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Dynamicke
programovani

Optimalni binarni
vyhledavaci strom

i riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ..




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Optimalni binarni vyhledavaci strom

[ Vyvazeny, ale ne optimalni J
/
0.04 A
Hugo
0.01 0.09
Dana Lea
0.08 0.05 0.05 0.03
Ben Fred Jack Nick

0.03 0.12 0.04 0.22 0.06 0.15 0.02 0.01

N /
Pravdépodobnost dotazu

_ 2 Y,

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Optimalni binarni vyhledavaci strom

4 B\
g Cena jednotlivych uzlii v BVS )
é N
cena uzlu =
pravdépodobnost | x hloubka
_____ 1 ______ 0.04-1=0.04
____________________ 2 ______ 001-2=0.02
_____________ 3 _____. 005-3=0.15
_________ 4 ______ 022.-4=0.88
0.22 hloubka
cena uzlu = pramérny pocet testil na nalezeni uzlu
fi jednom dotazu (Find
_ PFi j (Find) 3

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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O(n-log,(n)), ...

/

Cena vyvazeného stromu

Kl pravdép. p, hloubka d, oy - dy )
Ann 0.03 4 0.03-4=0.12
Ben 0.08 3 0.08 - 3=0.24
Cole 0.12 4 0.12 -4 =0.48
Dana 0.01 2 0.01-2=0.02
Edna 0.04 4 0.04 -4=0.16
Fred 0.05 3 0.05-3=0.15
Gene 0.22 4 0.22 -4 =0.88
Hugo 0.04 1 0.04 -1=0.04
Irma 0.06 4 0.06 -4=0.24
Jack 0.05 3 0.05-3=0.15
Ken 0.15 4 0.15-4=0.60
Lea 0.09 2 0.09-2=0.18
Mark 0.02 4 0.02-4=0.08
Nick 0.03 3 0.03 -3=0.09
Orrie 0.01 4 0.01-4=0.04
Cena celkem: 3.47

Cena celkem = prim. pog¢. testu na jednu operaci Find. 4 )

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Optimalni BVS

-

N

Struktura optimalniho BVS s danymi pravdépodobnostmi

-

0.08

0.03

0.15
Ken

0.22
0.12
Cole
0.05 0.06
Ben Fred Irma
0.04
0.04 0.05
0.01

0.09

Lea

0.03

Nick

(Mark) (Orrie

0.02

0.01

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Cena optimalniho BVS

Kli pravdép. p, hloubka d, o - dy b
Ann 0.03 4 0.03-4=0.12
Ben 0.08 3 0.08 - 3=0.24
Cole 0.12 2 0.12.2=0.24
Dana 0.01 5 0.01 - 5=0.05
Edna 0.04 4 0.04 -4=0.16
Fred 0.05 3 0.05-3=0.15
Gene 0.22 1 0.22 .1 =0.22
Hugo 0.04 4 0.04 -4=0.16
Irma 0.06 3 0.06 - 3=0.18
Jack 0.05 4 0.05-4=0.20
Ken 0.15 2 0.15.-2=0.30
Lea 0.09 3 0.09 - 3 =0.27
Mark 0.02 5 0.02-5=0.10
Nick 0.03 4 0.03-4=0.12
Orrie 0.01 5 0.01-5=0.05
Cena celkem 2.56

Zrychleni  3.47:2.56 = 1:0.74 6 )

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Vypocet ceny optimalniho BVS

Cqk --.-- CENA levého podstromu uzlu k
Cok --e-- Cena pravého podstromu uzlu k

e A ™\
/ A ,'/\\\
_ o A A Pk
Rekurzivni i
mysSlenka | | T | /'/F /"\R N
o /
Cena = Cqi+ 2, p; +Co*+ 2 pi * Py
i=L i=k+
N 7/

Ruzné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...
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The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

>
Vypocet ceny optimalniho BYS
4 N\
Malé Rl S
optimalni P S
podstromy y .
4/_/_ e __ _.':’.:::.._....._.._._.....:'.'1;._ e e e mm - __ ::\_
1 2 eiiuuns L cceeeeeens - N
OO - -) -
Nad prvky s indexy od L do R
\_ Ize jisté vytvorit jeden optimalni podstrom. J
e 4 . . . .
. Mame N optimalnich podstromu velikosti 1
Velikost stromu N-1 2
= po¢€. uzla
= L-R+1 N-2 3
\ : :
1 podstrom N
Celkem mame N *(N+1)/2 ruznych optimalnich podstroml‘]./
8
L

Ruzné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Minimalizace ceny BVS

Idea rekurzivniho reseni:

.
L

o
NTTTPTFTFTTTY S AYTTTTTTITLTL )
......................

1. Predpoklad : Vsechny mensi optlmalnl stromy jsou znamy.

2.Zkus: k = L,L+1,L+2,...,R

k=L k=L#1 Kk=L+2.. . . .. k=R

N ~ ~
- D S N D S
3~ / 3~ / 3~ P > s ~ 7 N /’ N /’ ~ B> N
/ \\ g \\ @ \\ 4 \\ I/ h I/ A { N 1 R { R
1 3 / X I ’ P RO ) \ PR \ p \
! / ) - . /s F 9 SN o) ) K Y \
\ \ '\ N 1 : 1 s 1 1 14
1 s / . I % JALTTrE: & S -ty 3 \ \ 5 \
/ "\ / o\ / .\ / o GRS \ 1 \ 1y \ 1 \ 1 \
y  CTRRRTVREV. OWR o YTVREIEREY. WR PR L N A AT LEEEE S [ETTETTY . Ot O IEvasnasnn e BRGNS

