ 23 — 3wyz

£) (%) f(z,y,2) = 23 + 2xyz — 23

81



10.10.

10.11.

10.12.

10.13.

10.14.

10.15.

10.16.

10.17.

na sféie z% + y? + 2% = 1.
Rozlozte dané kladné redlné ¢islo na soucin n kladnych redlnych ¢isel tak, aby jejich soucet
byl co nejmensi.

Spocitejte rozmeéry télesa tak, aby mélo pii daném objemu nejmensi povrch:

a) kvadr

) kvéadr bez vika (ma jednu dolni sténu a ¢tyti bocni, horni sténa chybi)

) valec
d) pullitr (vélec bez vika)

) (%) kelimek (komoly kuzel bez vika). Objem komolého kuzele je V' = Zh(R*+ Rr+r?)
a povrch plasté (bez podstav) je S = m(R+71)+/(R — r)? + h?. Muzete pouzit vhodny

numericky software na feseni vzniklé soustavy rovnic.
Najdéte bod nejblize pocatku na kiivce

a) r+y=1
b) z4+2y=>5
c) y=x3+1
d) 22 +2y* =1

Let x* je bod nejblize poc¢atku na nadplose h(x) = 0. Ukazte metodou Lagrangeovych
multiplikatoru, ze vektor x* je kolmy k te¢né nadroviné plochy v bodé x*.

Mame kouli o poloméru r a stfedu Xg, tj. mnozinu {x € R" | ||x — xglls < r}. Mdme
nadrovinu {x € R" |a’x =0 }.

Do elipsy o danych délkach os vepiste obdélnik s maximalnim obsahem. Predpokladejte
pritom, ze strany obdélniku jsou rovnobézné s osami elipsy.

Fermatuv princip v paprskové optice ikd, ze cesta mezi libovolnymi dvéma body na pa-
prsku ma takovy tvar, aby ji svétlo probéhlo za ¢as kratsi nez ji blizké dréahy. Pozdéji
se zjistilo, ze spravnym Kkritériem neni nejkratsi ale extrémni cas. Tedy skuteéna draha
paprsku musi mit ¢as vétsi nebo mensi nez ji blizké drahy. Z tohoto principu odvod’te:

a) Zakon odrazu od zrcadla: 1ihel dopadu se rovné thlu odrazu.
b) Snelluv zdkon lomu: na rozhrani dvou prostiedi se svétlo lomi tak, ze

c1 sin o

co  sinas’

kde «; je tihel paprsku od normély rozhrani a ¢; je rychlost svétla v prostiedi <.
Odvozeni udélejte

a) pro rovinné zrcadlo a rovinné rozhrani (coz vede na minimalizaci bez omezeni),

b) pro zrcadlo a rozhrani tvaru obecné plochy s rovnici g(x) = 0. Dokazete najit situaci,
kdy skute¢na draha paprsku ma ¢as vétsi nez ji blizké drahy?

Rozdéleni pravdépodobnosti diskrétni ndhodné proménné je funkce p: {1,...,n} — Ry
(tj. soubor nezdpornych ¢isel p(1),...,p(n)) spliujici > "_, p(x) = 1.

a) Entropie ndhodné proménné s rozdélenim p je rovna — y " p(z) log p(z), kde log je
prirozeny logaritmus. Najdéte rozdéleni s maximalni entropii.
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10.18.

10.19.

10.20.

10.21.

10.22.
10.23.
10.24.
10.25.

10.26.

10.27.
10.28.
10.29.
10.30.

b) Dokazte Gibbsovu nerovnost (téz zvanou informacni nerovnost): pro kazdé dveé rozdélent

q plati
> p(x)logq(x >Zp ) log p(z
r=1

pricemz rovnost nastava jen tehdy, kdyz p = q.

(x) Mame trojuhelnik se stranami délek a,b, c. Uvazujme bod, ktery m4 takovou polohu,
ze soucet ¢tvercu jeho vzdalenosti od stran trojihelniku je nejmensi mozny. Jaké budou
vzdalenosti x, y, z tohoto bodu od stran trojihelniku?

() Mame krychli s délkou hrany 2. Do stény krychle je vepsana kruznice (kterd ma tedy
polomeér 1) a okolo sousednf stény je opsana kruznice (kterd ma tedy polomér v/2). Najdéte
nejmensi a nejvetsi vzdalenost mezi body na kruznicich.

(x) Najdéte extrema funkce

f($ay>zauavaw):(1+$+U)_1+(1+y+v>_1+(1+z+w)_1

3

za podminek zyz = a®, vvw = b a x,y, 2, u, v, w > 0.

Popiste mnozinu feseni soustavy

r+2y+z =1
20 —y —2z=2.

Najdéte takové teseni soustavy, aby vyraz \/m byl co nejmensi. Najdéte co
nejvice zpusobu reseni.

Minimalizujte x”x za podminky a’x = 1. Jaky je geometricky vyznam tlohy?
Maximalizujte a’x za podminky x7x = 1. Jaky je geometricky vyznam tlohy?
Minimalizujte x” Ax za podminky b”x = 1, kde A je pozitivné definitni.

Minimalizujte ||Cx||2 za podminky Ax = b, kde A m4 linearné nezavislé fadky a C méa
linedarné nezavislé sloupce.

(x) Minimalizujte ||[Ax — b||2 za podminky Cx = 0, kde A m4 linedrné nezavislé sloupce
a C ma linedrné nezavislé radky:.

(*) Minimalizujte |Cx||2 za podminek Ax =0 a x'x = 1.

(x) Minimalizujte ||Ax||s za podminky x?Cx = 1, kde C je pozitivné definitni.
(x) Minimalizujte a’x za podminky x’Cx = 1, kde C je pozitivné definitni.
(*)

x) Jaké musi byt vlastnosti matice A a vektoru b, aby max{ ||[Ax|, | b’x =0} =07

Hints and Solutions

10.1.a) vnitiek @, hranice puvodn{ mnozina
10.1.b) vnitiek (), hranice { (z,y) € R? |y =22, -1 <x <1}
10.1.c) vnitfek puvodni mnozina, hranice { (z,0) |z >0} U{(0,y) |y >0} U{(x,y) |2y =1}

10.1.d

)
(

popise kratceji) je (—oo, 1]™\ (—o0, 1)"

max] ; x; < 1 je totéz co x; < 1 pro vsechna i, tedy mnozina jde napsat také jako (—oo,1]"
kartézsky soucin n stejnych polootevienych intervalu). Vnitiek je (—oo,1)", hranice (tézko se
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10.1.e) vnitfek (), hranice puvodn{ mnozina

10.1.f) vnitiek {x | b < alx < ¢}, hranice {x |alx=b}U{x|alx=c}
10.3. muze

10.4.a) funkce nem4 v tomto bodé local extrém na R3

10.4.b) funkce ma v tomto bodé local minimum na R3

10.5.d) Stacionarni body jsou 4.

10.5.e) Stacionarni body jsou 3.

10.5.f) Staciondrnich bodu je 5.

10.5.g) Stacionarni body jsou 3, a to (0,0,0), (3/2,3/2,-9/4), (3/2,3/2,—-9/4).
10.25. x = (CTC)tAT(A(CTC)1AT) 1b.

10.26. x = [I — (ATA)"ICT(C(ATA)"ICT)"ICT] (ATA)"'ATDb
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Chapter 11

Iteracni algoritmy na volné local
extrema

Zde se budeme vénovat numerickym itera¢nim algoritmum na nalezeni volného lokalniho min-
ima diferencovatelnych funkci na mnoziné R™.

11.1 Sestupné metody
Iteracni algoritmy na hledani lokalnitho minima spojité funkce f: R” — R maji tvar
XE41 = Xj + o Vg, (111)

kde vektor vy € R" je smér hledani a skaldr o > 0 je délka kroku. Ve tiidée algo-
ritmu zvanych sestupné metody (descent methods) hodnota ticelové funkce monotonné klesa!,

f(Xe1) < f(xx).

Let je funkce f diferencovatelna. Smér v, se nazyva sestupny, jestlize
f/(Xk) Ve < 0, (112)

tedy smérova derivace ve sméru vy, je zaporna. Pokud v bodé x,, existuje sestupny smeér, existuje
délka kroku oy > 0 tak, ze f(xr41) < f(xx). Pokud v bodé x; sestupny smér neexistuje, vektor
f'(xx) je nutné nulovy (proc?) a tedy xj je staciondrni bod.

Méme-li sestupny smér, optimélni délku kroku ay, najdeme minimalizaci funkce f na poloptimce
z bodu x;, ve sméru v. Tedy minimalizujeme funkci jedné proménné

plag) = f(xx + Vi) (11.3)

pres vSechny aj > 0. Tato uloha je v kontextu vicerozmérné optimalizace nazyvéana line search.
Ulohu staéf fesit priblizné. Takovou pftibliznou metodu neni obtizné vymyslet a proto se ji déle
nebudeme zabyvat.

Déle uvedeme nejznameéjsi zastupce sestupnych metod.

L Existujf totiz i algoritmy, ve kterych hodnota f(x;) neklesd monotonné (tj. nékdy stoupne a nékdy klesne)
a presto konverguji k optimu (napf. subgradientni metody).
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11.2 Gradientni metoda

Tato nejjednodussi metoda voli smér sestupu jako zaporny gradient funkce f v bodé x:

Vi = —f/(Xk)T = —Vf(Xk) (114)

Tento smér je sestupny, coz je okamzité vidét dosazenim do (11.2).

Nevyhodou gradientni metody je to, ze konvergence muze byt pomala kvuli ‘cik-cak’ chovani.
To se muze stat tehdy, kdyz funkce v okoli lokalniho optima je v nékterych smérech mnohem
protazenéjsi nez v jinych (presnéji, kdyz vlastni ¢isla Hessidnu f”(x) maji velmi ruzné velikosti).
Vyhodou metody je spolehlivost, protoze smér je vzdy sestupny.

11.2.1 (%) Zavislost na linearni transformaci soutfadnic

Transformujme vektor proménnych x linearni transformaci x = Ax, kde A je ¢tvercova reg-
uldrni matice. Je jasné, ze uloha v novych proménnych bude mit stejné optimum jako v
puvodnich proménnych. Tedy

min f(x) =min f(%),  kde f(X) = f(Ax) = f(x) = f(A7'%).
Iterace gradientni metody v novych proménnych je
X1 = X — o f(%p) " (11.5)

Zkoumejme, jaké iteraci to odpovida v puvodnich proménnych. K tomu pottebujeme vyjadrit (11.5)
v proménnych x. Pouzitim fetézového pravidla odvodime

L df(®) df®) dx  df(x) dx

FRO="% = o &~ o & AT
Dosazenim za X a f'(%) do (11.5) a tpravou dostaneme
X1 = x5 — o (ATA) /(x0T (11.6)
To lze napsat ve tvaru (11.1) se smérem hledani
Vi =—(ATA)T ()" (11.7)

Tento smér se lisi od ptivodniho sméru (11.4) vyndsobenim matici (ATA)~1. Vidime tedy, ze
gradientni metoda neni invariantni vuéci linearni transformaci souradnic.

Ovsem lze ukdzat, ze novy smér (11.7) je také sestupny. Dosazenim (11.4) do (11.2) to
znamend, 7e — f'(x)(ATA)7f(x4)T < 0. To je ale pravda, nebot’ matice ATA a tedy i jeji
inverze je pozitivné definitni, viz Cviceni 5.18.

Na vzorec (11.7) se lze divat jesté obecnéji. Je jasné, ze smér vi, = —C ' f(xx)T je sestupny,
je-li matice Cy, pozitivné definitni. Da se ukazat i opak, totiz ze kazdy sestupny smér lze napsat
takto. Matice Cy muze byt jina v kazdém kroku. Uvidime, ze algoritmy uvedené dale budou
mit vzdy tento tvar.
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11.3 Newtonova metoda

Newtonova metoda (presnéji Newton-Raphsonova) je slavny itera¢ni algoritmus na feseni
soustav nelinearnich rovnic. Lze ho pouzit i na minimalizaci funkce tak, Zze hledame nulovy
gradient. Oba zpusoby pouziti popiseme.

11.3.1 Pouziti na soustavy nelinearnich rovnic

Resme rovnici g(x) = 0, kde g: R* — R” je diferencovatelné zobrazeni. Jednd se tedy o
soustavu n rovnic s n neznamymi. Zobrazeni g aproximujeme v okoli bodu x; Taylorovym
polynomem prvniho stupné

g(x) = g(x) = g(xx) +&'(xx)(x — %), (11.8)

kde Jacobiho matice g'(x;) € R™*™ je derivace zobrazeni v bodé x;. Dalsi iteraci x;,; najdeme
fesenim nehomogenni linedrni soustavy g(xx+1) = 0. Pokud je Jacobiho matice reguldrni,
feSenim je

X1 = X — 8/ (x4) 7 g (X)- (11.9)
Viz obréazek:

g(x)/ /g(x) = g(xx) + g (xx)(x — xz)

X" Xpt1 Xg

Hlavni vyhodou Newtonovy metody je, ze v blizkém okoli feSeni obvykle konverguje velmi
rychle (mnohem rychleji nez gradientni metoda). Nevyhodou je, Ze je nutno za¢it s pomérné
presnou aproximaci xy skutecného reseni, jinak algoritmus snadno diverguje.

Example 11.1. Babylonskd metoda na vypocet druhé odmocniny ¢isla a > 0 je dana iteraci

1 a
Th41 = —<$k + —>
2 T

To nenf nic jiného nez Newtonova metoda pro fesen{ rovnice 0 = g(x) = 2 — a. Opravdu,

g(xy) i —a 1 a 1
Tl = T — =Tk — :CCk——<l'k——)I—<

a
g (zk) k 27} 2 T 2 Tt _>

Tk

O

Example 11.2. Hledejme prusecik kiivek (z — 1) +y? =laz'+y*=1. Mdmen =2 a

(z—1)0+y*—1

I B R s B R i

x=(z,y)= [y

Iterace (11.9) je

[xkﬂ _ [mk] B {2(:% —1) ka} - {(mk —1)2 42 — 11 |

Yk+1 Yk 43 4yp zhy+ye—1
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Nacrtneme-li si obé krivky, vidime, ze maji dva pruseciky. Zvolme pocatecni odhad pro horni
prusecik (zg,y0) = (1,1). Prvni iterace bude

=03 -

Sesté iterace (zg,1s) = (0.671859751039018, 0.944629015546222) je takovd, Ze rovnice jsou
splnény se strojovou piesnosti. 0

Example 11.3. Funkce g(z) = 22 — 1 m4 dva nulové body = = +1. Pokud v ng&jaké iteraci
bude x; = 0, nastane déleni nulou. Pokud bude x; velmi malé, déleni nulou nenastane, ale
iterace x4 se ocitne velmi daleko od kotene. O

Example 11.4. Pro funkci g(z) = z* — 2x + 2 zvolme zy = 0. Dals{ iterace bude z; = 1 a
dalsi x5 = 0. Algoritmus bude oscilovat mezi hodnotami 0 a 1, tedy bude divergovat. O

11.3.2 Pouziti na minimalizaci funkce

Newtonovu metodu lze pouzit pro hledani lokalniho extrému dvakrat diferencovatelné funkce
f: R" — R tak, ze v algoritmu (11.9) polozime g(x) = f'(x)?. Tim dostaneme iteraci

Xpa1 = X — [ (x%) 7 f (i) (11.10)

kde f”(xy) je Hessova matice funkce f v bodé xy.

Vyznam iterace (11.9) byl takovy, Ze se zobrazeni g aproximovalo Taylorovym polynomem
prvniho stupné (tedy afinnim zobrazenim) a pak se nasel kofen tohoto polynomu. Vyznam iter-
ace (11.10) je takovy, ze se funkce f aproximuje Taylorovym polynomem druhého stupné (tedy
kvadratickou funkei) a pak se najde minimum této kvadratické funkce. Odvod’te podrobné, ze
tomu tak je!

FO0) () = o) + 7 (er) (x = x0) + 5(x = xi) T f” () (x = x.)

X;‘ X}chl Xk:
Iteraci (11.10) lze napsat v obecnéjsim tvaru (11.1), kde
v = —f"(x) 7 () (11.11)

Vyhodou tohoto zobecnéni je moznost zvolit optimalni (ne nutné jednotkovou) délku kroku
pomoci jednorozmérné minimalizace (11.3). Algoritmu (11.10) s jednotkovou délkou kroku se
pak tika ¢ista Newtonova metoda.

Vektoru (11.11) fikdme Newtonav smér. Vidime, ze se od gradientniho sméru (11.4) lis
nasobenim hessovou matici f”(xy). Aby to byl sestupny smér, musi byt

Fx) vie = = f/ (%) f" (i) 71 ()T < 0.

Toto plati, kdyz f'(xx) # O (tj. xx neni stacionarni bod) a matice f”(xy) je pozitivné definitni
(nebot’ pak bude pozitivné definitni i jeji inverze, viz Cviceni 5.20).
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11.4 Nelinearni metoda nejmensich ¢tvercu

Resme preurc¢enou soustavu rovnic g(x) = 0 pro g: R” — R™ (tedy soustavu m rovnic s
n neznamymi) ve smyslu nejmensich ¢tvercu. To vede na minimalizaci funkce

Fx) = llg®)I; = g(x)"g(x) = Z%(X)Q, (11.12)

kde g; jsou slozky zobrazeni g. Specidlnim piipadem je priblizné teseni linearni nehomogenni
soustavy Ax = b, kde g(x) = b — Ax (viz §6.1). Zde ovsem predpokldddme obecné nelinearni
zobrazeni g.

Zatimco v §11.2 a §11.3.2 bylo cilem minimalizovat obecnou funkci, zde chceme minimali-
zovat funkci ve specidlnim tvaru (11.12). Nyni mdme dvé moznosti. Bud’ muzeme nasadit na
funkei (11.12) jednu z metod pro minimalizaci obecné funkce, k ¢emuz se vratime v §11.4.2.
Nebo muzeme byt chytiejsi a vyuzit specidlniho tvaru funkece (11.12), coz popiseme v §11.4.1.

11.4.1 Gauss-Newtonova metoda

Aproximujme opét zobrazeni g Taylorovym polynomem prvniho stupné (11.8). Uloha (11.12)
pak vyzaduje minimalizovat ||g(x)||3. To je tloha linedrnich nejmensich ¢tverci, kterou jiz
zname 7z §6.1. Vede na normalni rovnici

T

g (xi)" g (x0) (x — xi) = —g' (%) & (%)

Pokud mé Jacobiho matice g'(x;) linedrné nezavislé sloupce (tedy hodnost n, viz §6.1), tuto
rovnici muzeme vytesit pseudoinverzi:

Xir1 = Xi — (8(x)" 8 (xk)) '8/ (x1) " g(x) (11.13)

J/

-~

g'(xx)*

Algoritmus (11.13) je znam jako Gauss-Newtonova metoda. Muzeme jej opét napsat obec-
néji ve tvaru (11.1) se smérem hledani

vi = —(g'(x) "8 (xx)) "' (1) (1) (11.14a)
= —g'(xx) "g(xx) (11.14b)
= —5(8"(xe) g/ (xx)) 7" f (i) (11.14c)

Prom = n mame g'(x;)" = g'(x;) !, tedy Gauss-Newtonova metoda se redukuje na Newtonovu
metodu (11.9) na feSeni soustavy n rovnic s n nezndmymi.

Tvar (11.14c) dostaneme z (11.14a) dosazenim derivace ticelové funkce f'(x) = 2g(x)Tg’(x)
(viz §8.3.2). Vidime, ze Gauss-Newtonuv smeér (11.14c¢) se lisi od gradientniho sméru (11.4)

pouze nasobenim matici %(g'(xk)Tg’(xk))*l. Aby byl tento smér sestupny, musi byt

F (k) vie = —5.f/ (x) (& (i) "/ (1))~ (x) T < 0.

Toto plati, kdyz f’(x;) # 0 amatice g'(xx)” g’ (xx) je pozitivné definitni (viz Cvicen{ 5.20). Mat-
ice g'(xx)Tg' (x1) je pozitivné definitni pravé tehdy, kdyz g’(x;) ma linedrné nezdvislé sloupce
(dokazte!), coz ovsem jiz predpokladame kvuli existenci inverze. Tedy vidime, Ze za ptirozenych
podminek je Gauss-Newtonuv smér vzdy sestupny.
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Cistd Gauss-Newtonova metoda (tj. s jednotkovou délkou kroku) mize divergovat, a to i
kdyz je pocatecni odhad x¢ libovolné blizko lokalnimu minimu funkce (11.12). Protoze ale
Gauss-Newtonuv smér je vzdy sestupny, vhodnou volbou délky kroku oy lze vzdy zajistit
konvergenci.

Example 11.5. V systému GPS mame m sateliti se znamymi souradnicemi aq, ..., a,, € R"
a chceme spocitat souradnice pozorovatele x € R™ z naméfenych vzdalenosti y; = ||a; — x||2
pozorovatele od satelitu. Méreni jsou zatizena chybou, proto obecné tato soustava rovnic nebude
mit zddné feseni. Resme tuto preurcenou nelinedrni soustavu ve smyslu nejmensich étverci,

tedy minimalizujme funkci
m

£ =3 (Ix = ailla — )"

i=1
Mame tedy g = (g1,...,9m): R® — R™ kde ¢;(x) = ||x — a;||2 — y;. Derivace slozek g je
(pomuiZze ndm §8.3.2, ale udélejte sami!) ¢i(x) = (x — a;)?/||x — a;||o. Tedy

(x — al)T/HX —ay |
g'(x) = : € R™Mx",

(x = an)"/||x = an|»

Pak dosadime do vzorecku (11.13). O

11.4.2 Rozdil proti Newtonové metodé

Predpoklddejme, Ze bychom optimalizovali nasi ucelovou funkci (11.12) piimo Newtonovou
metodou z §11.3.2. Spocitejme (proved’te samil) Hessidn funkce (11.12):

m

f(x) =28'(x)"g' (x) + 2 gi(x)g} (x). (11.15)

=1

Hessian je souc¢tem clenu obsahujicitho derivace prvniho radu a c¢lenu obsahujictho derivace
druhého tddu. Vidime, ze Gauss-Newtonuv smér (11.14c) se lisi od Newtonova sméru (11.11)
zanedbanim ¢lenu druhého fadu v Hessidnu (11.15). Jinymi slovy, Gauss-Newtonovu metodu
je mozno vnimat jako aproximaci Newtonovy metody na minimalizaci funkce (11.12) spocivajici
v tom, 7e skuteény Hessian (11.15) se aproximuje vyrazem 2g’(x)7g’(x).

