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What is a type”

 What is a data type”

* 1 isinteger

* frue is boolean

* Data type defines a set of possible values
 What is a type of an expression?

e X+ 5:int it x:intand + : Int x Int -> int



Sets vs. Types

 Q: What is the difference between the set Bool =
{true, false} and the Boolean type”

 A: Boolean can be a type of an expression, €.g.
true and false. This expression is not a member of
the set Bool. On the other hand true is a Boolean
and false as well. Hence, the set of Boolean
expressions is different from the set of Bool.



Type Constructor

 We can construct user-defined types in many
languages (Java, C++, ...).

e Jo construct new types from existing types we use
type constructors.

 For example Int x Boolean is a type constructor of
a new product type. In Java, class is a constructor
of a new class type.



First-order Type Systems

e [ ack of type parametrization (Java generics)

e Lack type abstraction (Interfaces and abstract
classes in Java)

- Contains higher-order function types!



Basic Setup

e I'Fo (“I' is a well-formed environment”)
e ' A (“A is a well-formed type in environment ')

e 'e: A (“eis a well-formed term of type A in environment ')

0F o

I'FA a¢ dom(I)
Fru{(a,A)} Fo

I'-9¢
'Fx:T(x)

I':¢o A€ Basic
A




Function lype

I'-A T'HB
I'-A— B

ru{(z,A)}Fe:B
I'-(Ax:Ae): A— B

I'Fe:A—-B I'kFp:A
I'Fe(p):B




Product lype

I'-A; I'F A,
F|_A1><A2

F|_612A1 F|_622A2
F|_(€1,€2)2A1><A2

F|_€IA1><A2
' first e: A;

F|_62A1><A2
'+ second e: A,




lagged Union lype

I'-A; I'F A,
' A+ As

F|_€ZA1 F|_A2
[' - inLeft 4, e: A1+ Ay

F"Al F|‘62A2
| iIlRightA1€ : A1 + Ao




lagged Union lype

F|_61A1—|—A2 F|_62A1—|—A2
' - isLeft e : Boolean ['+ asLeft e: A;
P|_61A1—|—A2 F|_62A1—|—A2

I' - isRight e : Boolean I' - asRight e: As



Record lype

'-A, ... THA,
'+ Record(ly : A1,..., 1, : Ay)

F|_612A1 Fl—en:An

[+ record(ly=eq,...,l,=¢,) : Record(ly : A1,... 01, Ap)

Fl‘GIReCOI‘d(ll ZAl,...,lj ZAj,...,lnIAn)
€.leAj




Reterence Type

' A
I'HRef A

I'Fe: A
I'ref e:Ref A

I'Fe:Ref A
'~ deref e: A

I'Fe:Ref A T'FHe' : A
['Fe =¢€:9




Type Variables

I'Fo X & dom(l)
Fru{X}Fo




Recursive lype

Fru{X}r+A
I'-puX.A

I'Fe: uX.A
' unfold e: A X — uX.A]

I'Fe: AX — uX.A
['-fold e: uX.A




Example Language I

Syntax
AB = types
K KeBasic basic types
A—B function types
M,N ::= terms
X variable
Ax:A.M function

M N application



Example Language I

Type System

(Env @) (Env x)

I'"FA  xédom(I)

3o I’xAF o
(Type Const) (Type Arrow)
I'Fo  KeBasic I'FA TI'FB
['FK I'"HFA—B
(Val x) (Val Fun) (Val Appl)
[ xA, I""F 9o [ xAFM:B I'-M:A—-B I'FN:A
[, x:A T FxA I'FAx:AM : A—B ['FMN:B



-1 - Basic lypes

(Type Unit) (Val Unit)
I'Fo I'Eo
'+ Unit '+ unit : Unit
(Type Bool) (Val True) (Val False)
['F o ['F o ['F o
I'F Bool I'F true : Bool I'F false : Bool
(Val Cond)

I'M:Bool T'HEN:A T'FEN:A
' (ifa M then N, else N») : A




-1 - Basic lypes

(Type Nat) (Val Zero) (Val Succ)

[I'Fo I'F o I'HM : Nat
'+ Nat I'HO0: Nat ['+ suce M : Nat
(Val Pred) (Val IsZero)

I'HM: Nat I'HM : Nat

' pred M : Nat '+ isZero M : Bool



Universal Type

TU{X}H A
[FVX.A

[Tu{X}rFe:A
I'FXX.e:VX.A

THe:VX.A TFDB
TFe(B): AX — B




Subtype Polymorphism

 We define a new binary relation <: on types and a
new judgement: I - A <: B ("Ais a subtype of B In

environment ")

I'FA<: A

I''MHrA<:B T'HB<:C
I'A<:C




Subsumption

I'Fe: A T'HFA<: B
I'Fe: B




Top lype

'
I'=Top

I'-A
I'-A<:Top




Subtyping

'-A"<:A T'B<: B’
I'-A—-B<:A —- B

'-A<:A T'-B' <: B
I'FA"xB' <:Ax B

'-A'<:A TTHB <: B
I'-A'+B' <:A+ B

'FA <4 ... THA, <A, THA,,, ... TFA

n-+m
I' FRecord(ly : A}, ..., lnym t Al 1,,) <:Record(ly : Ay,...,1, : Ayp)



Bounded lype Variables

I'FA X & dom(T)
FTu{X <: A} ko

FTu{X <:A}Fo
TU{X < A} X

Fru{X <: A} ko
TU{X < AlFX < A




Subtyping of Recursive
Types

Nu{X <:Top} A
I'-uX.A

'-puXA THpY.B TUu{Y <Top, X <:Y}FA< B

I'-uX. A< uY.B



Subtyping of Universal
Types

Nu{X <: A} B
I'FVX <: A.B

'A<t A TU{X< A}FB<: B
' (VX <: A.B) <: (VX <: A'".B')

Tu{X <:A}lFe:B
I'EAX <:Ae: VX <: A.B

'Fe: VX <:AB TFHFA < A
['Fe(A): B[X — A




Example Language Fao.

A,B

Top
A—B
VX<:A.B

M,N ::

Ax:A.M
M N
AX<A.M
M A

Syntax

types
type variable
the biggest type
function type

bounded universally quantified type

terms
variable
function
application
bounded polymorphic abstraction
type instantiation



(Env ¢) (Env x) (Env X)
I'FA  xédom(I) I'Fo  Xédom(l)

B o [CxAF o [VXFo
(Type X) (Type Arrow) (Type Forall)
"X, IT""kFo ['FA I'HB [XFA
"X IT'"FX I'"HFA—B ['F VXA
(Val x) (Val Fun) (Val Appl)
[, xA, T F o ' xAFM:B I'FM:A—-B T'FN:A
[, xA T FxA ['FAx:AM: A—>B '-FMN:B
(Val Fun2) (Val Appl2)
LXEM:A '-M: VXA TIFB

'FAXM:VX.A I'EMB: [B/X]A



(Type Forall<:) (Sub Forall<:)

[ X<AFB [FA'<A I ,X<A'FB<: B’
' VX<:A.B ' (VX<:A.B)<: (VX<:A’.B’)
(Val Fun2<:) (Val Appl2<:)
[ X<AF-M:B I'FM:VX<AB T FA' <A

' AX<A.M: VX<A.B I'EMA’ : [A’/X]B