To se projevuje tim, ze Gauss-Newtonova metoda obvykle konverguje pomaleji nez plna
Newtonova metoda. OvSem vyhnuli jsme se poc¢itani druhych derivaci funkce g, coz je hlavni
vyhoda Gauss-Newtonovy metody.

11.4.3 Levenberg-Marquardtova metoda

Levenberg-Marquardtova metoda je Siroce pouzivané vylepseni Gauss-Newtonovy metody,

které matici g'(x)7g/(x) v iteraci (11.13) nahrazuje matic{

g (x)" g (xx) + el (11.16)

pro né¢jaké zvolené py > 0. Vidime, ze:

e Pro malé yu,; se Levenberg-Marquardtova iterace blizi Gauss-Newtonové iteraci.

90



e Pro velké 1, je inverze matice (11.16) blizka p;'I, tedy Levenberg-Marquardtova iterace
je blizkd xg41 = xx — 1, ' f'(xx)T. Ale to je iterace gradientni metody s délkou kroku p; '
Tim jsou spojeny vyhody Gauss-Newtonovy metody (typicky rychld konvergence v okoli op-
tima) a gradientni metody (spolehlivost i daleko od optima). Volbou parametru py spojité
prechazime mezi obéma metodami.
Parametr p;, ménime béhem algoritmu. Zaéneme napi. s py = 103 a pak v kazdé iteraci:

e Pokud iterace snizila tcelovou funkci, iteraci prijmeme a p; zmensime.
e Pokud iterace nesnizila ucelovou funkci, iteraci odmitneme a py, zvétsime.

Zvétsovani a zmensovani py délame nasobenim a délenim konstantou, napi. 10. Vsimnéte si,
toto nahrazuje optimalizaci délky kroku ay (line search).

Na algoritmus lze pohliZet i jinak. V iteraci (11.13) se pocitd inverze matice g’(xx)7g’(xz).
Tato matice je sice vzdy pozitivné semidefinitni, ale muze byt blizka singuldrni (kdy se to
stane?). To neblaze ovlivni stabilitu algoritmu. Matice (11.16) je ale vzdy pozitivné definitni
(viz Cviceni 5.19), a tedy regularni.

11.4.4 Statistické odivodnéni kritéria nejmensich ¢tverct

Zde a diive v §6.1 jsme ukazali metody na ptiblizné reseni preurcenych soustav rovnic ve smyslu
nejmensich ¢tvercu. Nyni podame statisticky duvod, odkud se kritérium nejmensich ¢tvercu
vzalo.

Odhadujme skryté parametry x néjakého systému z méreni y na systému. Budiz vazany
znamou zavislosti y = f(x). Meéfeni jsou zatiZena chybami, které jsou zpusobeny Sumem
senzort, nepresnostmi métreni, nedokonalou znalosti modelu, apod. Tedy

— f(x) +r, (11.17)

kder = (rq, ..., ) jsou ndhodné proménné modelujici chyby méfem’ y = (y1,--.,Ym). Metoda

nejmensich ¢tvercu fikd, ze mame minimalizovat |[r||3 = >, 72, ale neifkd proc.

Duvod odvodime statistickou ivahou. Metoda ¢ini dva predpoklady:

e Nahodné proménné r; maji normalni (neboli Gaussovo) rozdéleni s nulovou stiedni hod-
notou a smérodatnou odchylkou o, s hustotou pravdépodobnosti

p(ri) = ce7/C7,

kde ¢ = (o 27r)_1 je normalizacni konstanta.

e Nihodné proménné rq, ..., r,, jsou na sobé nezavislé. Tedy sdruzena hustota pravdépodob-
nosti je rovna soucinu

m m

p(x) = p(ri,...rm) = [ p(ri) = [[ee/C7. (11.18)

i=1 i=1
Dale pouzijeme princip maxima veérohodnosti. Ten tika, ze parametry x se maji najit tak, aby
p(r) = p(y — f(x)) bylo maximélni. Je pohodlnéjsi minimalizovat zdporny logaritmus

m

—logp(ry, ..., m) Zlogp T :Z<202 logc>

=1

Jelikoz o je konstanta, je to totéz jako minimalizovat Y, r7.
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11.5 Cviceni

11.1. Najdéte local extrém funkece f(x,y) = 2% — y + sin(y? — 2x) ¢istou Newtonovou metodou.
Pocétecéni odhad zvolte (xg,y0) = (1,1).

11.2. Médme m bodu v roviné o soutadnicich (x;,y;), i = 1,...,m. Tyto body chceme pro-
lozit kruznici ve smyslu nejmensich ¢tvercu — tj. hleddme kruznici se stiedem (u,v) a
polomérem r takovou, aby soucet ¢tvercu kolmych vzdalenosti bodu ke kruznici byl min-
imalni. Zformulujte ptislusnou optimalizac¢ni ilohu. Odvod’te iteraci Gauss-Newtonovy a
Levenberg-Marquardtovy metody.

92



Chapter 12

Linearni programovani

Linearni rovnici rozumime vyrok a,z1+- - - +a,x, = b, neboli h(x) = 0 kde h je afinni funkce.
Linearni nerovnici rozumime vyrok a;xq + -+ + a,x, < b ¢ a;z1 + -+ + a,x, > b, neboli
g(x) <0 ¢ g(x) > 0 kde g je afinni funkce. Uloha linedrniho programovani (LP, také zvané
linedrni optimalizace) znamend minimalizaci linedrni funkce za podminek ve tvaru linedrnich
rovnic a nerovnic. Neboli v obecné formulaci (1.4) je funkce f linedrni (tj. tvaru (3.4)) a funkce
gi, h; jsou afinni (tj. tvaru (3.10)).

Stejné jako pro obecnou ulohu spojité optinalizace (viz §1.3), pro Fesitelnost LP mohou
nastat tii pripady:

e tloha m4 (alespon jedno) optimalni fesent,

e tloha je nepfipustnd (mnozina piipustnych feseni je prazdnd, omezeni si odporuji),

e tloha je neomezend (ticelovou funkci l1ze za danych omezeni libovolné zlepsovat).

Jednoduché tlohy linedrniho programovani lze tesit graficky.

Example 12.1. M¢jme linearni program

min —xr — y
za podminek r+2y<14 (12.1)
3r — y> 0
r— y< 2
Mnozina piipustnych feSeni této tlohy
X={(r,y) eR* |2 +2y<14, 32—y >0, 2 -y <2} (12.2)

je prunik ti{ polorovin { (z,y) | +2y < 14}, {(z,y) |3z —y >0} a{(z,y) |z —y < 2}.
Tuto mnozinu snadno nakreslime:
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Ucéelova funkce —z — v, neboli ¢x pro x = (r,y) a c = (=1,—1), ma vrstevnice kolmé k
vektoru c a roste ve sméru c. Proto (viz levy obrédzek) ucelova funkce na mnoziné X nabyva
(globalniho) minima v bodé (x,y) = (6,4). Uloha m4 tedy jediné optimaln{ fesent.

Pokud bychom ucelovou funkei tlohy (12.1) zménili na —x — 2y, bude tato funkce na
mnoziné X nabyvat minima ve vech bodech tsecky spojujici body (2,6) a (6,4) (viz pravy
obrazek). Uloha m4 tedy nekoneéné mnoho optimalnich feseni.

12.1 Ruzné tvary uloh LP

O

Pti zapisu tlohy LP je zvykem oddélené zapisovat obecna linedrni omezeni a omezeni na
znaménka jednotlivych proménnych. Obecnou tlohu LP tedy zapiSeme jako

kde

za podminek

min ¢z +

Ty + -
i1 T+
i1 Ty + -

coe e epn
+ AinTn
+ AinTn
+ QinTn =

I={1,....m}=ILUl, Ul
J={1,...,n} =JyUJ U.J_

1€ 1y
el
i € 1y
JEJy
jeJo
J€Jdo

jsou rozklady indexovych mnozin. Zépis x; > 0 znaci, Ze proménna x; muze nabyvat pouze
nezédpornych hodnot, zatimco z; € R znaci, Ze x; muze nabyvat libovolnych hodnot.

Pocitacové algoritmy na feSeni LP casto predpokladaji tilohu v néjakém specidlnim tvaru,
kdy jsou dovoleny pouze jisté typy omezeni. Nejcastéji uzivané specialni tvary jsou:

e Dovolime pouze omezeni typu ‘=" a nezdporné proménné (I, =1_ = J_ = Jy = 0), tj.
min T +---+ ¢y,
za podminek a;x1 +---+ appx, =0, 1=1,...,m
z; >0, 7=1,...,n
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To! 1ze psdt maticové jako min{c’x | x € R", Ax =b, x >0}, kde A € R™*" b € R™,
ceR™
e Tvar min{c’x |x€R", Ax>b, x>0}.
e Tvar min{c’x |x€R", Ax >b}.
Tyto specialni tvary nemaji mensi vyjadrovaci schopnost nez obecny tvar, nebot’ obecny tvar
se da prevést na libovolny specidlni tvar nékterou z nasledujicich tprav:

e Rovnost al x = b; nahradime dvéma nerovnostmi al’x > b;, —al'x > —b;.

e Nerovnost a;1x1 + -+ + a;,x, < b; prevedeme na rovnost priddnim pomocné slackové
proménné?® u; > 0 jako ajxi + - -+ + Ginxy + u; = b;.
Podobné prevedeme nerovnost a;1x1 + - - - + a2z, > b; na rovnost (jak?).

e Proménnou bez omezen{ x; € R rozdélime na dvé nezédporné proménné x;” > 0, z; > 0
piidénim podminky z; = z;” — x; .
Uloha ziskana z puvodni ulohy pomoci téchto tdprav je ekvivalentni ptivodni tloze v tom smyslu,
ze hodnota jejich optima je stejnd a argument optima puvodni ulohy lze ‘snadno’ ziskat z
argumentu optima nové tlohy.

Example 12.2. V tloze (12.1) chceme prvni podminku pfevést na rovnost. To udélame zave-
denim slackové proménné v > 0. Transformovana tuloha je

min —x — y

za podminek = + 2y + u = 14

3r — y > 0
rT— vy < 2
u> 0
Je-li (z,y,u) optimum této dlohy, optimum dlohy (12.1) je (z,y). O

Example 12.3. V tloze (12.1) obé proménné mohou mit libovolné znaménko. Chceme pievést
ulohu na tvar, kde vSechny proménné jsou nezaporné. Dosadime x =z, —2x_ay =y, —y_,
kde zy,x_,y,,y_ > 0. Vysledna uloha je

min —zy + - — Yy + Y-
za podminek v, — z_ + 2y, —2y_ <14
3y — 3 — yy + y-> 0
Ty — o — Yy + Y- < 2
Ty Ty Yy, Y— > 0 U

I Tomuto tvaru se nékdy iika standardni. Bohuzel ndzvoslovi riznych tvarit LP neni jednotné, nézvy jako
‘standardni tvar’, ‘zékladni tvar’ ¢i ‘kanonicky tvar’ tedy mohou znamenat v ruznych knihach néco jiného.

2 Slack znamend anglicky napi. mezeru mezi zdi a skiini, kterd nenf zcela piirazens ke zdi. Termin slack
variable nem3d ustaleny cesky ekvivalent, nékdy se preklada jako skluzovd promeénnd.
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12.1.1 Po castech afinni funkce

Nékdy je mozné prevést na LP nékteré tlohy, které jako LP na prvni pohled nevypadaji. K
tomu uvedeme dvé jednoduché skutec¢nosti.
Za prvé, pro kazdou mnozinu X a funkci f: X — R plati

gjréi)r(lf(a:):min{z|f(x)§z, reX, zeR}, (12.3)

Diikaz: v optimu pravé tlohy je f(x) = z, protoze kdyby bylo f(x) < z, mohli bychom z zmensit
bez poruseni omezeni a tedy (z,z) by nebylo optimalni.

Za druhé, pro libovolna cisla a4, ..., a, b plati ekvivalence
(maxt_, a; <b) <= (VMi=1,...,k)(a; <D) (12.4a)
(minf_, a; > b) <= (Vi=1,...,k)(a; > D). (12.4b)
Méjme nyni funkci f: R® — R danou vzorcem
f(x) = m:glx(ciTx +d;), (12.5)

kde ¢; € R" a d; € R jsou dény. Tato funkce neni linedrni ani afinni, je po ¢astech afinni (viz
Cvicenf 12.5). Pifkladem pro n =1 a k = 3 je funkce f(z) = max{—z — 1, 0, 3(z — 1)}, jejfz
graf je na obrazku:

Resme tlohu
min{ f(x) | x € R", Ax>b}. (12.6)

To neni dloha LP, nebot’ jeji icelovd funkce nenf linedrni. Ale s pouzitim (12.3) a (12.4) mdme
min{ f(x) [x €R", Ax >b} =min{z| (x,2) e R"™, f(x)<z, Ax>b}
=min{ z | (x,z) € R"™, mlax(ciTX +d;)<z Ax>b}
=min{z | (x,2) € R"™ clx+d; <z (Vi), Ax>b}.
Tedy jsme tlohu ptevedli na LP.
Example 12.4. Uloha

min max{ x; + 2z, 221 + 23 }

za podm. x7 + 225 < 14
31’1 — X2 >0

T — [L’QSQ
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neni LP, protoze ucelovd funkce f(zq,x2) = max{x; + 2x5, 221 + x5 } neni linedrni ani afinni
(nakreslete si na papir jeji vrstevnice!). Ulohu lze ale preformulovat na LP

min 2z
za podm. 3x, + 4ay < z
2r1 — 319 < z
x| + 21’2 S 14
3.1'1 — T2 Z 0
Ty — X2 <2 O

Skutecnost (12.4) lze také pouzit na nékteré ulohy, které maji maximum ¢i minimum v
omezenich. Napft. je

min{ ¢’ x | mzaxd;px <e, Ax>b}=min{c’x|d/x <e (Vi), Ax >b}.
Example 12.5. Plati rovnost
min{z—y|z>0,y >0, max{z,y} <1} =min{z—y|z>0,y>0, <1, y<1}
protoze max{z,y} <1 je ekvivalentni z < 1, y < 1. Uloha vlevo neni LP, tiloha vpravo ano.

Tento prevod lze uzit i pro funkce obsahujici absolutni hodnoty, nebot’ |x| = max{—=x, z}.
Lze ho déle pouzit i na minima, podle druhé formy (12.4). Je ale nutnd opatrnost: neplati nic
takového jako (min; a; > b) <= (Vi)(a; > b), tedy méame-li Spatnou kombinaci minim/maxim
a nerovnosti, prevod na LP neni mozny.

12.2 Neékteré aplikace LP

12.2.1 Optimalni vyrobni program

Z m druhu surovin vyrabime n druhu vyrobku.
® a;; = mnozstvi suroviny druhu ¢ potfebné na vyrobu vyrobku druhu j
e b; = mnozstvi suroviny druhu ¢, které mame k dispozici
e ¢; = zisk z vyrobeni jednoho vyrobku druhu j
e 1; = pocet vyrobenych vyrobku druhu j

Ukolem je zjistit, kolik jakych vyrobkit mame vyrobit, abychom doséhli nejvétsiho zisku. Resent:

n
max{ E ijj

J=1

Zaijxj S bi, X Z 0 } (127)

J=1

Example 12.6. Pén u stdnku prodava lupinky za 120 Ké/kg a hranolky za 76 Ké/kg. Na
vyrobu 1kg lupinku se spotiebuje 2kg brambor a 0.4kg oleje. Na vyrobu 1kg hranolku se
spotiebuje 1.5 kg brambor a 0.2 kg oleje. Je nakoupeno 100 kg brambor a 16 kg oleje. Brambory
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staly 12 Ké/kg, olej 40 Ké/kg. Kolik ma pan vyrobit lupinki a kolik hranolki, aby co nejvice
vydélal? To lze vyjadrit jako LP
max 120l + T76h

za podminek 20 + 1.5hA < 100
0.4l + 0.2h < 16
I,h > 0

Pritom predpokladame, ze zbytky surovin se po pracovni dobé vyhodi. Pokud se zbytky vyuziji,
tak maximalizujeme (120 — 24 — 16)] + (76 — 18 — 8)h = 80! + 50h.
V obou ptipadech je optimalni feseni [ = 20 kg lupinktu a h = 40 kg hranolku. O

12.2.2 Smeésovaci (dietni) problém

Z n druhu surovin, z nichz kazda je smési m druhu latek, mdme namichat konec¢ny produkt o
pozadovaném slozeni tak, aby cena surovin byla minimalni.

e a;; = mnozstvi latky druhu ¢ obsazené v jednotkovém mnozstvi suroviny druhu j
e b; = nejmensi pozadované mnozstvi latky druhu ¢ v koneéném produktu
e ¢; = jednotkova cena suroviny druhu j

e r; = mnozstvi suroviny druhu j

n
mm{ E ijj
j=1

Example 12.7. Jste kucharka v menze a chcete uvafit pro studenty co nejlevnéjsi obéed, ve
kterém ovsem kvuli predpisum musi byt dané minimalni mnozstvi zivin (cukru, bilkovin a
vitaminu). Obéd vafite ze t¥{ surovin: brambor, masa a zeleniny. Jsou ddny hodnoty v tabulce:

Resent:

Zaija:j 2 bi> X 2 0 } (128)
j=1

na jednotku | na jednotku | na jednotku | min. pozadavek
brambor masa zeleniny na jeden obéd
obsah cukru 2 1 1 8
obsah bilkovin 2 6 1 16
obsah vitaminu 1 3 6 8
cena 25 50 80

Kolik je tifeba kazdé suroviny na jeden obéd?
Minimalizujeme 250+50m+802z za podminek 2b+m—+z > 8, 2b+6m—+2z > 16, b+3m—+6z > 8
a b,m,z > 0. Optimalni feSeni je b = 3.2, m = 1.6, z = 0 s hodnotou 160. 0]

12.2.3 Dopravni problém
Mame m vyrobcu a n spottebitelu.
e a; = mnozstvi zbozi vyrabéné vyrobcem ¢
e b; = mnozstvi zbozi pozadované spotiebitelem j
e ¢;; = cena dopravy jednotky zbozi od vyrobce i ke spotiebiteli j

e 1;; = mnozstvi zbozi vezené od vyrobce i ke spotiebiteli j
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Chceme co nejlevnéji rozvézt zbozi od vyrobet ke spotfebitelim. Resent:

mln{ Zm:i:cijl’ij Xn:xij = Qy, Zm:l’ij = bj, Tij Z 0 } (129)
j=1 =1

i=1 j=1
Zadéni musi spliovat » " a; = Z?:l b; (nabidka musi byt rovna poptédvce), jinak bude

tiloha nepifpustna. Uloha jde modifikovat tak, ze dovolime Sorap > 2?21 b; (proved'te!).

12.2.4 Distribuc¢ni problém

Méame m stroju a n druhu vyrobku.
e a; = pocet hodin, ktery je k dispozici na stroji ¢
e b; = pozadované mnozstvi vyrobku druhu j
e ¢;; = cena jedné hodiny prace stroje ¢ na vyrobku typu j
e k;; = hodinovy vykon stroje ¢ pfi vyrobé vyrobku druhu j
e 1;; = pocet hodin, po ktery bude stroj i vyrdbét vyrobek druhu j

Pro kazdy ze stroji mame urcit, kolik vyrobki se na ném bude vyrabét. Reseni:

mln{ iicij‘xij ixij S a;, ikijxij = bj, Tij Z 0 } (1210)
j=1 i=1

i=1 j=1

12.3 Pouziti na nehomogenni linearni soustavy

12.3.1 Vektorové normy

Norma formalizuje pojem ‘délky’ vektoru x.

Definition 12.1. Funkce || - ||: R® — R se nazyvd vektorovd®

axiomy:
1. Jestlize ||x|| = 0 pak x = 0.

norma, jestlize splnuje tyto

2. ||ax|| = |a ||x|| pro kazdé o € R a x € R™ (norma je kladné homogenni).

3. Ix+yll < |Ix|l+ |ly|l pro kazdé x,y € R™ (trojiihelnikova nerovnost).

7 axiomu plynou tyto dalsi vlastnosti normy:
e ||0]| = 0, coz plyne z homogenity pro o = 0
e ||x|| > 0 pro kazdé x € R™. To jde odvodit tak, ze v trojihelnikové nerovnosti polozime
y = —X, coz da
[x = x| = [0} = 0 < [[x[| + [|=x][| = 2],

kde na pravé strané jsme pouzili homogenitu.

3 Existuj{ i maticové normy, coz jsou funkce R™*" — R.
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Jednotkova sféra normy je mnozina {x € R" | ||x|| = 1}, tedy vrstevnice normy jed-
notkové vysky. Diky homogenité je jednotkova sféra stfedové symetricka a jeji tvar zcela urcuje
normu.

Uved'me piiklady norem. Zakladnim ptikladem je p-norma

Ixlly = (1P + - + |2 [) 7.

Musi byt p > 1, jinak neplati trojihelnikova nerovnost. Nejcastéji narazite na:

o ||x||1 = |z1|+- - +|zn|. Neékdy se ji ikd manhattanskd norma, protoze v systému pravouh-
Iych ulic je vzdédlenost mezi body x a y rovna ||x — y||;.

o x|l =27+ +22 = VxTx. Je to zndméa eukleidovskd norma.

o ||x]|0 = lim, oo ||X]|, = max{|zy|,..., |z,|} (dokazte rovnost vypoctem limity!). Nékdy se
ji tika Cebysevova norma nebo maz-norma.

Jednotkové sféry téchto norem v R? vypadaji takto:

Se O ]
NI

[l =1 [l =1 [1%[loo =1

Existuji ale i normy, které nejsou p-normy, napf.
o ||x|| = 2|z1| + /23 + 23 + max{|z4|, |z5|} je norma na R°.
e Je-li ||x|| norma a A je ¢tvercova nebo tizkda matice s plnou hodnosti, je také || Ax|| norma.

12.3.2 Priblizné reSeni preurcenych soustav

Méjme preurcenou linearni soustavu Ax = b, kde A € R™*" a 0 # b € R™. Nalezeni jejiho
priblizného feseni formulujme jako tlohu

min || Ax — b, (12.11)

xER™
Uvazujme tii ptripady:
e Pro p = oo hleddame takové x, které minimalizuje vyraz
|Ax — b|| :mn%x|a;fpx—bi], (12.12)
1=
tedy minimalizuje maximéalni residuum. Toto feseni je znamé pod nazvem minimazrni nebo
Cebysevovo. Uloha je ekvivalentni linedrnimu programu
min 2z
zapodm. alx—0;<z2 i=1,....,m
—alx+b;<z i=1,...,m
ktery lze zapsat elegantnéji jako

min{z e R|xeR", —21 < Ax—-b <21} (12.13)
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e Pro p = 2 dostaneme feSeni ve smyslu nejmensich ctvercu, které jsme odvodili v §6.1.

e Pro p =1 hledame takové x, které minimalizuje vyraz

m
|Ax = by = |a/x — by, (12.14)
i=1
kde a;,...,a,, jsou radky matice A. Uloha je ekvivalentni linedrnimu programu
m
min Z Z;
i=1
zapodm. alx—0; <z, i=1,...,m
—afx—i—bigzi, i:17...,m

ktery lze zapsat elegantnéji v maticovém tvaru jako

min{ 17z |z€ R™, x€R", —z< Ax—-b <z} (12.15)

12.3.3 Linearni regrese

Vrat'me se k linearni regresi z §6.1.4 (znovu prectéte!). Funkéni zavislost pfiblizné popsanou
namérenymi dvojicemi (t;,v;), ¢ = 1,...,m, jsme aproximovali regresni funkei

ft.x) = 2101(t) + - + 2apa(t) = p(8)"x,
kde parametry x jsou takové, aby y; ~ f(t;,x) pro vSechna i. Pfiblizné rovnosti & jsme chapali
ve smyslu nejmensich ¢tvercu, tedy hledali jsme takové x které minimalizovalo funkci

m

> (i — f(ti,x))” = [ly — Ax]ls, (12.16)

i=1

kde y = (y1,...,Ym) a prvky matice A jsou a;; = ¢;(t;). Tedy fesime tlohu (12.11) pro p = 2.
Muzeme ale pouzit i jiné normy nez eukleidovskou. Pro p = 1 minimalizujeme

> lyi = ftx)] = ly — Ax]s (12.17)
i=1
a pro p = oo minimalizujeme
miax |y; — f(t: %)| = ly — Ax|. (12.18)

Dale ukazeme, k ¢emu to muze byt dobré.
Regrese ve smyslu oo-normy je vhodné napt. pfi aproximaci funkei.

Example 12.8. Na pocitaci bez matematického koprocesoru potfebujeme mnohokrat vyhod-
nocovat funkci sinus na intervalu [0, 7]. Protoze pfesné vyhodnoceni této funkce by trvalo piilis
dlouho, chceme ji aproximovat polynomem tietiho stupné x, + xot + x5t? + x4t3, ktery se vy-
hodnoti mnohem rychleji. Spocitejme hodnoty y; = sint; funkce v dostatecném poctu bodu

t;, = ;—é pro i = 1,...,m. Koeficienty polynomu je vhodné hledat minimalizaci Cebysevova
kritéria (12.18), nebot’ to ndm da zaruku, ze chyba aproximace nikde nepiesdhne hodnotu,
ktera je nejmensi mozna pro dany stupen polynomu. O
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Regrese ve smyslu 1-normy je uzitecna tehdy, kdyz je mala ¢ast hodnot y; namérena tplné
Spatné (napf. se nékdo pfi zapisovani ¢isel spletl v desetinné ¢arce). Takovym hodnotdm se
ikd vychylené hodnoty (outliers). Disciplina zabyvajici se modelovanim funkénich zavislosti
za pritomnosti vychylenych hodnot se nazyva robustni regrese. V tomto piipadé feseni ve
smyslu nejmensich ¢tvercu neni vhodné (neni 'robustni’), protoze i jediny vychyleny bod velmi
ovlivni feSeni. Regrese ve smyslu 1-normy je proti vychylenym bodum odolnéjsi.

Ukézeme to na nejjednodussim mozném piipadu regrese: odhad hodnoty jediného cisla
ze souboru jeho neptesnych méfeni. Pro dand ¢islay = (y1,...,4m) € R™ hleddme x € R
minimalizujici funkci

fl@)=l@=y,....2 —yn)lp = 1z = yl|,. (12.19)
e Pro p = o0 je f(z) = max, |x — y;|. Refenim je x = L(min!, y; + max, y;), tedy bod
v poloviné mezi krajnimi body.

e Prop=2je f(z) = /> o, (x — y;)2. Resenim je aritmeticky primeér, z = L 3™ 4 (viz
Piiklad 6.4).

e Prop=1je f(z) = Y., |z — yi|. Refenim je medidn z ¢isel y; (dokazte!). Medidn se
vypocte tak, ze sefadime ¢isla y; podle velikosti a vezmeme prostiedni z nich. Pokud je
m sudé, mame dva ‘prostiedni prvky’ a v tom ptipadé funkce f nabyva minima v jejich
libovolné konvexni kombinaci. Je pak tzus definovat median jako aritmeticky prumeér
prostiednich prvku.

Ptredpokladejme nyni, ze jedno z cisel, napt. y;, se zvétSuje. V tom pripadé se TeSeni
x pro ruzna p budou chovat ruzné. Napf. aritmeticky prumér se bude zvétSovat, a to tak,
ze zveétsovanim hodnoty y; dosahneme libovolné hodnoty x. Pro medidan to ovSem neplati —

zvétsovanim jediného bodu y; ovlivnime x jen natolik, nakolik to zméni poradi bodu. Jeho
libovolnym zvétsovanim nedosahneme libovolné hodnoty .

Example 12.9. Suplérou zméffme primér ocelové kulicky v nékolika mistech, dostaneme hod-
noty y = (1.02, 1.04, 0.99, 2.03) (cm). Pfi poslednim méfeni jsme se na stupnici prehlédli, proto
je posledni hodnota tplné Spatné. Z téchto méfeni chceme odhadnout skutecny prumér. Mame

1, m m 1 — m
5 (miny; + miaxy;) = 151, E;%:Lz?, median y; = 1.0

Je zjevné, ze median je neovlivnén vychylenym bodem, zatimco ostatni odhady ano. 0

N

nost reseni ve smyslu 1-normy takto jednoduse formalné ukazat a analyza muze byt mnohem
tézsi. Ale intuitivné bude situace obdobna: feSeni ve smyslu 1-normy bude méné citlivé na
vychylené body nez feseni ve smyslu 2-normy.

12.4 Cviceni

12.1. Najdéte graficky mnozinu optimalnich feseni tlohy
min c;x1 + coTy + c3T3

za podm. z1 + 9 > 1
.T1—|—2LL’2§3
1+ x2 <10
T1,29,x3 > 0
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pro nésledujici piipady: (a) ¢ = (—1,0,1), (b) ¢ =(0,1,0), (¢) ¢ = (0,0, —1).

12.2. Vyteste tvahou tyto jednoduché tlohy LP a napiste co nejjednodussi vzorec pro optiméalni
hodnotu. Vektor c € R™ a ¢islo k € N, 1 < k < n, jsou dény.

a) max{c’x [0 <x <1}

b) max{clx | -1<x<1}

c) max{clx|x >0, 1Tx=1}

) max{c’x|x>0, 1"Tx <1}

e) max{clx|-1<1Tx <1}

f) max{c’x|x>0, 1Tx=k}

g) max{cIx|0<x<1, 1Tx =k}

h) max{c’x|0<x<1, 1Tx <k}

i) max{c’x |0< 2 <29 <+ <2, <1}

B ) max{c'x |-y <x<y, Ty=Fk y<1}

o

12.3. Preved’te na LP nebo oduvodnéte, pro¢ to nejde. Proménné jsou vzdy x ¢ z;.

a) max{ |ty —ci|+ -+ |rpn — | | 121+ -+ apzr, > b}
b) min{ |zi| + |za| | 221 — 22 > 1, —x1 + 229 > 1}
max{ |[c'x| | Ax=b, x >0}

)
c)
) max{c’x | Ax=b, [dTx| <1, x>0}
)
)

[oW

: L
Milyern Y p., Maxr_; (¢ x + di)
Mingern Y 5o, f(alx —b;), kde funkce f je definovdna obrazkem

@

—

R N R
g) min{ [Ax —bl|; | x € R", [|x[joe <1}
h) min{||x]; [ x € R", Ax=Db}
i) min{ [|x]|; | x € R", ||Ax —Db|lo <1}
j) mingegn ([|Ax — bl + [[x/[e0)
12.4. Dokazte nebo vyvrat'te nasledujici rovnosti. Zde ¢ € R” a A € R™*™ jsou dany, || - || je
libovolna norma, a optimalizuje se pfes proménné x € R™.
a) max{c'x |x e R", ||x||=1} =max{c’x|x e R", ||x|| <1}
b) min{c’x |x € R", ||x|| =1} =min{c’x|x e R", ||x|| <1}
c) max{ [|Ax[[ | x € R", [|x[| = 1} = max{[[Ax| [x e R", [|x[ <1}
Népovéda: Inspirujte se ivahou v §12.1.1.

12.5. Pochopte kéd v Matlabu, ktery nakresli graf funkce f(x) = max?_,(cIx + d;) pro x € R%:

k = 200; N = 40;
cd = randn(3,k);
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12.6.

12.7.

12.8.

x1 = ones(N,1)*linspace(-1,1,N); x2 = linspace(-1,1,N)’*ones(1,N);
x = [x1(:)7; x2(:)°]; x(3,:) = 1;
meshc (x1,x2,reshape (max(cd’*x, [],1), [N N])); axis vis3d

Hleddme nejvétsi hyperkouli B(a,r) = {x € R" | ||x—al|s < r }, kterd se vejde do polyedru
P ={x € R"| Ax < b}. Tedy hleddme maximélni r za podminky B(a,r) C P, kde
optimalizujeme pres proménné (a,r). Vyjadrete jako LP.

Mame kladku s provazem, jehoz oba konce
kon¢i hakem. Na levém haku visi n zavazi na
provazcich, pricemz ¢-té zavazi ma tihu m; a
jeho vyska nad zemi je d;, pro i = 1,...,n.
Na pravém haku visi n’ zavazi na provazcich,
pficemz i-té zavazi ma tihu m) a jeho vyska
nad zemi je d}, pro i = 1,...,n'. Vysky d;
a d; se méfi v poloze, kdy jsou oba hiky ve
stejné vysce nad zemi. Kladka se pohybuje
bez tfeni, provaz a provazky jsou nekonecné
ohebné, provazky a haky maji nulovou hmot-
nost. Obréazek ukazuje piiklad pro n = 3,
n' = 2.

Soustava ma jediny stupen volnosti dany
otacenim kladky. Oznac¢me jako x vysku lev- m}

¢ho haku nad bodem, kdy jsou oba haky ve s &
stejné vysce — tedy pro z = 0 jsou oba haky -

ve stejné vysce a pro x > 0 bude levy hak o d
2x vySe nez pravy hak. V zavislosti na x kazdé
zévazi bud’ visi nad zemi (pak je jeho poten-
cidlni energie rovna m; krat vyska nad zemi)
nebo lezi na zemi (pak je jeho potencidlni en-
ergie nulovd). Soustava bude v rovnovaze pri
minimalni celkové potenciadlni energii.

dy mo d3 df
dy

a) Napiste vzorec pro celkovou potencidlni energii soustavy jako funkei z.
b) Napiste linedrni program, jehoz optimum je rovno minimalni potencialni energii sous-
tavy. Neni-li to mozné, vysvétlete.

Veverka pred zimou potiebuje prerovnat zasoby ofisku. Stavajici zasoby ma v m jamkéch,
pficem? i-t4 jamka m4 soufadnice p; € R? a je v ni a; offski. Potfebuje je pienosit do
n novych pripravenych jamek, pricemz j-t4 jamka md souradnice q; € R? a na konci v nf
bude y; ofisku. Veverka unese najednou jen jeden ofisek. Let z;; oznacuje celkovy pocet
oriskil pfenesenych ze staré jamky ¢ do nové jamky j. Uvazujte dvé tlohy:

a) Cisla y; jsou ddna. Hledaji se takova ¢isla x5, aby se veverka vykonala co nejméné
préace, kde préce na preneseni jednoho ofisku je primo imérna vzdélenosti (vzdusnou
carou). Béh bez ofisku se za praci nepovazuje.

b) Hledaji se ¢isla z;; a y; tak, aby veverka vykonala co nejméné préce a navic byly v
novych jamkéach otisky rozlozeny co nejrovnomeérnéji, ¢imz minimalizuje skodu zpu-
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sobenou pifpadnou krddezi. Pfesnéji, aby rozdil mezi nejvétsim a nejveétsim z cisel y;
byl mensi nez dané ¢&islo ¢ .

Formulujte obé 1lohy jako LP. Predpokladejte, ze pocty ofisku jsou nezaporna realna cisla,
ac ve skutecnosti mohou byt pouze nezaporna cela ¢isla.

Hints and Solutions

12.2.a) max{c’x|0<x <1} =>" max{0,c¢}, tedy optimaln{ hodnota je soucet kladnych é&isel c;.
Dukaz: Ukazme, Ze optimum se nabyva pro takové x, ze x; = 0 pro ¢; < 0 ax; = 1 pro ¢; > 0 (pro
c; = 0 je x; libovolné). Kdyby to tak totiz nebylo, mohli bychom ¢islo ¢?x zvétsit zmensenim
néjakého x; pro ¢; < 0 nebo zvétsenim pro ¢; > 0. Tedy x by nebyl optiméalni argument.

12.2.b) Y7, |ei]. Dokéze se podobné.

12.2.c) max] ;¢

12.2.d) max} ; max{0,¢;} = max{(), max;_; ci}
12.2.i) Népovéda: substituujte y; = z; — ;-1
12.3.a) nejde

12.3.b) min{ z1 + 22 | z1,22,21,22 € R, 221 —x9 > 1, —x1 + 229 > 1, 21 < 21, 29 < 29, —x1 <
21, —w2 < 29 }

12.3.c) nejde

12.3.d) max{c’x| Ax=b, dTx <1, —-dTx <1, x>0}

12.3.¢) min{ 17z | ¢l x+diy < z (Vk,1), —chx—dp < 2 (Vk,1), x € R", z € R} (analogické §12.1.1)
12.3.¢) min{17z |x€R", z€ R", -z< Ax-b<z -1<x<1}

12.3j) min{17y +2|x€R", yeR", 2€R, -z< Ax—-b <z —21<x<z1}

12.7.a) E(z) = Y1, m; max(d; + z,0) + 37, m) max(d, — z,0)

12.7.b) min{ Y ;" | m;z; + Z?;l mizl | x,zi 2t €ER, 2 > di+x, 2 >d —x, >0, 2L >0}
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Chapter 13

Konvexni mnoziny a polyedry

Definition 13.1. Mnozina X C R" se nazyva konvexni, jestlize
xeX,yeX, 0<a<l = ax+(l-a)yelX. (13.1)

Mnozina {ax + (1 —a)y | 0 < a < 1} je usecka spojujici body x a y (viz Priklad 3.1).
Definice tedy t1kd, ze mnozina je konvexni, jestlize s kazdymi dvéma body obsahuje i tisecku,
ktera je spojuje. Obrazek ukazuje pifklad konvexni a nekonvexni mnoziny v R?:

%

)5///0

Konvexni mnozinu lze definovat i abstraktnéji. Konvexni kombinace vektoru x, ..., Xy
je jejich linedrni kombinace ayx; + - -+ + agpXxj takova, ze oy + -+ ax =1 a ay,...,a, > 0.
Mnozina je konvexni pravé tehdy, kdyz je uzaviend vuci konvexnim kombinacim (neboli kazda
konvexni kombinace vektoru z mnoziny lezi v mnoziné). Lze dokazat indukci, Ze tato definice je
ekvivalentni Definici 13.1. Vimnéte si, ze ax + (1 — a)y pro 0 < a < 1 je konvexni kombinaci
dvou vektori x,y.

Konvexni obal vektoru xi,...,X; je mnozina vSech jejich konvexnich kombinaci. Tuto
k-tici vektoru muzeme vnimat jako mnozinu X = {xy,...,x;}, konvexni obal pak znacime

conv X = conv{xy,...,xp} ={agxi+ - +axp |+ +ar =1, ar,...,a, > 0}. (13.2)

Jak se definuje konvexni obal mnoziny s nekonec¢ngm poc¢tem prvku, napt. pravém obrazku
vyse? Nelze pouzit definice (13.2), nebot’ neni jasné, co znamend soucet a;x; + -+ + Xy
pro nekoneény pocet vektoru (mnozina X muze byt i nespocetnd). Konvexni obal libovolné
(konecné ¢i nekonecné) mnoziny X C R"™ se definuje jako prunik vsech konvexnich mnozin,
které mnozinu obsahuji, tedy

convX = {Y | Y 2 X, Y konvexni }.

Obrazek ukazuje konvexni obal koneéné (vlevo) a nekone¢né (vpravo) mnoziny pro n = 2:
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X1 (]
°
X7 X3
XG [ ] L]
°
o
X5
°
X4

13.1 Cty#i kombinace a &tyf#i obaly

Konvexni kombinace je linedrni kombinace, jejiz koeficienty splnuji omezeni ay + -+ 4+ ap = 1
aaq,...,ar > 0. Viimnéte si, ze kdyz vynechdme druhé omezeni, dostaneme afinni kombinaci
(viz §3.3). Podle toho, které ze dvou omezeni vyzadujeme, dostaneme ¢tyti druhy kombinaci.
Udélejme si v nich nyni poradek.

Viazeny soucet a;xy + - - - + X vektor xy, ..., xx € R™ se nazyva jejich
linearni kombinace, jestlize «y,...,ar € R.
afinni kombinace, jestlize ay,...,ap € R, a;+---+ap = 1.
nezaporna kombinace, jestlize «q,...,a; € R, ag,...,q > 0.
konvexni kombinace, jestlize «aq,...,ap, €R, a;+---+ar=1, ay,...,a > 0.

Mnozina, ktera je uzavienda vuci

linearnim kombinacim, se nazyva linearni podprostor.
afinnim kombinacim, se nazyva afinni podprostor.
nezapornym kombinacim, se nazyva konvexni kuzel.
konvexnim kombinacim, se nazyvd konvexni mnozina.

K tomu, co jiz znate, ptibyl pojem nezaporné kombinace a konvexniho kuzelu.

Linedrni [afinni, nezdporny, konvexni] obal vektoru xi,...,X; je mnozina vSech jejich
linedrnich [afinnich, nezdpornych, konvexnich| kombinaci. Obecnéji, linedrni [afinni, nezdporny,
konvexni] obal mnoziny X C R" je prunik vSech linearnich podprostoru [afinnich podprostoru,
konvexnich kuzelti, konvexnich mnozin| obsahujici mnozinu X.

Example 13.1. Mé&jme tii body v R3, které nelezi v jedné roviné s pocatkem. Jejich linedrn{

obal je celé R3. Jejich afinni obal je rovina jimi prochdzejici. Jejich nezdporny obal je nekonecny

trojboky hranol, jehoz vrchol je v poc¢atku a jehoz hrany jsou tii polopiimky urcené pocatkem

a danymi body. Jejich konvexni obal je trojihelnik jimi urceny. U
Jako cviceni si nakreslete linearni, afinni, nezaporny a konvexni obal ndhodné zvolenych k

vektoru v R™ pro vsech devét pripadu k,n € {1,2,3}.

13.2 Operace zachovavajici konvexitu mnozin

Jaké operace s konvexnimi mnozinami maji za vysledek opét konvexni mnozinu? Zdaleka

VVVVVV

Theorem 13.1. Prunik (kone¢né ¢i nekonecné mnoha) konvexnich mnozin je konvexni mnozina.
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Proof. Udélame jen pro dvé mnoziny, zobecnéni na libovolna poc¢et mnozin je ocividné. Let
X, Y C R” jsou konvexni. Let x,y € X NY, tedy kazdy z bodu x,y je soucasné v mnoziné X
i v mnoziné Y. Proto pro 0 < a < 1 bude bod ax + (1 — a)y také v mnoziné X 1Y, tedy bude
v mnoziné X NY. 0

Sjednoceni konvexnich mnozin ale nemusi byt konvexni mnozina.

13.3 Konvexni polyedry

Poloprostor je mnozina {x € R" | a’x > b} pro ngjaké a € R", b € R. Jeho hranice je
nadrovina {x € R" | alx = b}. Vektor a € R je normala této nadroviny. Obrézek zndzoriiuje
tyto pojmy pro n = 2:

Definition 13.2. Konvexni polyedr je prinik konecné mnoha poloprostorti.

Konvexni polyedr je tedy mnozina
X={xeR"|a]x>b,i=1,....m}y={x€R"|Ax>Db}, (13.3)

kde al',... al jsou radky matice A € R™™ a by,...,b,, € R jsou slozky vektoru b € R™.
Vsimnéte si, ze definice dovoluje i omezen{ typu rovnosti alx = b;, protoze to je ekvivalentni

alx < b;, alx > b;. Obrazek ukazuje piiklad pro n =2, m = T:

ag

Vsimnéte si, ze omezeni 6 a 7 jsou redundantni — jejich odebranim by se polyedr nezménil.
Jelikoz poloprostor je oc¢ividné konvexni mnozina, plyne konvexita konvexniho polyedru z
Véty 13.1. VSimnéte si, ze konvexni polyedr nemusi byt omezeny.

Example 13.2. Mnozina (12.2) je konvexni polyedr, ktery vidime na obrédzku v Piiklad 12.1.0J
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Example 13.3. Priklady konvexnich polyedri v R™:
e prazdnd mnozina ()
e cely prostor R"
e kazdy afinni podprostor (napt. bod, pfimka, rovina, nadrovina)
e polopiimka {x+av|a >0}
e poloprostor
e panel {x e R" | by <alx < by}
e hyperkrychle {x € R" | ||x[|oc <1} ={xe€R"|-1<z;<1,i=1,...,n}
e simplex, to jest konvexni obal n 4 1 afinné nezavislych bodu
e standardni simplex {x € R" | 2; >0, > ", z; <1}

e pravdépodobnostni simplex {x € R" | z; > 0, > ; = 1} (mnozina vSech rozdéleni
pravdépodobnosti diskrétni ndhodné proménné)

e zobecnény osmistén {x € R" | ||x[[;y = > 1 |z <1} O

Example 13.4. Koule v R” je prunikem nekoneéné mnoha poloprostorti a’x < 1 pro vsechna
|lajl2 = 1. Je to konvexni mnozina, ale neni to konvexni polyedr (protoze pocet poloprostoru
neni kone¢ny). O

13.3.1 Stény konvexniho polyedru

Definition 13.3. Sténa konvexniho polyedru X C R" je mnozina argminc’x pro néjaké

xeX
c e R"

Dimenze stény je dimenze jejitho afinniho obalu (zopakujte si pojem afinniho obalu z §13.1
a dimenze afinniho podprostoru z §3.3). Stény nékterych dimenzi maji jméno:

e sténa dimenze 0 se nazyva vrchol,
e sténa dimenze 1 se nazyva hrana,
e sténa dimenze n — 1 se nazyva faceta (angl. facet, zatimco face znamena sténa).

7 Definice 13.3 a Véty 13.1 plyne, ze kazda sténa konvexniho polyedru je sama o sobé
konvexni polyedr.

Definice 13.3 definuje stény konvexniho polyedru geometricky. Bez dukazu uvedeme alge-
braickou definici stény, kterd predpokladd, ze polyedr je ve tvaru (13.3).

Theorem 13.2. F' C X je sténa konvexniho polyedru (13.3) pravé tehdy, kdyz
F={xcXl|alx=b;,icl} (13.4)
pro néjakou podmnozinu indexu I C {1,...,m}.

Example 13.5. Let polyedr (13.3) je pyramida v R?:
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Tento polyedr je prinikem péti poloprostorii, tedy m = 5 a n = 3. Let omezeni alx > b; pro
i = 1,2,3,4,5 je poloprostor, jehoz hranici je polorovina ur¢ena po fadé body ABCD, ABE,
BCE, CDE, ADE. Pro I = {1} je mnozina (13.4) faceta ABCD. Pro I = {1, 2} je mnozina (13.4)
hrana AB. Pro I = {1,2,3} je mnozina (13.4) vrchol B. O

13.3.2 Dveé reprezentace konvexniho polyedru

Nésledujici véta je hluboka a uvadime ji bez dukazu. (Pro neomezené konvexni polyedry plati

vvvvvv

Theorem 13.3. Konvexni obal konecné mnoha bodu je omezeny konvexni polyedr. Obracené,
omezeny konvexni polyedr je konvexnim obalem svych vrcholu.

Mame tedy dvé reprezentace omezeného polyedru:

e H-reprezentace: prunik kone¢né mnoha poloprostoru ("H’ jako half-space)

e V-reprezentace: konvexni obal koneéné mnoha bodu (V' jako vertex)
Piechod od jedné reprezentace ke druhé muze byt vypocetné tézky ¢i prakticky nemozny. Duvo-
dem je to, ze polyedr definovany jako prunik malého poc¢tu (pfesnéji, tento pocet je polynomialni
funkei n) poloprostoru muze mit vlemi velky (exponencidlni funkce n) pocet vrcholu. Naopak,
polyedr s malym poctem vrcholi muze mit exponencidlni pocet facet. V tom pripadé by al-
goritmus, ktery prevadi H-reprezentaci na V-reprezentaci nebo naopak, by pfi polynomidlné
dlouhém vstupu musel vydat exponencialné dlouhy vystup.

Example 13.6. Uvazujme nasledujici konvexni polyedry v R™ (viz Ptiklad 13.3):
e Simplex ma n + 1 vrcholt a n 4 1 facet.
e Hyperkrychle ma 2n facet a 2" vrcholu.

e Zobecnény osmistén ma 2n vrcholu a 2" facet. U

13.4 Cviceni

13.1. Odpovézte, zda nasledujici mnoziny jsou konvexni a odpoveéd” dokazte z definice konvexni
mnoziny:
a) interval [a,b] C R, kde a < b
b) {xeR"| Ax<b, Cx=d}
c) {xeR"|xT"Ax <1}, kde A je pozitivné semidefinitni
d) Z (mnozina celych ¢isel)
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e) {xeR"|max{xy,,...,,x,} >0}

13.2. Které z nasledujicich mnozin jsou konvexni? Nemusite dokazovat z definice, staci uvést
presvédcivy argument. Mnozinu si nakreslete pro ptipad n =1 an = 2.

a) {xeR" |}z =1}
b) {xeR" [} i zi>1}
c) {xeR"|x>0,>" z=1}
d) {xeR" x>0, > " 2;,<1}
&) {x e R" | |x]>=1}
[ {xeR | |xl <1}
g) {(z,y) eR?[2>0,y>0, zy=1}
h) {(z,y) eR* |2 +y* <2} N{(2,y) ER*| (z = 1)* +y* <2}
13.3. Které z nasledujicich mnozin jsou konvexni polyedry? Pokud je mnozina konvexni polyedr,
dokazete ji vyjadrit ve tvaru { x | Ax > b} (tj. jako prunik poloprostoru)?
a) {xeR"[x>0, >, zia;=b, >, x;a? =c}, kde a;,b, ¢ jsou dané skaldry
b) {Cx|x >0, 17x =1}, kde matice C je ddna
c) {Cx|xeR" [x|2 <1}, kde matice C je déna
d) {xeR"||x—al2 <|x—Db|2}, kde a,b jsou ddny

13.4. Méjme vektory ay,...,a,, € R". Pro kazdé i =1, ..., m definujeme mnozinu
Xi={xeR"[[x—ailz <[lx—ajlls, j #7}.

Ukazte, ze mnoziny Xy, ..., X,, jsou konvexni polyedry. Ukazte, Ze tyto mnoziny tvoii
rozklad (zopakujte si, co je to rozklad mnoziny) mnoziny R". Sjednoceni hranic téchto
mnozin se nazyva Voronoiuv diagram. Nakreslete si ho pro n = 2 a m = 4 pro ruzné
konfigurace bodu ay, ..., ay.

13.5. Bude Véta 13.1 platit, pokud v ni souslovi ‘konvexni mnozina’ nahradime souslovim
‘linedarni podprostor’ (ptip. ‘afinni podprostor’, ‘konvexni kuzel’)? Kladnou i zdpornou
odpoved’ dokazte.

Hints and Solutions

13.1.a) Konvexni, protoze pro libovolné a € [0, 1] je aa + (1 — a)b € [a, b].

13.1.b) Konvexni.

13.1.c) Konvexni.

13.1.d) Nekonvexni. Napi. proz =1,y =2, a = % ¢islo ax + (1 — )y = 1.5 neni celé.
13.1.e) Nekonvexni.

13.2.a) nadrovina, konvexni

13.2.b) poloprostor, konvexni

13.2.¢) prunik poloprostoru a nadroviny, konvexni polyedr

13.2.d) prunik poloprostoru, konvexni

13.2.e) sféra, neni konvexni
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13.2.f) koule bez hranice, konvexni
13.2.g) graf jedné vétve hyperboly, neni konvexni

13.2.h) prunik dvou kouli, konvexn{
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Chapter 14

Simplexova metoda

Zde popiseme algoritmus na tfeseni tiloh linedarniho programovani zvany simplexova metoda.
Zapomenme prozatim na tcelovou funkci a zkoumejme mnozinu piipustnych feseni LP ve
tvaru

X={xeR"|Ax=b, x>0}, (14.1)

kde A € R™ ™ je girokd (m < n) matice s hodnosti m, tedy jeji tadky jsou linedrné nezdvislé.

Soustava Ax = b ma nekonec¢né mnoho feseni. Polozime-li vSak n — m slozek vektoru x
rovno nule (tedy u¢inime-li n — m z podminek x > 0 aktivnich), soustava mé nejvyse jedno
feSeni. Tato uvaha vede k nasledujicim definicim:

e Mnozina J C {1,2,...,n} se nazyva baze ulohy, pokud |J| = m a sloupce matice A
s indexy J jsou linearné nezavislé. Tedy sloupce J tvoii regularni matici m x m.

e Vektor x je bazové FeSeni prislusné bazi J, pokud Ax =b a z; =0 pro j ¢ J.
e Bézové Teseni x je pripustné, pokud x > 0.

e Bazové TeSeni x je degenerované, pokud ma méné nez m nenulovych slozek.

e Dvé béze jsou sousedni, pokud maji m — 1 spole¢nych prvku.

Protoze matice A m&a hodnost m, existuje aspon jedna baze a kazdé bazi prislusi prave
jedno bazové Teseni. Bazové feseni vsak muze prisluset vice nez jedné bazi, coz se stane prave
tehdy, kdyz je toto bazové teseni degenerované.

Example 14.1. Let je soustava Ax = b ddna tabulkou (blokovou matici)

-1 1310 21
[A bj=| 10401 4/4]. (14.2)
-1 0 4 11 4|2
e J ={2,3,5} neni béze, protoze sloupce 2, 3,5 matice A jsou linedrné zavislé.

o J = {1,4,5} je baze, protoze tyto sloupce jsou linedrné nezavislé. Bazové feseni x =

(1,9, ..., x¢) prislusné bazi J se najde fesenim soustavy
-1 1 0| [ 1
10 1| |ag| = |4 (14.3)
11 1| |z 2
a polozenim x5 = x3 = xg = 0. Soustava (14.3) mé pravé jedno feSeni, nebot’ jeji

matice je regularni. Dostaneme x = (3,0,0,4,1,0). Toto bazové feseni je piipustné. Neni
degenerované, protoze ma m = 3 nenulovych slozek.
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J = {1,2,4} je baze. Béazové feseni je x = (4,—1,0,6,0,0). Je nepiipustné, protoze
To < 0.

J = {3,4,5} je baze. Béazové feseni x = (0,0,1,—2,0,0) je degenerované, protoze ma
méné nez m = 3 nenulovych slozek.

Stejné bazové feseni x = (0,0,1,—2,0,0) dostaneme volbou baze J = {3,4,6}. Vidime,
ze degenerované bazové feseni odpovida vice nez jedné bazi.

Baze {1,4,5} a {2,4,5} jsou sousedni, protoze maji spole¢né dva prvky {4,5}. Béze
{1,4,5} a {2,4,6} nejsou sousedni. O

14.1 Geometrie simplexové metody

Nésledujici véta udava spojitost mezi algebraickym a geometrickym popisem konvexniho polye-
dru (14.1). Dukaz vynechame.

Theorem 14.1. Pripustnd bazova feseni jsou vrcholy polyedru (14.1). Dvojice sousednich bazi
odpovidaji bud’ jedinému (degenerovanému) vrcholu nebo dvojici vrcholit spojenych hranou.

Dle Definice 13.3 se vSechna minima linearni funkce na konvexnim polyedru X nabyvaji na
néjaké sténé polyedru. Predpokladejme, ze tato optimélni sténa obsahuje alespon jeden vrchol
(to bude platit témér vzdy). Pak se alespon jedno minimum nabyva i v tomto vrcholu. To ndm
dovoluje navrhnout naivni algoritmus na feseni LP: udélame vycet vsech piipustnych bazovych
feSeni a nalezneme to s nejlepsi hodnotou ucelové funkce. Tento algoritmus neni prakticky,
protoze bazovych feSeni je exponencialné mnoho.

Simplexova metoda je efektivnéjsi obména tohoto pristupu: prechézi mezi sousednimi bazemi
tak, ze bazova feSeni jsou stale piipustnd (tedy prechdzi po hranach polyedru X) a ucelova
funkce se zlepsuje (nebo aspon nezhorsuje).

14.2 Stavebni kameny algoritmu

Zde vysvétlime jednotlivé stavebni kameny simplexové metody, které nakonec v §14.3 spojime
v cely algoritmus.

14.2.1 Prechod k sousedni standardni bazi

Simplexova metoda pracuje pouze se standardnimi bazemi, tj. sloupce J jsou (permutované)
vektory standardni béze. To ma vyhodu v tom, ze (i) nemusime kontrolovat, zda jsou sloupce .J
linedrné nezavislé a (ii) nenulové slozky bazového feseni x jsou rovny piimo slozkdm vektoru b.
Na pocatku algoritmu se predpokladd, ze matice A obsahuje standardni bazi.

7 linearni algebry zname ekvivalentni radkové upravy soustavy Ax = b: libovolny radek
tabulky [A b} muzeme vynasobit nenulovym ¢islem a muzeme k nému pricist linearni kom-
binaci ostatnich radku. Tyto upravy neméni mnozinu feSeni soustavy.

Ukézeme, jak ptejit od aktudlni standardni baze J k sousedni standardni bazi, tedy néjaky
sloupec j' € J bézi opusti a néjaky sloupec j ¢ J do béze vstoupi. Let i je tadek, ve kterém
je a;;v = 1. Prvek (i,j) matice se nazyva pivot (angl. znamend cep). Let a;; # 0. Chceme
nastavit pivot a;; na jednicku, vynulovat prvky nad i pod pivotem, a nezménit pfitom sloupce
J\{j'}. Toho se dosédhne témito ekvivalentnimi rddkovymi upravami:
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1. Vydél fadek @ cislem ay;.
2. Pro kazdé i’ # i odecti ay;-ndsobek fadku ¢ od fadku 7.

Rikdme, ze jsme provedli ekvivalentnd dpravu kolem pivotu s indexy (1,7).

Example 14.2. M¢jme soustavu

0 6 10 4[4
[A b]=|1 300 2|3 (14.4)
0 101 21

e

se (standardni) bazi J = {1,4,5}. Vidime ihned odpovidajici bazové feseni, x = (3,0,0,4, 1,0).

Chceme nahradit bazovy sloupec j° = 1 nebdzovym sloupcem j = 2, tedy prejit k sousedni
bézi {2,4,5}. Méame i = 2, tedy pivot je prvek age (v tabulce ordmovan). Ekvivalentnimi
radkovymi tupravami musime docilit, aby pivot byl roven jedné a prvky nad nim a pod nim
byly nulové. Pfi tom smime zménit sloupec 1, ale sloupce 4 a 5 se zménit nesméji. Toho se
docili vydélenim tddku 2 ¢islem ags (coz zde nemd zadny efekt, protoze ndhodou agy = 1) a pak
prictenim vhodnych ndsobku fadku 2 k ostatnim fadkum. Vysledek:

-2 0010 0|-2
[A bj=| 113002 3
1 0401 4 4
Nyni sloupce {2,4,5} tvoii standardni bazi. O

14.2.2 Kdy je sousedni bazové resSeni pripustné?

Uvedenym zpusobem muzeme od aktudlni baze prejit k libovolné sousedni bazi. Pfitom nové
bazové teseni muze nebo nemusi byt pripustné. Je-li aktudlni bazové teseni pripustné, jak
pozname, zda i nové bazové feseni bude pripustné?

Protoze nenulové slozky bazového teseni x jsou rovny slozkam vektoru b, bazové reseni je
pripustné pravé tehdy, kdyz b > 0. Let v aktudlni tabulce je b > 0. Proved’'me ekvivalentni
upravu kolem pivotu (7, j). Hleddme podminky na (7, j), za kterych bude i po ipravé b > 0.

Po ekvivalentni ipravé kolem pivotu (i, j) se vektor b zmeéni takto (viz §14.2.1):

e b; se zmeéni na b;/a;;,

e pro kazdé i’ # i se by zmeéni na by — ay;b;/a;;.

Tato ¢isla museji byt nezaporna. To nastane pravé tehdy, kdyz plati nasledujici podminky:

Qij > 0, (145&)

b; by
pro kazdé i’ # i plati ay; < 0 nebo — < , (14.5b)
Qg5 Q4

kde 'nebo’ je uzito v nevylucovacim smyslu. Podminka (14.5a) je zfejma. Podminka (14.5b) je
ekvivalentni podmince by — a;;b;/a;; > 0, nebot’” a;; > 0, b; > 0, by > 0 (rozmyslete!).

Example 14.3. Uvazujme opét tabulku (14.4).
e Ekvivalentni tiprava okolo pivotu (i, 7) = (3,2) nepovede k pfipustnému bazovému feseni,
nebot’ a;; = —1 < 0, coz porusuje podminku (14.5a).
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e Ekvivalentni tiprava okolo pivotu (i, 7) = (2,2) nepovede k pripustnému bazovému fesent,
nebot’ pro 7’ =1 je ay; >0 a % > %, tedy podminka (14.5b) je porusena.
e Ekvivalentni tiprava okolo pivotu (i,j) = (3,6) povede k pripustnému bazovému feseni.

Podminky (14.5) jsou splnény, nebot’ a;; =2>0a 1 <1, 3 < 2. O

14.2.3 Co kdyz je cely sloupec nekladny?

Jestlize jsou vSechny prvky v néjakém nebazovém sloupci j nekladné, vime z podminky (14.5a),
ze tento sloupec se nemuze stat bazovym. Plati ale navic, ze souradnice z; bodu x se muze
libovolné zvétsovat a bod x presto zustane v polyedru X. Tedy existuje polopfimka s poc¢datkem
v x lezici celd v polyedru X. Tedy polyedr X je neomezeny.

Example 14.4. Let [A b] je tabulka

0 -2 610 4[4
1 -1 300 2|3
0 -1 10121
x=3 0041 0]

s béazi {1,4,5}. Pod tabulkou je napséno bézové feseni x. Kdyz se x5 bude libovolné zvétso-
vat, zménu lze kompenzovat soucasnym zvétsovanim bazovych proménnych x, x4, x5 tak, ze
vektor Ax zustane nezménén a tedy roven b. Konkrétné, vektor pro kazdé o > 0 bude vektor
x = (3,0,0,4,1,0) + a(1,1,0,2,1,0) spliovat Ax =b ax > 0. O

14.2.4 Ekvivalentni upravy ucelového radku

Dosud jsme provadeéli ekvivalentni radkové ipravy pouze na soustavé Ax = b a tcelové funkce
si nev§imali. Tyto tpravy lze rozsitit na celou ulohu LP véetné tcelové funkce. Nebudeme
ucelovou funkci uvazovat ve tvaru ¢’ x, ale v mirné obecnéjsim tvaru ¢’ x — d. Tedy fesime LP

min{c’x —d|Ax=b, x>0} (14.6)
Ulohu budeme reprezentovat simplexovou tabulkou
{‘i ]ﬂ | (14.7)
Prictéme k tcelovému fddku [¢” d] libovolnou linedrni kombinaci y” [A b] ostatnich
radku [A b}, kde y jsou koeficienty linearni kombinace. Ukazeme, Ze tato tuprava zachova
hodnotu téelové funkce ¢’'x — d pro kazdé x spliujici Ax = b. Novy tcelovy fadek bude
(™ d]+y"[A b]=[cT+yTA d+yTb].
Nova tcelova funkce bude tedy
(" +y"A)x — (d+y'b)=c'x —d+y'(Ax — b).

Ale to je rovno c¢’x — d pro kazdé x spliiujici Ax = b.
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14.2.5 Co udéla prechod k sousedni bazi s ticelovou funkci?

Let J je standardni baze. Pri¢téme k tcelovému tfadku takovou linedrni kombinaci ostatnich
radki, aby pro vSechna j € J bylo ¢; = 0 (novému vektoru c se pak fikd redukované ceny).
Protoze bazové feseni x je v nebazovych sloupcich nulové, znamens to ¢’x = 0. Tedy hodnota
ticelové funkce cTx — d v bazovém feSeni x je rovna jednoduse —d.

Navic je snadno vidét, co udéld prechod k nové bazi s ucelovou funkei. Let j' je sloupec
opoustéjici bazi a j je sloupec vstupujici do baze. Pfi prechodu k nové bézi se ¢islo z; stane
nulovym a ¢fslo z; se zvétsi z nuly na kladné (nebo se nezméni). Protoze ¢ = 0, ¢islo ¢?x —d
pii ¢; > 0 stoupne (nebo se nezméni) a pii ¢; < 0 klesne (nebo se nezmeni).

Example 14.5. M¢jme tlohu se simplexovou tabulkou

1 -2 -3 -1 2 1|4
c"dl _ |0 2 6 10 4[4
{Ab}_1130023’

0 -1 1 01 21

kde J = {1,4,5}. Slozky vektoru c v bazovych sloupcich vynulujeme tak, ze k ucelovému radku
pricteme prvni fadek, odecteme druhy tadek, a ode¢teme dvojnasobek tfetiho radku:

0 1 -2 00 —-11]3
0 6 1 0 4|4
1 1 300 2|3
0 -1 101 2|1
x=3 0 041 0

Pod tabulku jsme napsali bazové feseni x. Nyni je ¢’x = 0, a tedy hodnota t¢elové funkce v
bazovém feSeni je c’x —d = —d = —3.

Dejme tomu, ze chceme pridat do baze nebazovy sloupec 2 a vyloucit z ni néktery z bazovych
sloupct {1,4,5}. Po tomto pfechodu se x5 stane kladné nebo zustane nulové a jedna ze slozek
X1, T4, 5 se vynuluje. Protoze ¢; = ¢4 = ¢5 = 0, zména x1, x4, x5 se na ucelové funkci neprojevi
a ta se zmeéni o coxy. Kritérium tedy stoupne nebo zustane stejné, protoze co = 1 > 0. O

Pokud v nékterém sloupci j je ¢; < 0 a a;; < 0 pro vSechna 4, pak muzeme promén-
nou x; libovolné zvétsovat (viz §14.2.3) a tcelovou funkei libovolné zmensovat. Uloha je tedy
neomezena.

14.3 Zakladni algoritmus

Spojenim popsanych stavebnich kamenu dostaneme iteraci simplexového algoritmu na teseni
tlohy (14.6). Tterace prejde k sousedni standardni bazi takové, ze bazové Feseni zustane pii-
pustné a ucelova funkce se zmensi nebo alespon nezméni. Vstupem i vystupem iterace je
simplexova tabulka (14.7) s témito vlastnostmi:

e podmnozina sloupcu A tvoii standardni bazi J,
e bazové feseni odpovidajici této bazi je pripustné, b > 0,

o slozky vektoru ¢ v bazovych sloupcich jsou nulové, ¢; = 0 pro j € J.
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Iteraci se provede v téchto krocich:
1. Vyber index j pivotu tak, aby ¢; < 0 (viz §14.2.5).
2. Vyber index ¢ pivotu podle podminek (14.5). Z téchto podminek plyne (promyslete!)

(14.8)

: . by
7 € argmin
i [a; ;>0 Qilj

kde argmin; |, , o 0znacuje, Ze se minimalizuje pres viechna i" splitujici a;; > 0.
i’
3. Udélej ekvivalentni tipravu okolo pivotu (7, j) (viz §14.2.1).

4. Udélej ekvivalentni dpravu tucelového fadku, ktera vynuluje ¢; v novém bézovém sloupci j
(viz §14.2.5).
Algoritmus, ktery opakuje uvedenou iteraci, nazveme zakladni simplexovy algoritmus.
Algoritmus konéi, kdyz uz nelze iteraci provést. To nastane z jednoho z téchto duvodi:

e Vsechny koeficienty c; jsou nezédporné. Ucelovou funkei nelze zlepsit a jsme v optimu.

e V nékterém sloupci j je ¢; < 0 a a;; < 0 pro vSechna i. Uloha je neomezena.

Vybér indexu (i,7) pivotu v krocich 1 a 2 nemusi byt jednoznaény, tedy muze byt vice
sloupcti j s vhodnym znaménkem c¢; a vice fadku ¢ muze splilovat podminky (14.5) (tedy muze
byt vice argumentti minima v podmince (14.8)). Algoritmus, ktery vybira jediny pivot z téchto
moznosti, se nazyva pivotové pravidlo.

Ztidka se algoritmus muze dostat do stavu, kdy cyklicky prochézi stale stejnou mnozinu bazi,
které odpovidaji jedinému degenerovanému bazovému feseni a tedy tcelova funkce se neméni.
Tomuto problému cykleni se dé zabrénit pouzitim vhodného pivotového pravidla (nejzndméjsi
je Blandovo anticyklici pravidlo), které ale popisovat nebudeme.

Example 14.6. Vyfeste linedrni program (14.6) simplexovou metodou, kdyz vychozi simplex-
ova tabulka (14.7) je

0 -2 100 =3[0
0 26 10 4|4
1 1300 23"
0 -1 101 1
Béze je J = {1,4,5} a bazové tesenf x = (3,0,0,4,1,0).

Ucelovy fadek budeme nazyvat nulty, ostatni pak prvy, druhy atd. Prvni iterace simplex-
ového algoritmu se provede v téchto krocich:

1. Vybereme sloupec 7, ktery vstoupi do baze. To muze byt libovolny sloupec, ktery ma v
nultém radku zaporné cislo. Je rozumné vzit nejmensi takové cislo, zde —3, tedy 7 =6.

2. Vybereme iddek i pivotu dle (14.8) nalezenim argumentu minima z ¢isel 4 T 2, 2 Bude tedy
¢ = 3. Vysledny pivot je oznacen rameckem. Vsimnéte si, ze fadek ¢ = 3 ma v aktudlni
bazi jednicku ve sloupci 5, sloupec 5 tedy bazi opusti.

3,4. Udeélame ekvivalentni tpravu okolo pivotu (4, j) a zaroven vynulujeme ¢islo ¢;. Neboli
chceme, aby se z pivotu a,; stala jednicka a nad i pod pivotem byly nuly, a to véetné nultého
fadku. Tedy nejprve treti radek vydélime dvéma a potom k nultému fadku piicteme
trojnasobek ttetiho radku, od prvniho fadku odecteme ¢tyinasobek tretiho tadku, a od
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druhého radku odec¢teme dvojnasobek tretiho radku.

Vsimnéte si: k zadnému fadku nikdy

nepri¢itame nasobky jiného fadku nez pivotového. Vysledek:

0 —35 25 0 15
0 41 -2
1 2 20 -1
0 —0.5 05 0 05

015
0| 2
0| 2
1105

Na konci prvni iterace mame bazi J = {1,4,6}, bazové feseni x = (2,0,0,2,0,0.5), a hodnotu

ucelové funkce —d = —1.5.
Druha iterace: pivot je ve sloupci j = 2. Jeho tadek

najdeme dle (14.8) porovndnim ¢isel

%, %, tedy ¢ = 1. Vysledek druhé iterace:
0 0 6 0875 —0.25 0]3.25
011 025 —-05 0] 05
100 —05 00 1
00 1 0125 1]0.75
Vysledek treti iterace:
007 10 1[4
013 050 2|2
100 —0500]1
004 05 1 4|3

Protoze vSechna cisla v ticelovém tadku jsou nezaporna, algoritmus konéi. Uloha ma optimalni

reseni s hodnotou —4 v bodé (z1, z9, 3, 24, x5, 7¢) = (1,2,0,0,3,0).

Example 14.7. Let simplexova tabulka (14.7) je

O

-2 6 10 0]0
-1 -1 -1 1 0]2
-1 -2 0 1|1
Tabulka po prvni iteraci je
0 5 -1 0 1] 1
0 —15 =2 1 0525
1 =05 —1 0 0505

Podle nultého tadku by dalsi pivot mél byt ve tretim sloupci. Ale éisla a;3 jsou vSechna zaporna
(viz §14.2.3). Tedy tloha je neomezena. V nové tabulce je vidét, ze muzeme zvétSovat xs

libovolné a kompenzovat to vhodnym nartustem x, a x4.

Jelikoz ¢; = ¢4 = 0, zmény x1 a x4 se

na ucelové funkci neprojevi a jediny vliv na ni bude mit x3, které ho bude libovolné zmensovat.[]

14.4 Inicializace algoritmu

Na zacatku zakladniho simplexového algoritmu musi byt

min{ch]AX:b, x>0},
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kde matice A obsahuje standardni bazi a b > 0. Ukazeme, jak lze obecnou tlohu LP prevést
na tento tvar.

Nékdy je pfevod snadny. Pokud m4 tloha tvar min{c’x | x € R", Ax <b, x>0} a
plati b > 0, pridame slackové proménné u > 0 a omezeni prevedeme na Ax +u = b. Uloha
tedy bude mit simplexovou tabulku

T
c 00
A I b|’

ve které sloupce prislusné proménnym u tvoii standardni béazi.
Example 14.8. Vyfeste simplexovym algoritmem:
min —3%1 — T9 — 3.1'3

za podminek 2z + 29 + 23 <2
331+2£E2+3£E3§5

201 + 229 + 23 < 6

xy, 22,23 20

Pridame slackové proménné uq, uq, us > 0, abychom omezeni uvedli do tvaru rovnosti:

min —3x; — X9 — 373
za podminek  2xy + X2 + x3 4+ wy =2
LL’1+2$2+3$3 + Uo =35
2:L'1+2£L‘2+ I3 +U3:6

X1, T2,T3, U1, U2, U3 Z 0

Zde je vychozi simplexové tabulka:

-3 -1 -3 0 0 00
2 1 11002
1 2 301015
2 2 10016 0

14.4.1 Dvoufazova simplexova metoda

Pokud je tiloha zadéna v obecném tvaru, operacemi z §12.1 ji 1ze vzdy prevést do tvaru (14.9).
Vynasobenim vhodnych fadkta zapornym ¢islem vzdy zajistime b > 0, matice A ale nemusi

vvvvvv

je pripustna. V tomto pripadé nejdiive vytesime pomocnou ilohu LP, kterd najde néjaké (ne
nutné optimdlni) piipustné reseni. Z néj pak ziskdme standardni bazi. Pomocna tloha je

min{17u | Ax+u=b, x>0, u>0} (14.10)

o 17 o0

A I b|’
Pro libovolné u > 0 je 17u > 0, pficemz 17u = 0 prévé tehdy, kdyz u = 0. Tedy tloha (14.9) je
piripustnd pravée tehdy, je-li optimélni hodnota tlohy (14.10) rovna 0. Na pocatku tvoii sloupce

prislusné proménnym u standardni bazi, lze tedy na ni pustit zakladni simplexovy algoritmus.
Ten muze skoncit dvéma zpusoby:

a ma simplexovou tabulku
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e Pokud je optimum vétsi nez 0, pak tloha (14.9) je nepiipustna.

e Pokud je optimum rovno 0, pak tloha (14.9) je pripustnd. Pokud neni optimalni feseni (x, u)
tlohy (14.10) degenerované, po skonceni simplexového algoritmu jsou vsechny bazové
proménné kladné. Protoze u = 0, proménné u budou tedy nebazové. Proto mezi sloupci
prislusnymi proménnym x bude existovat standardni béze.

Pokud je optimélni feseni (x,u) tlohy (14.10) degenerované, nékteré proménné u mohou
byt na konci algoritmu bazové. Pak je nutno udélat dodateéné upravy kolem pivotu ve
sloupcich piislusnych bazovym proménnym u, abychom tyto sloupce dostali z baze ven.

Nalezeni néjakého piipustného feseni v pomocné tloze (14.10) se nazyva prvni faze a feseni
puvodni dlohy pak druha faze algoritmu, mluvime tedy o dvoufazové simplexové metodeé.

Example 14.9. Reste

min —20x; — 302y — 4023

za podminek 31 + 2x9 + 23 =10
T + 2.7}2 + 21’3 =15
Ty, 22,23 = 0

Mame sice b > 0, ale neni jasné, zda existuje pripustné x, tim méné neni vidét standardni
béaze. Provedeme prvni fazi algoritmu. Pomocnd tloha bude

min Uy + Us

za podminek 3z 4+ 229 + 23 + uy =10

$1+2$2+2$3 +'LL2:15

r1,T2,T3, U1, U2 Z O

s tabulkou

00 011 ‘ 0
3 21 1 010
1 2 2 0 115

Sloupce nad pridanymi proménnymi tvoii standardni bazi, muzeme tedy na pomocnou ulohu
pustit zéakladni simplexovy algoritmus. Po vynulovani ceny nad bazovymi proménnymi budou
kroky algoritmu vypadat takto:

-4 -4 -3 0 0] —-25

3 20 1 1 0| 10
1 2 2 0 1| 15

2 0 -1 2 0] =5
1.5

-2 0 [1] -1 1| 5

—_
<
ot
<
ot
=}
ot

0O 0 0 1 1 0
251 0 1 —=05| 25
-2 0 1 -1 1 )

Optimum je rovno 0, tedy puvodni tloha je pripustnd. Proménné wuy, us jsou nebazové a tedy
rovny nule, bdzové proménné jsou x, r3. Ted tedy muzeme zacit druhou fézi (feseni puvodni
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ulohy) s pocatecni tabulkou

—20 =30 —40| 0
25 1  0]25
-2 0 1| 5 O

14.5 Cviceni

14.1.

14.2.

14.3.

14.4.

14.5.

V tabulce oznacte vSechny pivoty takové, ze ekvivalentni tprava kolem nich povede k
pripustnému bazovému treseni:

0 2 610 -4 3 0|4
1 1 -3 00 2 303
A b= 1 101 -2 -3 01
0o -2 200 2 -1 1|1
Zapiste linearni program
min —x; — x4 — 35
za podminek 2z + T4+ x5+ a6 =2
—x1 + To + 2x4 + 3x5 =4
211 4+ x3 + 2x4 — x5 =06

X1,x2,T3,T4,Ts5,Te Z 0

do simplexové tabulky. Predpoklddejte, ze aktudlni baze je {2,3,6}. Jaké je aktudlni
bazové feseni? Je toto bazové feseni pripustné. Je degenerované? Pokud je to mozné,
udélejte jeden krok simplexového algoritmu. Pokud to mozné neni, vysvétlete proc.

Vyfteste simplexovou metodou:

max 2r1 — X9 — 3x3

za podminek —2x; — x9 + x3 <2
—21 4+ 229 — 323 < D

—2x1 — 49 + 23 <6

T1,To,x3 > 0

Vyfteste simplexovou metodou (navzdory tomu, ze lze fesit dvahou):

max 6x1 + 929 + b3 + 914

za podminek x4+ 29+ 23+x4=1
X1,T2,T3,T4 Z 0

Let tloha (14.6) ma vice nez jedno optimélni feseni. Jak se to poznd v simplexové tabulce?
Navrhnéte algoritmus, jehoz vystupem bude vycet vSech optimélnich bazovych feseni.
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14.6. Upravte do vhodného tvaru a vyteste dvoufazovou simplexovou metodou:

max  3x; — 4x9

za podminek —2x; — bxy < 10
v+ 2 <3

—2x1 + 19 < -2

T Z 0

) < -1

Hints and Solutions
14.6. Optimum je (x1,z2) = (25, —36)/13.
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Chapter 15

Dualita v linearnim programovani

Ke kazdé tloze LP lze sestavit podle dale popsaného postupu jinou tlohu LP. Novou tlohu
nazyvame dualni, puvodni tlohu nazyvame primarni ¢i primou. Konstrukce je symetricka:
dualni tloha k dudlni 1loze je puvodni tloha. Tedy ma smysl rikat, ze primarni a dudlni tiloha
jsou navzajem dudlni. Dvojice dudlnich tloh je svazana zajimavymi vztahy.

15.1 Konstrukce dualni dlohy

K tloze LP v obecném tvaru (viz §12.1) se dudlni tloha ziskd dle tohoto postupu:

min Y ¢;x; max . by
= iel
za podm. Y a;;x; = b, za podm. i € R, 1€ I
jeJ
Zaijijbi yzZO, i€I+
=
Zaijxjgbi ylg(), 1€ 1
jeJ
z; €R > aiy; = ¢y, Jj€Jo
iel
Ij ZO Zaijyi SCJ, j€J+
i€l
z; <0 Y aijYi > ¢, JEJ-
i€l

V levém sloupci je primarni tloha, v prostfednim sloupci je z ni vytvorena dudlni dloha. V
pravém sloupci jsou mnoziny indexu pro obé lohy: I = {1,...,m} = Iy U I, UI_ je indexova
mnozina primérnich omezeni a dudlnich proménnych, J = {1,...,n} = JyUJ,UJ_ je indexova
mnozina primarnich proménnych a dudlnich omezeni.

Vsimnéte si nasledujici symetrie: ¢-tému primarnimu omezeni Zj a;jz; > b; odpovida dudlni
proménnd y; > 0. Opacné, j-ta primdrni proménnd x; > 0 odpovidd j-tému dudlnimu omezeni
> aijyi < ¢j. Podobné pro ostatni radky.

Pro specialni tvary LP se dvojice dualnich 1loh prehlednéji napise v maticové formé. Napt.
pro Iy = I_ = Jy = J_ = () obdrzime

min c’'x max bly
za podm. Ax > b za podm. y>0 (15.1)
x>0 ATy <c
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15.2 Véty o dualité

Nésledujici véty plati pro obecny tvar LP, ale dukazy udélame pouze pro specidlni tvar (15.1).
V diikazech si véimnéte, ze bTy = y'b a ATy < ¢ je totéz jako yTA < c?.

Theorem 15.1 (o slabé dualité). Let x je pripustné primarni reseni a 'y pripustné dudlni
reseni. Pak c'x > b'y.

Proof. Diky pifpustnosti x a y plati yTA < ¢’ a x > 0, z ¢ehoz plyne (proc?) y? Ax < c’x.
Podobné, diky pifpustnosti x a y plati Ax > b ay > 0, z é¢ehoz plyne y" Ax > y’b. Z toho

cI'x > yT'Ax > y'b. (15.2)
]

Theorem 15.2 (o silné dualité). Primdrni iiloha md optimdlni reseni pravé tehdy, kdyz ma
dualni uloha optimalni reseni. Ma-li primarni tiloha optimalni reseni x a dualni tiloha optimalni
reseni y, plati c’x = b'y.

Diukaz véty o silné dualité neni jednoduchy a vynechame jej. Véty o slabé a silné dualité
maji jasnou interpretaci: pro pripustnd x a y neni hodnota dudalni tcelové funkce nikdy veétsi
nez hodnota primarni ucelové funkce a tyto hodnoty se potkaji ve spole¢ném optimu:

mozné hodnoty y”b pro pitipustnd y mozné hodnoty ¢’x pro piipustnd x

A

spoleéné optimum ¢’x =y’b

Theorem 15.3 (o komplementarité). Let x je pripustné primérni feSenf a'y pripustné dualni
feseni. Pak c'x = bly pravé tehdy, kdyz zdroveri plati tyto dvé podminky:

Yi (Z aij — bi) =0 Viel, (15.3a)
jeJ

X (Z Qi5Y5 — Cj) =0 \V/j e J (153b)
iel

Vsimnéte si, co podminky (15.3) fikaji: na kazdém tadku ve dvojici dudlnich loh je vzdy
alesponi jedno omezeni aktivni, bud" primarni nebo dudlni (pficemz omezeni typu rovnosti
bereme vzdy za aktivni).

Proof. Pro libovolné vektory u,v > 0 plati
Vi(u; =0mnebov; =0) <= Vi(uyw;=0) <= ulv=0.

Protoze x a 'y jsou piipustné, podminky (15.3) je tedy mozno psat jako

y (Ax —b) =0, (15.4a)
(c’ —y"A)x =0, (15.4D)

neboli
c'x =y"Ax =y'b. (15.5)
Vztah (15.5) zjevné implikuje ¢’x = yTb. Obricené, c!x = y'b implikuje (15.5), nebot’ jsme
diive ukazali, Ze pro pripustné x,y plati (15.2). O
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Example 15.1. M¢jme dvojici navzajem dualnich uloh LP:

min 2x; + 5x9 + 63 = 5.4 max 3y; + Yo +3ys — ys = 54
3= 2.%’1 + X9 + 21‘3 2 3 0.2 = U1 Z 0
24= 1+ 2294+ 223> 1 0= Yo > 0
3= $1—|—31’2—|— 1'32 3 1.6 = Ys Z 0
—06= —x;+ x93 — 223> —1 0= ys > 0
1.2 = T > 0 2= 21+ Yo+ ys— @< 2
0.6 = X9 > 0 5= Y1 + 2y2 + 3y3 + yu < 9
0= xz3 > 0 2= 2y +2y2+ ys — 24 < 6

Spocetli jsme optimalni feseni obou uloh a dosadili tato feseni do icelovych funkei a do omezeni.
Hodnoty optimélnich feseni x* = (1.2,0.6,0) a y* = (0.2,0,1.6) a hodnoty omezeni a t¢elovych
funkei v optimech jsou napsané tucné pred/za rovnitky. Dle véty o silné dualité se optima
rovnaji. Vezmeme-li libovolny faddek (kromé icelového), je na ném alespon jedno z obou omezeni
aktivni. Napf. ve druhém tadku je primarni omezeni 2z, +x9+2x3 > 3 aktivni a dudlni omezeni
y1 > 0 je neaktivni. Podle véty o komplementarité se nemuze stat, ze by na nékterém radku
byly obé omezeni zaroven neaktivni (mohou byt obé ale zdroven aktivni, coz zde nenastéva, ale
muze to nastat v piipadé degenerace). 0

Predlozime-li ptipustnd primérni a dudlni feseni takova, ze se ucelové funkce rovnaji, dokazali
jsme optimalitu obou tloh. Pro velké ulohy to muze byt nejsnadnéjsi dukaz optimality.

Méame-li dudlni optimalni feseni, jak z néj co nejlevnéji spocitat primarni optimalni feseni?
Obecné je k tomu nutno vyftesit soustavu linedrnich nerovnic (coz neni o moc snadnéjsi nez
vytesit linedrni program). Neékdy ale postaci vyfesit soustavu rovnic.

Example 15.2. Je ddna primarni iloha z Prikladu 15.1. Zkuste dokazat bez pouziti algoritmu
na feseni LP, ze x = (21, x9,23) = (1.2,0.6,0) je optimdlni FeSeni primarni tlohy (pficemz
optimélni duélni feseni y neni zadéno).

Pomoci véty o komplementarité zkusime z daného optimalniho x zkusime spocitat opti-
malni y. Protoze jsou druhé a c¢tvrté primarni omezeni neaktivni, z komplementarity plyne
yo = ys = 0. Protoze z; > 0 a x5 > 0, z komplementarity musi byt prvni a druhé dudlni
omezeni aktivni. Mame tedy soustavu linearnich rovnic

20 + Y3 =2

Y1 + 3ys =95 (15.6)

kterd ma jediné feseni (yi,y3) = (0.2,1.6). Tedy y = (0.2,0,1.6,0). Toto dudlni Feseni je
pripustné (tj. spliiuje vSechna dudlni omezeni). Protoze se hodnota primarni ucelové funkce v
bodé x rovna hodnoté dualni ticelové funkce v bodé y, museji byt x a y optimalni feseni.
Tento postup nemusi vést vzdy k cili. Pokud by dudlni dloha by méla nekonecné mnoho
optimalnich feseni, soustava (15.6) by méla nekoneéné mnoho feseni (méla by napt. vice promén-
nych nez nezndmych). Z nich by bylo nutno vybrat piipustnd duélni feseni, tedy y > 0. Museli
bychom tedy tesit soustavu rovnic a nerovnic. 0

Zkoumejme, jak se zmén{ optimdlni hodnota tilohy min{c¢’x | Ax > b, x > 0}, jestlize
nepatrné zménime pravé strany omezeni b. Odpovéd’ je snadno vidét v dudlu.
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Theorem 15.4 (o stinovych cendach). Let funkce f: R™ — R je definovana jako
f(b) =min{c’x|Ax>b, x>0} =max{bly | ATy <c, y>0}.

Jestlize ma dualni uloha pro dané b jediné optimalni reseni y*, pak je funkce f v bodé b
diferencovatelnd a plati f'(b) = y*T, neboli df(b)/0b; = y;.

Proof. Je-li y* dudlnf optimaln{ fesenf pro dané b, je f(b) = bly*. JelikoZ je toto optimalni
feseni jediné, nabyvé se ve vrcholu polyedru ptipustnych feseni {y € R™ | ATy < ¢, y >0},
viz obrazek:

\3:*\

Aly<c,y>0

b

Zménime-li nepatrné b, optimalni dudlni feseni y* se nezméni a zustane jediné (toto oduvodnéni
neni zcela rigordézni, ale geometricky je dostateéné nazorné). Tedy pii malé zméné vektoru b je
hodnota optima stale rovna f(b) = bTy*. Derivaci ziskdme f’(b) = y*T. O

Zduraznéme predpoklad jednoznacnosti optimélniho feseni. Kdyby mnozina dualnich opti-
malnich teseni byla ne jediny vrchol, ale sténa vyssi dimenze, po malé zméné tucelového vektoru
b by se optimélni sténa mohla stat vrcholem a funkce f by tedy v bodé b nebyla diferencov-
atelna.

Protoze b je zaroven vektor pravych stran primarni tlohy, optimalni dualni proménné y*
vyjadruji citlivost optima primarni tlohy na zménu pravych stran primarnich omezeni Ax > b.
Interpretujeme-li nase LP jako optimdlni vyrobni pldn (12.7) (pozor, lisi se obréacenou nerovnosti
v omezeni), pak hodnota y; iikd, jak by se nds vydélek zvétsil, kdybychom trochu uvolnili
omezen{ na vyrobn{ zdroje alx < b;. V ekonomii se proto dudlnim proménnym ifkd stinové
ceny primérnich omezeni.

Vsimnéte si, ze véta o stinovych cenach je ve shodé s vétou o komplementarité. Pokud
yr =0, je al'x < by, tedy mald zména b; nema na optimum vliv.

Example 15.3. Let je znamo, ze dudlni tdloha v Piikladu 15.1 méa jediné optimalni feSeni.
Stinova cena prvniho primarniho omezeni 221 +x9+2x3 > 3 je y; = 0.2. Zménme pravou stranu
b1 = 3 tohoto omezeni o malou hodnotu A = 0.01 a zkoumejme, jak se zméni optimum. Tato
zména nezméni argument y* dudlniho optima, pouze jeho hodnotu b”y*. Podle silné duality
hodnota primarniho optima musi byt rovna hodnoté dudlniho optima (argument x* primarniho
optima se muze néjak zménit, to nds ale nezajima). Dvojice tloh tedy bude vypadat takto:

min 2x; + 5x9 + 6z3 = 5.402 max 3.01y;, + wyo + 3ys — ys = 5.402
T + 229 + 223 > 1 0= Yo > 0

Ty + 3r9 + w3 > 3 1.6 = Y3 > 0

—x1 + X9 — 213 > -1 0= Yg > 0

1 > 0 2= 200+ Yo+ ys — ys < 2

Ty > 0 5= Y1+ 2y2 + 3ys + ya < i)

T3 > 0 2= 21 + 2y2 + Y3 — 2ys < 6
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V okoli bodu b = (3,1,3,—1), ve kterém se nemén{ optimélni y*, bude f(b) = b’y* a tedy
hodnota spoletného optima se zméni o h - df(b)/0b; = h-y; = 0.2-0.01 na 5.402. O

15.3 Priklady na konstrukci a interpretaci dualnich tloh

Dualita umoznuje vhled do feseného problému, ¢asto velmi netrivialni. Abychom danou tlohu
(fyzikélni, ekonomickou ¢i jinou) popsanou linedrnim programem porozuméli do hloubky, je
casto tfeba pochopit vyznam nejen primarni ilohy, ale i dudlni ulohy a vét o dualite.

Example 15.4 (Ekonomicka interpretace duality). Vrat'me se k Piikladu 12.6 o vyrobci
lupinku a hranolku z brambor a oleje. Napisme k této tloze dualni ulohu:

max 1200 + T76h min 100a + 165
za podm. 2l + 1.5h < 100 za podm. a> 0
0.4l + 0.2h < 16 b> 0
[> 0 2a + 0.4b > 120
h> 0 1.5a + 0.2b > 76

Ptijde ptekupnik a chce koupit od vyrobce jeho zdsoby brambor a oleje. Piekupnik fesi tuto
toto je vyznam dudlni 1lohy.

Vskutku, Let a,b oznacuji nabizenou cenu za jednotku brambor a oleje. Piekupnik chce
minimalizovat celkovou cenu za suroviny 100a + 160. Musi byt 2a 4 0.4b > 120, nebot’ jinak by
vyrobci vice vyplatilo vyrobit ze vsech brambor a oleje lupinky a prodat je, nez prodat suroviny.
Ze stejného duvodu musi byt 1.5a + 0.2b > 76. Optimalni dudlni feseni je a = 32 a b = 140.

Toto je dalsi duvod (kromé Véty 15.4), pro¢ se optiméalnim dudlnim proménnym nékdy tika
stinové ceny odpovidajicich priméarnich omezeni. Napf. stinova cena brambor je 32 Ké/kg. O

Example 15.5 (Fyzikdlni interpretace duality). Uvazujme dvojici duédlnich tiloh
min{c’x | Ax > b, x € R"} = max{b’y | ATy =c,y >0}

Uvazujme néasledujici ‘analogovy pocitac’. Mé&jme polyedr tvofeny tiemi poloprostory alx > b;
a vektor ¢ mitici svisle vzhuru:
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Hod’me do polyedru maly micek, na ktery pusobi tithova sila —c. Micek s pozici x ma potencialni
energii ¢’x. Micek se bude pohybovat do té doby, nez nalezne misto s nejmensi potencialni

V bodé x* je micek v klidu a proto pro néj plati rovnovéaha sil: ttha —c se vyrovnava silami
stén. Tedy existuji skaldry y; > 0 tak, ze ¢ = >, yfa; = ATy*. Skaldry y; jsou nezdporné,
protoze stény pusobi silou jen dovniti polyedru, ne ven.

Pokud al x* > b;, micek se i-té stény nedotyka. V tom piipadé je sila stény na micek nutné
nulovd, yf = 0. Proto pro kazdé i plati y;(alx* — b;) = 0, coz jsou podminky (15.3). Dle véty
o komplementarité tedy je ¢’x* = bly*.

Zduraznéme, ze tato uvaha nedokazuje zadnou z vét o dualité. Predpoklada totiz platnost
fyzikalnich zakonu, které nelze matematicky dokazat ale pouze experimentalné pozorovat. [

Example 15.6. M¢jme tlohu

n

min{ ¢’x | 17x =1, XZO}:min{

Zn:.flfi:l, ‘T,LZO},

=1

CiT;
1

1=

kde ¢ = (c1,...,¢,) je ddno a optimalizuje se pres x = (x1,...,2,). Napiste dudlni dilohu a
iterpretujte véty o silné dualité a komplementarité.

Uvahou snadno vidime (viz Piiklad 12.2), ze optimalni hodnota je min ; ¢; a nabyva se ve
vektoru x jehoz vsechny slozky jsou nulové kromeé slozek piislusnych minimalnimu ¢;. Pokud je
vice minimélnich prvku ¢;, optimélni x neni dédno jednoznacéné. Napf. pro ¢ = (1,3, 1,2) bude
optiméalnim fesenim kazdé x = (1,0, x3,0) pro 1, x5 > 0 spliujici z; + x5 = 1.

Podle nadvodu na konstrukei dudlni ulohy dostaneme duél

max{y ER |yl <c}=max{yeR|y<g¢,i=1,...,n}.

Neboli hleda se nejvétsi cislo y, které je mensi nez vsechna cisla ¢;. Takové ¢islo y se rovna
minimu z ¢isel ¢;. Tedy plati silna dualita.

Podminky komplementarity fikaji, ze v optimech bude alesponi jedno z odpovidajici dvojice
primérni-dualni omezeni aktivni. Dvojice omezeni ) . x; = 1, y € R spliuje podminky kom-
plementarity trivialné. Dvojice omezeni x; > 0, y < ¢; je spliuje pravé tehdy, kdyz je splnéna
aspon jedna z rovnosti x; = 0, y = ¢;. To znamena:

e Pokud je v dudlu y < ¢;, v primaru musi byt z; = 0. To je ale jasné, protoze y < ¢;

znamend, ze ¢; neni nejmensi ze slozek vektoru c a tudiz (dle dvahy vyse) mu v priméaru
nemuzeme piiradit nenulovou vahu z;.

e Obracené, pokud je v primaru x; > 0, musi byt v dudlu y = ¢;. To je jasné, protoze pokud

jsme v primaru piitadili ¢islu ¢; nenulovou vahu, musi byt nejmensi. 0

Example 15.7. Z §12.3 vime, ze optimalni argument tlohy

n n
minz |z —a;| = min{ Zzi
z€R 4

z €ER, z €R, —zl-gx—aigzi}

i=1 i=1
=min{17z|zcR", 2 €R, —z<lz—-a<z} (15.7)
je median z cisel ay, . .., a,. NapiSte dualni tilohu a co nejvice ji zjednoduste. Uvahou naleznéte

optimalni hodnotu primarni a dudlni ulohy a ovérte, ze se (dle silné duality) rovnaji.
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Rycly zpusob jak vytvorit dudlni dlohu je podle predpisu v §15.1, to ovSem vyzaduje
zkuSenost a snadno se v tom udéla chyba. Zdlouhavéjsi avsak bezpecénéjsi zpusob je pres
maticovou formu. Priméarni a dudlni tlohu napiseme v maticovém tvaru, kde zvolime nazvy

matic tak, aby nekolidovaly s (15.7):

min h”u max g'v
za podm. Fu>g za podm. v>0
u € R F'v =h

Matice zvolime tak, aby primarni iloha odpovidala dloze (15.7):

e B A e R I AR

Vektor dudlnich proménnych v jsme zaroven rozdélili na dva bloky p, q, odpovidajici blokum
matic F a g. Vynasobnim matic prepiSeme dudlni ilohu do tvaru (oveérte!)

max{a’(p—q)|17(p—q)=0,p+q=1,p>0,q>0}

:max{ Z(pz —¢)=0,p+q¢=1p >0, ¢ > 0} (15.8)

% i=1

a; (Pz‘ - Qi)
1

Ulohu (15.8) lze déle zjednodusit substituc

Po této substituci je p; — ¢; = t; a podminka p; + ¢; = 1 je splnéna automaticky. Podminka
> :(pi — @) = 0 odpovida podmince >, t; = 0. Podminka p; > 0 odpovidd ¢; > —1 a podminka
¢; > 0 odpovida ¢; < 1. Dudlni tloha s novymi proménnymi t € R” je tedy

n
max{ E aiti
=1

Primérni{ uloha (15.7) a dudlni uloha (15.9) spolu zdéanlivé viibec nesouviseji — avsak podle
silné duality jejich optimalni hodnoty musi byt stejné! Zkusme pochopit, pro¢ tomu tak je.

Nejprve si vSimneme, ze optimélni hodnota primarni ulohy (15.7) se nezméni, posuneme-li
¢isla aq, ..., a, o libovolnou konstantu b € R. To je jasné, nebot’ medidn z se posune o stejnou
konstantu a je |(x —b) — (a; — b)| = | — a;|. Totéz plati pro dudlni tlohu (15.9), nebot’
diky podmince ) .t; = 0 je > .(a; — b)t; = >, a;t;. Proto bez ztraty obecnosti muzeme zvolit
b = median; a;, neboli posunout body tak, Ze jejich medidn bude x = 0.

Nynf je primérni optimalni hodnota rovna jednoduse ), |zt —a;| = >, |a;|. Protoze kladnych
a zapornych ¢isel a; je stejny pocet, dudlni tloha nabyva optima v takovém vektoru t, kde
ti = —1proa; < 0at;, =1proa; > 0 (coz spliiuje podminku >, ¢, = 0). Tedy dudlni
optimalni hodnota je také > . a;t; = >, |ail. O

> =0, —1§ti§1} = max{a’t |17t =0, —1<t<1}. (15.9)
=1

15.4 Cviceni

15.1. Ukazte pro dvojici loh LP v §15.1, ze dudl dudlu se rovna puvodni tloze. Musite nejdiive
duélni dlohu (prostredni sloupec) vpravo prevést do tvaru priméarni ilohy (prvni sloupec),
tj. napt. musite prevést maximalizaci na minimalizaci.
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15.2. Napiste dudlni tlohu a podminky komplementarity k nédsledujicim tloham. Pokud tloha
neni LP, nejdiive preved’'te na LP (dle §12.1). Vyslednou dudlni tilohu co nejvice zjednoduste,

vvvvvv

piip. preved’'te do skalarni formy, je-li skalarni forma vystiznéjsi.

min,eg max}, |a; — | (stied intervalu)
tloha (12.13)
dloha (12.15)

a)
)
)
) dopravni problém (12.9)
)
)
)

Qo T

vSechny tlohy ze Cviceni 12.2

D

f
g

(%) Pro kazdou tilohu se pokuste nalézt vyznam dualni tilohy, podobné jako v Piikladu 15.6.

uloha vznikla ve Cviceni 12.7
Minyern max™, (al x + b;) (viz §12.1.1)

15.3. Dokazte bez uziti algoritmu na feseni LP, ze x = (1,1, 1,1) je optiméalni feseni 1lohy

min  [47 93 17 —93]x

-1 -6 1 3 -3

-1 =2 7 1 5

za podm. 0 3 —-10 -1 [x < | =8
-6 —11 -2 12 -7

1 6 -1 -3 4

Hints and Solutions
15.2.d) max { Y7 api + > bjgj | pi €R, ¢ €R, pi+q; < iy |

15.2.f) Dudl: max{ > " vidi + > i qyid, | S0 yi = >y yi < mi, oy < ml, vyl > 0}
Podminky komplementarity: z;(y; —m;) = 0, zi(y.—m}) =0, (zi—d;—x)y; = 0, (2, —d;+z)y, = 0.
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Chapter 16

Konvexni funkce

Definition 16.1. Funkce f: R® — R je konvexni na konvexni mnoziné X C R", jestlize
xeX,yeX, 0<a<l = flax+(1—-a)y) <af(x)+(1-a)f(y). (16.1)
Funkce f je konkavni na mnoziné X, jestlize je funkce — f konvexni na mnoziné X.

Rozlisujte pojem konvexni mnozZina a konvexni funkce, jde o ruzné véci. Dale si vSimnéte,
ze X musi byt konvexni mnozina — pojem konvexni funkce na nekonvexni mnoziné nema smysl.
Pokud X je cely defini¢ni obor funkce f, odkaz na X muzeme vynechat a fikdme pouze, ze
funkce f je konvexni.

Podminku (16.1) lze zobecnit pro vice nez dva body: funkce f je konvexni préavé tehdy,
kdyz

X1,..., X €X, aj,..., 00,20, a1+ Fay=1 —
f(Ole + 4 Oéka) S Oélf<X1) + e+ C‘ékf(Xk). (162)

Podminka (16.2) zjevné implikuje (16.1) a indukei lze dokdzat, ze to plati i naopak. Pod-
mince (16.2) se nékdy fikd Jensenova nerovnost. Porovnejte s definici linedrniho zobrazeni (3.2)!

Geometricky vyznam podminky (16.1) je ten, Ze tsecka spojujici body (x, f(x)) a (y, f(y))
lezi nad grafem funkce (viz levy obrazek). Geometricky vyznam podminky (16.2) je ten, ze kon-
vexni polyedr vybarveny Sedé (viz pravy obrazek) lezi nad grafem funkce. Podrobné rozmyslete,
jak tyto geometrické interpretace odpovidaji vyrazum (16.1) a (16.2)!

x ax+(1-a)y vy fcl fcg 3(3

Dukaz konvexity funkce z Definice 16.1 vyzaduje nékdy kreativitu, neexistuje na to mechan-
icky postup. Chceme-li dokazat, ze funkce neni konvexni, staci nalézt jedinou trojici (x,y, «)
porusujici (16.1) — jeji ‘uhodnuti’ vsak také vyzaduje, abychom méli o funkci predstavu.
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Example 16.1. Dokazme z Definice 16.1, ze funkce f: R® — R definovana jako f(x) =
max, ; z; je konvexni. Mame dokazat, ze pro kazdé x, y a 0 < a <1 plati

flax+ (1 —a)y) = miax(ozxi + (1 — @)y:) (16.3a)
< max ax; + max(l — a)y; (16.3b)
:ozmiaxxiqL(l—oz) max y; =af(x)+ (1 —a)f(y) (16.3c)

kde rovnost (16.3¢) plyne z nezdpornosti ¢isel o a 1 — a.
Nerovnost (16.3b) plyne z toho, ze pro kazdé aq, ..., an, b1, ...,b, € R plati

max(a; + b;) < maxa; + maxb;. (16.4)

Nerovnost (16.4) dokdzeme takto. Let i*, 7% k* jsou indexy, ve kterych se nabyvaji maxima,
tedy a; + by = max;(a; + b;), aj» = max; a;, bpx = max; b;. Proto a; < aj« a by < by« Tedy
maXi(ai + bz) = a;+ + bl* S Q j+ + bk* = max; a; + max; bz ]

Example 16.2. Dokazme z Definice 16.1, ze funkce f: R®™ — R definovana jako f(x) =
min}_; x; nenf konvexni. Napi. volba n = 2, x = (0,2), y = (2,0), a = 1 nespliuje (16.1),
nebot’

flx+y)/2) = f(1,1) =1> (f(x) + f(y))/2 = (0+0)/2=0. O

Pouzitim Jensenovy nerovnosti na vhodnou konvexni funkci lze ziskat mnoho uzite¢nych
nerovnosti.

Example 16.3. Funkce log je konkavni na R, . Napisme pro tuto funkci Jensenovu nerovnost

(16.2) (jelikoz funkce je konkdvni a ne konvexni, musime v Jensenové nerovnosti obratit znaménko
1

nerovnosti), ve které polozime a; = -+ = a, = =:

rT+-+x, >10gx1+---+10gxn

log
n n
kde xy,...,x, jsou kladné. Vezmeme-li exponencialu kazdé strany, dostaneme
xl + e + xn 1/n
> (g eeexy)
n
Tato zndma nerovnost ika, ze aritmeticky prumeér neni mensi nez geometricky. 0

Example 16.4. Uved'me casto potkavané jednoduché konvexni ¢i konkavni funkce:
1. Exponencidla f(z) = e* je konvexni na R, pro libovolné a € R.
2. Mocnina f(x) = z® je na R, konvexni pro a > 1 nebo a < 0 a konkdvni pro 0 < a < 1.

3. Mocnina absolutni hodnoty f(x) = |x|* je pro a > 1 konvexni na R (specidlné: absolutni
hodnota |x| je konvexni).

4. Logaritmus f(x) = logx je konkdvni na R, ..

5. Zaporné entropie f(x) = xlogx je konvexni na R, (nebo i na R, pokud dodefinujeme
0log0 = 0, coz se casto déld, protoze lim,_,o, xlogx = 0).

6. Afinn{ funkce f(x) = a’x + b je zdroven konvexn{ i konk4vni.
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7. Kvadratickd forma f(x) = xT Ax je konvexni pro A pozitivné semidefinitni, konkavni pro
A negativné semidefinitni, a nekonvexni a nekonkdvni pro A indefinitni (viz Piiklad 16.5).

8. Maximum slozek f(x) = max]", z; = max{zi,...,x,} je konvexni na R".
9. Log-sum-exp funkce f(x) = log(e™ +---+¢"") je konvexni. Tato funkce se nékdy nazyva
mékké mazximum, nebot’ funkce
Fi(x) = F(1)/t = log(e"™ + -+ + )
se pro t — 400 blizi funkci max}" ; z; (dokazte vypoctem limity!).
10. Geometricky primér f(x) = (z; - x,)"" je konkdvn{ na R™.

11. Kazdéd norma (viz Definice 12.1) je konvexni funkce, nebot’ pro kazdé 0 < o < 1 mame
lax + (1 —a)y| < [Jax|| +[[(1 — o)yl = alx| + (1 = a)[ly]],

kde nerovnost plyne z trojihelnikové nerovnosti a rovnost z homogenity.

Nakreslete ¢i predstavte si vrstevnice a grafy téchto funkei (v piipadé vice proménnych pro
n=1an=2) O

16.1 Vztah konvexni funkce a konvexni mnoziny

Zopakujte si pojmy vrstevnice a graf funkce z §1.1.3! Zavedeme dva podobné pojmy, které se
lis1 pouze nahrazenim rovnosti nerovnosti. Pro funkci f: R™ — R definujeme:

e Subkontura' vysky y je mnozina {x € R" | f(x) <y }.
e Epigraf funkce je mnozina { (x,y) € R"" | x € R", f(x) <y}

Levy obrazek znazornuje subkonturu vysky y a epigraf funkce R — R, pravy obrazek subkonturu
vysky 2 funkce R? — R:

dom f 3

0

Existuji tésné vztahy mezi konvexitou funkce a konvexitou jejiho epigrafu a subkontur (coz
jsou mnoziny), dané nésledujicimi vétami.

Theorem 16.1. Je-li f konvexni funkce, pak je kazda subkontura této funkce konvexni mnozina.

Proof. Predpokladejme, ze body x; a xg patii do subkontury, tedy f(x;) <y a f(x2) <y. Pro
kazdé 0 < a < 1 plati

flaxy + (1 —a)xz) < af(x) + (1 —a)f(x2) Cay+ (1 —a)y =y,

kde prvni nerovnost plyne z konvexity funkce a druhd z nerovnosti f(x;) <y, f(x2) < y. Tedy
bod ax; + (1 — a)xs patii do subkontury, kterd je proto konvexni mnozina. O

1 Slovo ’subkontura’ je pokus o éesky preklad anglického ’sublevel set’.
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Obréacena implikace ve Vété 16.1 neplati: snadno najdeme funkei, kterd neni konvexni a
jejiz kazda subkontura je konvexni mnozina?. Piiklad je na obrazku:

f

0
Theorem 16.2. Funkce f je konvexni praveé tehdy, kdyz jeji epigraf je konvexni mnozina.

Proof. Piedpokladejme, ze funkce f je konvexni. Vezméme dva body (x1,y1) a (X2,¥2) z epi-
grafu, tedy f(x1) <y a f(x2) < yo. Pro kazdé 0 < a < 1 plati

flaxi+ (1 —a)xg) < af(x1) + (1 —a)f(x2) < ays + (1 — a)ys,

kde prvni nerovnost plyne z konvexity funkce a druhd nerovnost z f(x;1) < 11 a f(x2) < .
Tedy bod a(x1,y1) + (1 — a)(x2,y2) patif do epigrafu, ktery je proto konvexni mnozina.
Predpokladejme, ze epigraf je konvexni mnozina. Tedy pokud body (x1,41) a (X2, ys) patii
do epigrafu, pak také bod a(xy,y1) + (1 — a)(x2,y2) patii do epigrafu pro kazdé 0 < o < 1.
Volbou y; = f(x1) a y = f(x2) mame
flaxi+ (1 —a)x2) <ayi + (1 —a)ys = af(xi) + (1 — a) f(x2),

proto je funkce f konvexni. O

16.2 Konvexita diferencovatelnych funkci

Konvexni funkce nemusi byt v kazdém bodé diferencovatelna (uvazte napi. funkei f(z) = |z|).
Pokud je ale funkce jednou ¢i dvakrat diferencovatelna, jeji konvexitu lze snadnéji nez pomoci
Definice 16.1 charakterizovat pomoci derivaci. Nasledujici dvé véty uvedeme bez dukazu.

Theorem 16.3 (Podminka prvniho fadu). Let funkce f: R* — R je diferencovatelnd na
konvexni mnoziné X C R". Funkce f je konvexni na mnoziné X pravé tehdy, kdyz

xeX,yeX = fly)>[fx)+[f(x(y—x).

To znamend, ze Tayloruv polynom prvniho fadu funkce f v kazdém bodé x € X (viz (8.11b))
je vsude (tj. pro kazdé y) mensi nebo roven funkei f:

f(x)

f(y)
Fx) + F(x)(y —x)

0

y  x

2 Funkce, jejiz kazd4 subkontura je konvexni mnozina, se nazyva kvazikonvezni. Kvazikonvexnf funkce nejsou
zdaleka tak hezké jako konvexni funkce.
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Theorem 16.4 (Podminka druhého fadu). Let X C R" je konvexni mnozina, kterd m4
pouze vnitini body. Let funkce f: R" — R je dvakrat diferencovatelna na X. Funkce f je
konvexni na mnoziné X pravé tehdy, kdyz v kazdém bodé x € X je Hessova matice f”(x)
pozitivné semidefinitni.

Example 16.5. Let f(x) = xTAx, kde A je symetrickd pozitivné semidefinitni. UkaZme
konvexitu této funkce tfemi zpusoby:

e Dokazme konvexitu z Véty 16.4. To je trividlni, protoze Hessidn je f”(x) = 2A a tedy je
pozitivné semidefinitni.

e Dokazme konvexitu z Véty 16.3. Protoze f'(x) = 2xT A, mame dokdzat, ze
yr'Ay > xTAx + 2xT Ay — x).
To jde upravit na x’ Ax — 2x" Ay +yT Ay > 0. Plat{®
xTAx — 2x"Ay +y'Ay = (x —y)'A(x —y), (16.5)

coz je nezaporné pro kazdé x,y, protoze A je pozitivné semidefinitni.

e Dokazme konvexitu z Definice 16.1. Musime dokazat, ze pro kazdé x,y e R" a0 < a <1
plati (16.1), tedy

[ax + (1 — a)y]"Alax + (1 — a)y] < ax’ Ax + (1 — a)y" Ay
Po roznasobeni a prevedeni vSech ¢lent na jednu stranu upravujeme:

(@ —a®)x"Ax —2a(l —a)x"Ay + (1 —a) — (1 —a)?)y"Ay >0
a(l —a)(x"Ax — 2xT Ay +y"Ay) > 0.

Vyraz a1 — «) je pro kazdé 0 < a < 1 nezdporny. Nezapornost vyrazu (16.5) jsme jiz
ukézali. [l

16.3 Operace zachovavajici konvexitu funkci

Operace zachovavajici konvexitu funkei umoznuji z jednoduchych konvexnich funkeci ziskat

vvvvvvvvvvvv

operaci nez z Definice 16.1.
Jsou-li g1, ..., gr: R™ — R konvexni funkce a ay, ..., a, > 0, je snadné dokazat z Definice 16.1

(proved’te!), ze také funkce
f=ougi+ -+ arge

je konvexni. Specialné, jsou-li f a g konvexni funkce, pak f + g je konvexni.

Zkoumejme nyni slozenou funkei f(x) = (ho g)(x) = h(g(x)), kde R* £+ R™ Ly R,
Obecné neplati ani v ptipadé m = n = 1, ze konvexita funkci g a h zarucuje konvexitu funkce f.
Nutné a postacujici podminky pro konvexitu slozené funkce jsou obecné dosti komplikované a

yyyyyy

3 Vsimnéte si, ze pron =1 a A = 1 se rovnost (16.5) zjednodusf na zndmé z2 — 2zy + y? = (v — y)*.
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Theorem 16.5. Let funkce h: R™ — R je konvexni. Let A € R™"™ a b € R™. Pak funkce
f(x) = h(Ax + b) je konvexni.

Proof. Pro kazdé x,y e R" a 0 < a < 1 plati

flax+ (1 —a)y) = h(Alax+ (1 — a)y] + b)

h(a(Ax +b)+ (1 —a)(Ay + b))

< ah(Ax+b)+ (1 — a)h(Ay + b)
=af(x)+(1-a)f(y) O

Nejzajimavéjsi operace zachovavajici konvexitu funkei je maximum.

Theorem 16.6. Let [ je libovolna mnozina a g;: R" — R, i € I, jsou konvexni funkce. Pak
funkce

f(x) = max g;(x) (16.6)

el

je konvexni, kde predpoklddame, Ze pro kazdé x maximum existuje?.

Proof. Postupujeme podobné jako v Ptikladu 16.1. Mame

flax + (1 - a)y) = maxgi(ax + (1 - a)y) (16.7a)
< max ag;(x) + (1 - a)gi(y) (16.7b)
= max agi(x) + max(1 — a)g(y) (16.7¢)
< amax g;(x) + (1 —a)maxg(y) = af(x) + (1 - a)f(y),  (16.7d)

kde nerovnost (16.7b) plyne z konvexity funkei g; a rovnost (16.7c¢) z nezdpornosti a a 1 —
a. Nerovnost (16.7d) plyne z nerovnosti (16.4), kterou jsme sice dokazali jen pro konecnou
mnozinu [ ale zfejmé plati i pro nekone¢nou I. U

Uved’'me jesté jiny, méné podrobny ale jednodussi, dukaz Véty 16.6.

Proof. Protoze funkce g; jsou konvexni, dle Véty 16.2 jsou jejich epigrafy konvexni mnoziny.
Snadno ovéfime (podrobny diukaz vynechame), ze epigraf funkce (16.6) je prunik epigraft
funkei g;. Dle Véty 13.1 je prunik konvexnich mnozin konvexni mnozina. Tedy epigraf funkce (16.6)
je konvexni mnozina. Dle Véty 16.2 je tedy funkce f konvexni. U

Example 16.6. Let f(x) = max’_; x; je maximum ze slozek x. Konvexitu této funkce jsme
dokazali z Definice 16.1, nicméné dokazme ji z Véty 16.6. Mame g;(x) = x;. Funkce g; jsou
linedrni, tedy konvexni. Tedy funkce f(x) = max! , g;(x) je konvexni. O

Example 16.7. Funkce
J(x) = mitx(al'x + )

je maximem afinnich funkci. Tuto funkci jsme jiz potkali v §12.1.1. Protoze afinni funkce jsou
konvexni, je i jejich maximum konvexni. 0

4 Pokud pro néjaké x mnozina { g;(x) | i € I } nema nejvétsi prvek (coz se miize stat jen tehdy, je-li mnozina I
nekoneénd), muzeme maximum v (16.6) nahradit supremem a véta stdle plati.
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Example 16.8. Let C' C R™ je libovolnd (ne nutné konvexni) mnozina. Funkce
J(x) = max|x -y

udava vzdélenost bodu x od nejvzdalenégjsiho bodu mnoziny C' (zde predpokldddame, ze max-
imum existuje). Dle Véty 16.5 je pro kazdé pevné y vyraz ||x — y|| konvexn{ funkef x. Tedy
vyraz ||x — y|| 1ze chdpat jako mnozinu konvexnich funkei x indexovanych indexem y (muzeme
oznacit ||x — y|| = gy(x)). Jelikoz f je maximem téchto funkeci, je i funkce f konvexni. O

Example 16.9. Méjme funkci
f(c) =max{c’'x | x €R", Ax >b},

ktera vyjadiuje zavislost optimalni hodnoty daného linedrniho programu na vektoru ¢ (viz §12).
Méme f(c) = maxyexc’x a X = {x € R" | Ax > b} (zde predpokldddme, Ze pro kazdé c
maximum existuje, neboli mnozina X je neprdzdna a omezend). Je-li x pevné, je ¢’'x linedrni
funkce vektoru c. Funkce f je tedy maximum nekone¢ného mnozstvi linedrnich funkci, tedy je
konvexni. O

Example 16.10. Let a;,...,a, € R™ by,....b, e Raw = (wy,...,w,) € R" je vektor neza-
pornych vah. Pfiblizné feSeni soustavy al x = b;, i = 1,...,n, ve smyslu vdZengjch nejmensich
¢tvercu (viz §6.10) znamend vypocitat

J(w) = min lwz(a x —b;)?,

kde jsme oznacili hodnotu vysledného minima jako funkci vektoru vah. Funkce f je konkévni,
protoze je minimem linearnich funkei. 0

16.4 Cviceni

16.1. Pro kazdou funkci f: R® — R dokazte z Definice 16.1, které z téchto ¢tyt tvrzeni plati:
funkce je konvexni, konkavni, konvexni i konkavni, ani konvexni ani konkavni.

a) f(x)=alx+1b

b) f(x) =

c) f(x)= arltmetlcky prumér ¢isel xq, ..., x,
d) f(x) = median; ; x; (medidn cisel xq,...,x,)

16.2. Pro kazdou funkci dokazte, které z téchto c¢tyfech tvrzeni plati: funkce je konvexni,
konkavni, konvexni i konkavni, ani konvexni ani konkdvni. Muzete to dokazat bud’ z
Definice 16.1, pomoci derivaci, nebo pomoci operaci zachovavajicich konvexitu.

a) f(ﬂl?)—e -

b) flz)=e

c) f(z, ) Ix—yl
d) f(z,y) =

e) f(x) = IAX—bII2
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) f(x) =1, x;logz; na mnoziné R
g) f(x) =31 110g(b —xTa;) namnozing X = {x e R" | xTa; <b;,i=1,...,k}
h) f(x) = miniL; [z;]

i) f(x)=max_; x; + minl x;

J) (%) = maxi_; x; — mini, z;

k) (%) f(x) = soucet k nejvétsich ¢isel xq, ..., z, (kde k < n je déno)
16.3. Robustni prokladéni piimky mnozinou bodu (x;,y;) € (R" x R), i = 1,...,m vyzaduje
minimalizaci funkce

fla,b) = Zmax{—aTXi +b+y—e 0, alx;+b—y —e},
i=1
kde a € R" a b € R. Dokazte, ze f(a,b) je konvexni funkce.
16.4. Je dana funkce f(z) = —cosx a mnozina X = [—m, 47| (kde [-] zna¢i uzavieny interval).

Zakrouzkujte pravdivd tvrzeni (muze jich byt i vice):

a) Funkce f je na mnoziné X konvexni.
b) Funkce f je na mnoziné X konkavni.
¢) Funkce f neni na mnoziné X ani konvexni ani konkavni.

16.5. Kazdy z obrazku zobrazuje nékteré vrstevnice funkce dvou proménnych a jejich vysky. Je
mozné, aby funkce, kterd ma tyto vrstevnice, byla konvexni? Dokazte z Definice 16.1.

16.6. Co je subkontura vysky 2 funkce jedné proménné f(x) = x? — 27

16.7. Zkuste dokazat z Definice 16.1 konvexitu ¢i konkavitu funkci z Piikladu 16.4. Jestlize to
nesvedete, dokazte jejich konvexitu ¢i konkavitu pomoci Vét 16.3 a 16.4.

Hints and Solutions

16.1.a) Konvexni i konkdvni, nerovnost (16.1) plati s rovnosti.

16.1.b) Je konvexni, neni kokndvni.

16.1.c) Konvexni i konkdvni, nerovnost (16.1) plati s rovnosti.

16.1.d) Ani konvexni ani konkdvni.

16.5. 'V Definici 16.1 zvolte x,y na vrstevnicich vysky 1 a 3. Zvolte chytie . Odpovéd’: ne, ano.
16.7. Interval [—1,2].
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Chapter 17

Konvexni optimaliza¢ni ulohy

Theorem 17.1. Let funkce f: R™ — R je konvexni na konvexni mnoziné X C R". Pak kazdé
local minimum funkce f na mnoziné X je zaroven globalni.

Proof. Let x je lokdlnim minimem f na X, viz obrazek:

Dle Definice 9.2 tedy existuje € > 0 tak, ze f(x) < f(y) pro vSechna y € U.(x) N X. Let ale x
neni globalni minimum, tedy existuje x* € X takové, ze f(x*) < f(x). Ukazeme, ze to vede ke
sporu. Pro kazdé e totiz muzeme zvolit 0 < o < 1 tak, ze bod y = ax + (1 — a)x* lezi v okoli
U.(x). Protoze je mnozina X konvexni, lezi bod y zéroven i v . X. Mame

fiy) = flax+ (1 —a)x") < af(x)+ (1 -a)f(x) < af(x)+(1-a)f(x) = f(x).
Ale tvrzeni f(y) < f(x) je ve sporu s predpokladem, Ze x je local minimum. O

Vyznam Véty 17.1 je v tom, zZe najit local minimum funkce na mnoziné je obvykle mnohem
snadnéjsi nez najit globalni minimum. Uloze, ve které minimalizujeme konvexni funkci na
konvexni mnoziné, se fikda konvexni optimalizacni tloha.

Zopakujme nyni obecnou tlohu spojité optimalizace ve standarnim tvaru (1.4):

min  f(xq1,...,2,)
za podminek g;(zy,...,2,) <0, i=1,...,m (17.1)
hi(xl,...,xn):O, Z:L,l

kde f: R* - R, (g1,...,9m) = g R* = R™ (hy,...,h) = h: R — R Jeji mnozina
piipustnych feseni je konvexni, jestlize funkce f,g1,..., gmn jsou konvexni a funkce hq,..., ~y;
jsou afinni (tedy zobrazeni h je afinn{). Tuto mnozinu totiz muzeme psat jako

X ={xeR"|gkx) <0, h(x)zO}:n{xeRn|gi(x)§0}ﬂ{X€R"|h(x):0}.
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Zde kazdd mmnozina {x € R" | ¢g;(x) < 0} je konvexni, nebot’ je to subkontura konvexni
funkce g; (Véta 16.1). Mnozina { x € R" | h(x) = 0} je afinni podprostor, tedy také konvexni.
Mnozina X je prunik konvexnich mnozin, tedy (dle Véty 13.1) je konvexni.

Podminka, ze funkce f,g1,...,gn jsou konvexni a zobrazeni h je afinni, je postacujici ale
nikoliv nutna pro konvexitu mnoziny X.

Example 17.1. Uvazujme dvé ekvivalentni definice téze mnoziny
X={xeR* |z /(1 +23) <0, (z;+2)* =0} ={x€R* |2, <0, 2, + 2, =0}.

Oba tvary jsou ekvivalentni (pro¢?). V prvnim tvaru funkce g(x) = x1/(1 + 23) neni konvexn{
(dokazte z Definice 16.1!) a funkce h(x) = (x1+z2)? nen{ afinni. Pfesto je mnozina X konvexni,
coz je vidét ze druhého tvaru. O

Uloze tvaru (17.1), ve které jsou funkce f, gy, ..., gnm konvexni a zobrazeni h afinni, f{kdme
konvexni optimalizacni iloha ve standardnim tvaru. Tato podminka je nutna ale nikoliv
postacujici pro konvexitu

17.1 Tridy optimalizacnich tloh

Optimalizacni tlohy ve tvaru (17.1) se taxonomizuji podle druhu funkei f, g;, h;. Pro kazdou

tifdu existuji specializované algoritmy schopné najit local minimum®.

17.1.1 Linearni programovani (LP)

V' linedrnim programovdni jsou vsSechny funkce f,g;, h; afinni. Jde tedy v jistém smyslu o
nejjednodusi pripad konvexni optimalizacni tlohy. Presto jsme vidéli v Kapitole 12, ze jiz tento
jednoduchy ptripad ma velmi mnoho aplikaci.

17.1.2 Kvadratické programovani (QP)

V kvadratickém programovdni jsou funkce g;, h; afinni a funkce f je kvadraticka konvexni, tedy
f(x) = xT"Ax + bTx + ¢, kde matice A je pozitivné semidefinitni.

Example 17.2. Pfi feSeni soustavy ve smyslu nejmensich ¢tvercu pocitame konvexni QP bez
omezen{ minegn ||Ax — bl[3.

Tuto ulohu lze vselijak modifikovat, napf. muzeme ptridat omezeni ¢ < x < d, tj. kazda
proménnd z; musi byt v intervalu [¢;, d;]. To vede na konvexni QP s omezenimi. O

Example 17.3. Hledani feSeni preurcené linearni soustavy s nejmensi normou vede na ulohu
min{ x'x | Ax = b }, coz je konvexni QP s omezenimi. O

Example 17.4. Chceme spocitat vzdalenost polyedru

Plz{XeRn|A1X§b1}, PQZ{XERn‘AQXSbQ}

! Viz napi. http://www.neos-guide.org.
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danou jako d(Py, P) = inf{||x; — Xs|2 | X1 € Py, x, € P, }. Uloha vede na QP
Hlln{ HXl — X2H% ’ X1,X9 I~ Rn, A1X1 é bla AQXQ S b2 }

Pokud se polyedry protinaji, jejich vzdalenost je nula. Pokud je aspon jeden polyedr prazdny,
uloha je nepripustna 0]

Example 17.5. Je dano m bodu v R”, z nichz kazdy patii do jedné ze dvou tiid, oznac¢enych —1
a 1. Jinymi slovy, je ddna mnozina dvojic (x;,vy;) € R* x {—1,1} proi = 1,...,m. V tloze
linearni klasifikace hleddme nadrovinu, ktera oddéluje body z obou trid, tedy hleddme a € R™

a b € R takové, ze

a'x;, —b<0 proy; =—1,
a'x;—b>0 proy = 1.

Tyto nerovnice se nezméni vynasobenim (a,b) libovolnym kladnym ¢islem, tedy ekvivalentné
hledame a, b tak, ze

alx, —b< -1 proy; =—1,
alx, —b>1 pro y; =1,

coz muzeme napsat také jako
yi(alx;—b)>1 Vi=1,...,m. (17.2)
Body jsou vlastné oddéleny pasem {x € R" | =1 > a’x — b > 1}, viz obrazek:

al’x —b=-1

alx—b=1

V dloze support vector machine (SVM) chceme najit nejen rozdélujici nadrovinu, ale navic
maximalizovat sifku tohoto pasu. Snadno spocitame (proved’te!), ze sitka pésu je 2/[|alls.
Maximalizace této funkce je stejna jako minimalizace ||a]|2 = aTa. Tedy chceme minimalizovat
a’a za podminek (17.2). To je tiloha QP. O

17.1.3 Kvadratické programovani s kvadratickymi omezenimi (QCQP)

Obecnéjsi variantou je kvadratické programovdni s kvadratickymi omezenimi (QCQP, quadrati-
cally constrained quadratic programming), kde viechny funkce f, g;, h; jsou kvadratické. Uloha
je konvexni jen tehdy, kdyz kvadratické funkce f, g; jsou konvexni (tj. s pozitivné semidefinitni
matici) a funkce h; jsou afinni.
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17.1.4 Semidefinitni programovani (SDP)

Theorem 17.2. Mnozina vsech pozitivné semidefinitnich matic rozméru n X n je konvexni
kuzel.

Proof. Let pro A,B € R"™" ax € R" je x’ Ax > 0 a xBx > 0. Pak pro kazdé a, 3 > 0

x’ (aA + B)x = ax’ Ax + fx'Bx > 0. O

Konvexni kuzel je konvexni mnozina. To umoznuje formulovat tfidu konvexnich tloh zna-
mou jako semidefinitni programovdni (SDP). Jednou z moznych formulaci je

min{ C - X | X € R™" pozitivné semidefinitni, A; - X =0b;Vi=1,...,m}, (17.3)

kde matice C, Aq,...,A,, € R™" jsou ddny a optimalizujeme pfes pozitivné semidefinitni

matice X € R"*". Operace
AX=) ) AyX;

i=1 j=1

oznacuje skaldrni souc¢in matic. Na feseni tlohy (17.3) existuji efektivni algoritmy.

SDP je velmi obecna tiida konvexnich tloh. Lze ukazat, ze LP, QP i QCQP lze formulo-
vat jako specialni ptipady SDP. Pro ilustraci ukazeme, ze pokud matice C, Aq,..., A,, jsou
diagondlni, tloha (17.3) se redukuje na LP. V tom piipadé v souc¢inech C - X a A; - X ne-
diagonalni prvky matice X nehraji zadnou roli. Diagonalni matice je pozitivné semidefinitni
prave tehdy, kdyz vSechny jeji prvky jsou nezdporné (viz Cviceni 5.21). Tedy tuloha (17.3) se
redukuje na

min{c’x | x€R", x>0, alx=0VYVi=1,...,m},

kde vektory c,a; € R" jsou diagondly matic C, A,;.

Déle uvedeme piiklady konvexnich 1loh, které na prvni pohled nespadaji do zadné z uve-
denych trid.

Example 17.6. Jsou déany body ay,...,a,, € R" a chceme minimalizovat funkci
fo0) =" llai — x| (17.4)
i=1

pies x € R™. Reseni této tlohy je zndmo jako geometricky medidn. Pro n = 1 se funkce
redukuje na f(x) = >_1", |¢ — a;], jejimz minimem je oby¢ejny medidn.

Uloha nenf tlohou LP, QP, ani QCQP. Ovsem lze ji preformulovat jako SDP (podrobnosti
vynechame).

Pro piipad n = 2 mé tloha jednoduchy mechanicky model. Do vodorovného prkna vyvrtame
diry o souradnicich a;. Kazdou dirou provleceme provazek. Provazky jsou nahote svazané uzlem
do jednoho bodu a dole maji zdvazi o stejné hmotnosti. Poloha uzlu je x. Hodnota f(x) je
potencidlni energie soustavy a ustaleny stav odpovidd minimu f(x). O
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Example 17.7. Analyticky stred polyedru X = {x € R" | Ax > b} je bod x € X, ktery
maximalizuje funkci

f(x) = Z log(alx — b;), (17.5)

kde a! jsou fadky matice A. Vsimnéte si, Ze definién{ obor funkce f je X. Lze ukazat, Ze f ma
na mnoziné X minimum a toto minimum je jediné pravé tehdy, kdyz polyedr X je neprazdny
a omezeny. ([l

17.2 Cviceni

17.1.

17.2.
17.3.

17.4.

17.5.
17.6.

Vyznamnou vlastnosti konvexnich funkci je to, ze kazdé local minimum funkce je zaroven
globélni (Véta 17.1). Ne kazda funkce s touto vlastnosti je ovsem konvexni. Clovéek by
si mohl myslet, ze soucet dvou funkei (ne nutné konvexnich) s touto vlastnosti bude mit
tuto vlastnost také. Je toto tvrzeni pravdivé? Odpovéd’ dokazte.

Dokazte, ze mnozina optimélnich feseni konvexni optimaliza¢ni tlohy je konvexni.
Méjme tlohu
min{ f(z,y) |2,y 20, 20 +y =1, 2 +3y =1}

Nakreslete mnozinu pripustnych feseni. Pro kazdou z nasledujicich ucelovych funkei na-
jdéte ivahou mnozinu optimalnich feseni a optimalni hodnotu:

b) f(z,y) ==z

c) f(z,y) = min{z, y}
d) f(z,y) = max{z,y}
e) f(z,y) = |z +yl

f) flz,y) =2+ 9y

V kterych ptipadech se jedna o konvexni optimaliza¢ni tilohu?
Najdéte explicitni feseni pro nasledujici ilohy QCQP (A, B jsou pozitivné definitni):

a) min{c’x | x e R", x’Ax <1}
Népovéda: Viz Cviceni 12.4.

b) min{c’x | x €R", (x —b)TA(x—b) <1}
Népovéda: substituujte y = x — b.

¢) min{x'Bx | x e R", xTAx <1}

Formulujte tlohu minyegn ||Ax — bl|4 jako konvexni QCQP.

Méme konvexni funkci jedné proménné f: R — R. Dame do grafu funkce zebiik o délce 1
tak, aby oba konce lezely na grafu. Predpokladéame-li, Ze tfeni mezi zebiitkem a grafem je
nulové, zaujme zebiik stav lokdlniho minima potencidlni energie (ktera je pfimo dmérna
vysce stiedu zebifku). Zformulujte jako optimalizacni tlohu. Bude tato iloha konvexni?
Pokud ne, najdéte situaci, kdy potencidlni energie bude mit vice nez jedno local minimum.
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Chapter 18

Priklady nekonvexnich tloh

Example 18.1. Reseni homogenni linedrni soustavy ve smyslu nejmensich étvercii vede na
ulohu
min{ [|Ax|]3 | x'x =1}. (18.1)

To je instance QCQP, ale neni to konvexni tiloha kvilli omezeni x’x = 1. Dokonce ani nejde

na konvexni tlohu transformovat. Je jasné, ze mnozina {x € R" | x’x = 1} nenf konvexni.
Nékdo by si mohl myslet, Ze omezeni x’x = 1 lze nahradit konvexnim omezenim x’x < 1,
podobné jako ve Cviceni 12.4. To ale nelze, nebot’

min{ ||Ax[3 | x'x =1} # min{ ||Ax|)5 | x'x <1} =0.

My ale vime, ze tlohu (18.1) lze Fesit pomoci SVD, protoze hleddme nadrovinu s normélovym
vektorem x, ktera minimalizuje soucet ¢tvercu kolmych vzdalenosti radku aq, ..., a,, matice A
k nadrovineé. O

Example 18.2. Obecnéji, tloha (7.7) je nekonvexni, nebot’ jeji mnozina piipustnych feseni je
1

nekonvexni.". 0

V poslednich dvou piikladech bylo snadné najit globalni optimum nekonvexni ulohy. To je
ale fidka vyjimka — castéji je nalezeni globalnitho minima nekonvexni tlohy velmi tézké, nebot’
uloha ma velmi mnoho lokalnich minim.

Example 18.3. Uved’'me ptiklad, na kterém bude na prvni pohled vidét, ze nekonvexni tiloha
muze mit velmi mnoho lokalnich minim. Resme 1lohu

min{ —x’x [x €R", ~-1<x<1}. (18.2)

Mnozina pifpustnych fesen je hyperkrychle, X = [—1,1]". Ucelové funkce f(x) = —xTx je
konkdvni. Je oc¢ividné, ze funkce f ma na mnoziné X local minimum v kazdém vrcholu hyper-
krychle X (nakreslete si obrazek pro n = 2, tedy pro obycejny ¢tverec!). Pro n proménnych mé
uloha 2" lokalnich minim. Pfipomenme, ze konvexni polyedr popsany polynomidlnim poctem
linedrnich nerovnic muze mit exponencialni pocet vrcholu (viz §13.3.2).

Namftnete, ze viibec nemtizeme mluvit o konvexité tlohy (7.7), protoze v této tloze optimalizujeme pres
mnozinu matic a konvexitu jsme v Definicich 13.1 a 16.1 definovali pro mnoziny a funkce vektoru. Definice
konvexity lze ovéem snadno zobecnit na mnoziny a funkce matic: bud’ matici R™*™ v tloze (7.7) muzeme
prerovnat do vektoru R™", nebo (lépe) muzeme konvexitu definovat misto na prostoru R™ na obecném vek-
torového prostoru (viz ucebnice linedrni algebry).
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V tomto pripadé jsou local minima vSechna stejna, tedy tlohu snadno vytfesime. Ale jiz
mirnou modifikaci tlohy se stane nalezeni globalniho optima prakticky nemozné. Uvazujme
ulohu

min{ x’Ax |[x € R", -1 <x<1}. (18.3)
Je jasné, ze pro A = —I dostaneme tlohu (18.2). Je zndmo, Ze neexistuje algoritmus, ktery by
pro libovolnou (tedy ne nutné pozitivné semidefinitni) matici A € R™*™ vyftesil ulohu (18.3) v
case, ktery je shora omezen polynomialni funkei cisla n. 0

vvvvvv

Example 18.4. Méjme m bodt v roviné ay, . .., a,, € R% Ukolem je rozmistit dalsich n bodu
X1, ..., X, € R? tak, aby nejdelsf vzddlenost bodu a; k nejblizsimu bodu x; byla nejmensi. Tedy
minimalizujeme tcelovou funkci

m
n
Fxa, %) :erg?nai—xju (18.4)
=1
pres vektory xi,...,x, € R?. Mame f: R™ — R, tedy pfesnéji mizeme fici, ze minimalizujeme

funkci f ptes jediny vektor (xi,...,x,) € R,

Uloha je znama jako shlukovdni. Jako motivaci si predstavme optimdlni rozmisténi cisteren
ve vesnici, kde obcas netece voda. Zde mame n = 2, a; jsou soufadnice domu a x; jsou
souradnice cisteren. Chceme, aby prumeérna vzdélenost obyvatele k nejblizsi cisterné byla co
nejmensi.

Je funkce (18.4) konvexni? Vezméme jednoduchy piipad d =1, m =1, n =2, a; = 0. Pak
(18.4) mé tvar f(xq,x9) = min{|zy|, |re|}. Snadno dokazeme (proved'te!), ze toto neni konvexni
funkce. Bez diikazu uved’'me, ze (nepiekvapivé) funkce neni konvexni ani pro vétsi d, m, n.

Je zndmo, ze neexistuje algoritmus, ktery by nasel optimélni feseni tilohy (18.4) v ¢ase, ktery
je polynomidlni funkei cisel d,m,n. V praktické situaci tedy nezbyva nic jiného, nez pouzit
algoritmus, ktery najde pouze piiblizné optimum. Takovym algoritmem je napi. k-means.

Funkei (18.5) 1ze modifikovat takto:

f(X1,. %) = m%xmillaﬂai — x| (18.5)
i=1 j=

Jaky vyznam ma tato formulace? 0

18.1 Celociselné programovani

Vyznamnou skupinou nekonvexnich tloh jsou ulohy, ve kterych pripustna reseni nabyvaji pouze
celo¢iselnych hodnot. 7 nich nejvyznaméjsi je celoCiselné linedrni programovani (ILP,
integer linear programming)

min{ c¢’x | x € Z", Ax >b}. (18.6)
Rozdil oproti oby¢ejnému LP je v tom, Ze misto x € R” je x € Z". Casto proménné nabyvaji

dokonce pouze dvou stavu, tedy x € {0, 1}", pak mluvime o bindrnim LP nebo 0-1 LP. Mnozina
pripustnych feSeni této tlohy je nekonvexni, obsahuje koneény pocet izolovanych bodu.
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Mnozinu piipustnych feseni muzeme napsat dvéma zpusoby:
X={xeZ"|Ax>b}={xecR"|Ax>b}NZ"

Druhy zptusob tika, ze X jsou body celoc¢iselné mtizky Z" lezici uvnitt konvexniho polyedru
{x €R"| Ax > b }. Tento polyedr je mnozinou piipustnych feseni obycejného LP.

Zatimco LP je fesitelné v polynomialnim case, ILP je NP-tézké. Mnoho 1loh kombinatorické
optimalizace (napf. iloh na grafech) se pohodlné formuluje jako ILP.

Example 18.5. V dloze o pokryti mnoziny je dana kone¢na mnozina S a mnoziny Sy, ...,.S, C
S. Ukolem je vybrat co nejmensi pocet téchto mnozin takovych, zZe jejich sjednoceni je stejné
jako sjednoceni puvodnich mnozin. Tedy najit co nejmensi mnozinu indexu I C {1,...,n}

takovou, ze | J,c; S = U;—; Si. Je zndmo, Ze tato tloha je NP-tézka.
Formulujme ji jako ILP. Proménné budou z1,...,z, € {0,1}, kde x; = 1 indikuje i € I.

n
min E T
i=1

za podminek Z x; > 1, Vee S{U---US,
’ileESi
1., 2, €4{0,1}

Let napt. F' = {{a,b},{b,c},{a,c}}. Existuji tii optimalni pokryti, kazdé obsahuje dvé
z danych tif mnozin: x = (1,1,0), x = (1,0,1) a x = (0,1,1). Kazdé z nich ma optimalni
hodnotu ILP rovnu 2. 0

18.2 Konvexni relaxace nekonvexnich tloh

Relaxace je technika, kterou lze nékdy ziskat ptiblizna feSeni obtiznych tloh. Spociva na
o¢ividné skutecnosti (promyslete!), ze pro kazdou mnozinu X C R" a funkei f: X — R plati
YO XN = i < mi : 18.7

> min (x) < min £(x) (18,7

Jak toho pouzit? Let tloha minyeyx f(x) je obtiZna jeji obtiznost prameni ze slozitosti

mnoziny piipustnych feseni X. Nahradime mnozinu X ’jednodussi’ mnozinou Y O X a feSime

tedy obé optima budou stejnd. Kdyz ne, ziskdme alespon dolni mez na optimalni feseni.
Typicka situace je, ze mnozina X je nekonvexni a my ji nahradime vhodnou konvexni

mnozinou Y O X. Pokud funkce f je konvexni, ziskdme konvexni ilohu. Mluvime o konvexni
relaxaci. Tak napiiklad konvexni relaxace ilohy ILP (18.6) je tloha LP

min{c’x | x € R", Ax >b}. (18.8)
Zde mame X =Z", Y =R" D X, a f(x) =c'x.

Example 18.6. V tloze 18.5 je optimalni hodnota LP relaxace rovna %, odpovidajici x =

(3:33)- 0
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18.3 Cviceni

18.1. Dokazte, ze ucelové funkce vystupujici v nasledujicich ulohach jsou nekonvexni:

a) tuloha (18.5)
b) Pifklad 11.5
c¢) Cviceni 11.2
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Chapter 19

Vicekriterialni optimalizace

19.1 Usporadani na mnoziné

Binarni relace na mnoziné Y je mnozina R CY x Y. Bindrni relace je

e reflexivni, kdyz (z,x) € R pro kazdé x € Y,

e transitivni, kdyz (z,y) € R a (y,2) € R implikuje (z,z2) € R,

e antisymetrickd, kdyz (z,y) € R a (y,z) € R implikuje = = y.

Céstecné uspoiadani (kratce jen uspofadani) na mnoziné Y je bindrni relace na Y, kterd
je reflexivni, transitivni a antisymetrickd.

Relace usporddani se obvykle znaci infixové symbolem =, tedy misto (z,y) € R piSeme
x = y. Pokud potfebujeme rozlisit vice ruznych kvasi-usporadani, pouzivame symboly jako
<1, <o, < =X atd,

Prvky x,y € Y jsou srovnatelné v usporadani <, kdyz x < y nebo y < x nebo oboji.
(Kvasi-)usporadani je iplné (neboli totalni), kdyz kazdé dva prvky z Y jsou srovnatelné.
Example 19.1.

e Y =R a < je prirozené usporadani realnych ¢isel. Tato relace je iplné usporadani.

o Y C 2V a < je relace inkluze na mnoziné 2V, tedy z < y pravé kdyz = C y. Zde U je
libovoln4 mnozina a 2V znaéf mnozinu véech jejich podmnozin. Tato relace je uspoiradéni,
ale neni tplné.

e Y =N a < je relace délitelnosti, tj. x < y pravé kdyz x déli y. Tato relace je usporadani,
neni tplné.

o x <Xy prave kdyz > x; < > " y;. Tato relace neni antisymetrickd, tedy neni us-
poradani. O

Nés ovsem nejvice zajima pripad Y = R".

Example 19.2. Piiklady usporadani na mnoziné R™:

e Usporadani 'po slozkach’ x <y pravé kdyz z; < y; pro vSechna ¢ = 1,...,n. Toto

usporadani neni iplné: napf. pro n = 2 jsou vektory x = (0,1) ay = (1,0) nesrovnatelné.

e Lexikografické usporadani: x =<y prave kdyz
(x =y) nebo (Im)(xy, < ym) (Vi < m)(z; = y;).

Toto uspotradéani je uplné.
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e Definujme x <y prave kdyz > " x; < > ;. Tato relace neni usporddéni, protoze
neni antisymetricka. 0

Definition 19.1. Prvek x € Y se nazyva (vzhledem ke kvasi-usporadani <)
e minimalni prvek mnoziny Y, kdyz y < x implikuje v < y, pro vSechna y € Y.

e nejmensi prvek mnoziny Y, kdyz x <y, pro vsechnay € Y.

Pro totalni usporadani oba pojmy splyvaji.

19.2 Ulohy vicekriterialni optimalizace
V klasické optimalizaci jsme se zabyvali tlohami typu

min f(z), (19.1)
kde X je mnozina pripustnych feseni a f: X — R je ucelova (neboli kriteridlni) funkce. Opti-
malni hodnoty této tlohy jsou minimalni prvky mnoziny f(X) = { f(z) |z € X} C R. Zde
pojem ‘minimélni prvek’ se mysli vzhledem k pfirozenému usporadani na R.

Zobecnéme tuto dlohu. Let f: X — Y a Let =< je (kvasi-)uspofddani na mnoziné Y. Pak
ulohou (19.1) budeme rozumét nalezeni minimélnich prvka mnoziny f(X) C Y vzhledem k
uspordadani <. Pripadné pro kazdy minimélni prvek y mnoziny f(X) chceme najit argument
xr € X, ve kterém se nabyva, tedy spliujicim y = f(x).

Nejcastéji v aplikacich potkdame pifpad Y = R”. Pak mluvime o vicekriteridlni optimalizaci’,
nebot vlastné chceme minimalizovat vice skaldrnich kritérii (slozek zobrazeni f: X — R", hod-
noty zobrazeni jsou vektory a tedy ho piseme tucné) najednou. Déle se omezime pouze na tento
pripad.

Example 19.3. V obchodé nabizeji ¢tyti druhy aut s témito vlastnostmi:

‘ VW Golf Opel Astra Ford Focus Toyota Corolla
cena [tis. euro] 16 15 14 15
spotfeba  [1/100km] 7.2 7.0 7.5 8.2

Chceme levné auto s malou spotiebou. Kterd auta je dobré si koupit a ktera naopak nekoupit?

Médme X = {VW Golf, Opel Astra, Ford Focus, Toyota Corolla} a Y = R% Tabulka
definuje zobrazeni f. Neni ovSem jasné, jaké (kvasi-)uspoiddani na mnoziné R? pouzit pro
rozhodovani.

Rozhodujme se vzhledem k uspoidddni po slozkach’ <?. Vzhledem k tomuto uspoiadani
nemd mnozina f(X) nejmensi prvek, neboli kritéria jsou v konfliktu. Jeji minimalni prvky jsou
f(Opel Astra) = (15, 7.0) a f(Ford Focus) = (14, 7.5).

Rozhodujme se vzhledem k lexikografickému usporadani, presnéji nejprve se rozhodujme dle
ceny a pak dle spotteby. Nyni minimdlni prvek mnoziny f(X) je f(Ford Focus) = (14, 7.5). O

L Angl. multicriteria optimization. Nézvoslovi oviem neni jednotné, jindy se pouzivaji ndzvy multiobjective
optimization nebo vector optimization (nebot’ hodnoty zobrazeni f jsou vektory).
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Example 19.4. Chceme tesit (pfesné ¢ piiblizné) nehomogenni linedrni soustavu Ax =~ b,
ale zaroven chceme, aby velikost vektoru x byla mala. Resime tedy 1lohu

min ([|Ax —bllz, [x[>).

Jaké jsou minimaln{ prvky mnoziny f(R?) vzhledem k usporadani po slozkach? Je jich nekone¢né
mnoho, obrazek. Vezmeme-li lexikografické usporadani a je-li soustava preurcend, dostaneme
metodu nejmensi normy. 0

Example 19.5. V okrese je n vesnic se soufadnicemi ay, . . ., a, € R%. Do jakého mista x € R?
mame umistit heliport, aby byl ke vSem vesnicim blizko?
Médme X = R?, Y =R", a f;(x) = ||a; — x||2. Resime tilohu

min(fla —xljz,---, lan —x|l2).

Soucésti tlohy neni (kvasi-)uspofadani na mnoziné R™. Jaké (kvasi-)usporadani jsou vhodna?
Uspotaddni po slozkach: mnozina minimdlnich prvki mnoziny f(R?) je konvexn{ obal bodi
aj,...,a,. To je intuitivné jasné (i kdyz presny dukaz vynechdme): nelezi-li x v tomto kon-
vexnim obalu, muzeme zménit x tak, ze se vzdalenost k nékterym bodum a; zmensi a k ostatnim
se nezvétsi. Tedy je hloupost umistit heliport mimo tento konvexni obal.
Max-usporadani: vede na tlohu

. n
min max [|a; — x|z.

Toto je uloha klasické (skaldrni) optimalizace. Této formulaci se nékdy tika minimazni formu-
lace. Minimalizujeme vzdélenost heliportu od nejvzdéalenéjsi vesnice. U
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