3. Zaregistruj index k, ktery minimalizuje cenu, tj. hodnotu
k-1

Cik* zpl +C2k+zp|+pk

i=k+1

4. Klic s indexem k je korenem optimalniho stromu.

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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5
Minimalizace ceny BVS
C(L,R) ...... Cena optimalniho podstromu obsahujiciho klice
s indexy L, L+1, L+2, ..., R-1, R
a N
C(L,R) = min{ C(L, k-1) + Zp, + C(k+1,R) + Zp, +p,} =
L<k<R i=L i=k+1
=  min{ C(L, k-1) + C(k+1, R)+Z p; }
L<k<R
*) = min{ C(L, k-1) + C(k+1,R) } + Zp,
L L<k<R p

Hodnota k minimalizujici (*) je indexem korenu optim. podstromu.
10

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

o
Datové struktury pro vypocet optmalniho BVS
. ) 4 N\
Ceny optimalnich podstromii Koreny optimalnich podstromu
pole C [L][R] (L =R) pole roots [L][R] (L<R)
NS J N J
4 4 )
R ......................... >
1234 eevereens >» N
L 1 1
2 L 2
3 : 3
: L<R P L<R
10 0
N+1 N+1
diagonala ... L=R diagonala ... L= R
N y 9 i
Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ... 4




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Vypocet optimalniho BVS

Cena konkrétniho optimalniho podstromu

_ g

bl c|ld]|e C(L,R) =

L<k<R

R
P9 +§:Pi
i=L

L=3, R=9

/‘\/\f

R

min { C(L, k-1) + C(k+1,R) } +D_p;
i=L

C(L,R) = min{ 0+x, p3+y, a+z, b+,

c+w, d+pg, e+0 }

12 )

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Vypocet optimalniho BVS

. N
Strategie DP
— nejprve se zpracuji nejmensi podstromy, pak vetsi, atd...
Y
~
?p
13 )

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Vypocet optimalniho BVS

Ve

G

Vypocet DP tabulek cen a korenu

/

void optimalTree () ({
int L, R; double min;

// size =1
for( i=0; i<=N; i++ ) {

C[i][1i] = pravdépodobnost[i]; roots[i] [i] = 1i;

// size > 1
for( int size = 2; size <= N; size++ ) {
L=1; R = size;
while( R <= N ) {
C[L][R] = min(C[L] [k-1]+C[k+1][R], k = L. .R);

roots[L] [R] = ‘k minimalizujici predch. radek’;
C[L] [R] 4= sum(C[i][i], 1 = L..R);
L++; R++;

by o}

14

Riizné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...
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Vypocet optimalniho BVS

Vybudovani optimalniho stromu pomoci
rekonstrukéni tabulky koren

o
>

void buildTree( int L, int R) {

if (R < L) return;
int keyIndex = roots[L] [R];

// Keys ... sorted array of keys
int key = keys|[roots[L][R]];

insert(root, key); // standard BST 1nsert

buildTree( L, keyIndex -1 );
buildTree( keyIndex +1, R );

/

15

Riizné algoritmy maji riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ...
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Vypocet optimalniho BVS

Kofreny optimalnich podstromu

O OO0 000000000 O OoOOo

L
CS\ 333@ 7 7 7
0 2|3 3 3 3 7 7 7
0 0 3 7 7 7
0 0 O f4§ij§iej 7 7 7
0 0 O 77 7 7
0 0 olo o 67 7 7 7
0 0 0 0 0 0 7_7 7
o 0o 0 o o o of(8)9(9)R
0 0 00 0 0 0[0 9 B
ooooooooo@
0 0 0 0 0 0 0[O U O
0 0 00 0 0 0[O0 0 0
0 0 00 0 0 0[O0 0 0
0 0 00 0 0 0[O0 0 0
0 0 00 0 0 0[O0 0 0
0 0 0 000 00 00

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Intho BVS

Korespondence stromu

| 4

1ma

t opt

4

ypoce

r

\%

11 11 11 11

111 11 11

17

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...
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Vypocet optimalniho BVS

Ceny optimalnich podstromu J

RPRPowoodJooUbkd WNHR

B

[
N

B
)

oOzZzRRPrRygHIDOHREEAEDOQDYP

[
(8}

l1-A 2-B 3-C 4-D 5-E 6-F 7-G 8-H 09-I 10-J 11-K 12-L 13-M 14-N 15-0
0.03 0.14 0.37 0.39 0.48 0.63 1.17 1.26 1.42 1.57 2.02 2.29 2.37 2.51 2.56
O 0.08 0.28 0.30 0.39 0.54 1.06 1.14 1.30 1.45 1.90 2.17 2.25 2.39 2.44
0 0O 0.12 0.14 0.23 0.38 0.82 0.90 1.06 1.21 1.66 1.93 2.01 2.15 2.20
0 0 O 0.01 0.06 0.16 0.48 0.56 0.72 0.87 1.32 1.59 1.67 1.81 1.86
0 0 0 O 0.04 0.13 0.44 0.52 0.68 0.83 1.28 1.55 1.63 1.77 1.82
0 0 0 0 0O 0.050.32 0.40 0.56 0.71 1.16 1.43 1.51 1.63 1.67
0 0 0 0 0 0O 0.22 0.30 0.46 0.61 1.06 1.31 1.37 1.48 1.52
0 0 0 0 0 0 O 0.04 0.14 0.24 0.54 0.72 0.78 0.89 0.93
0 0 0 0 0 0 0 O 0.06 0.16 0.42 0.60 0.66 0.77 0.81
0 0 0 0 0 0 0 0 O 0.05 0.25 0.43 0.49 0.60 0.64
0 0 0 0 0 0 0 0 0 0O 0.15 0.33 0.39 0.50 0.54
0 0 0 0 0 0 0 0 0 0 0O 0.09 0.13 0.21 0.24
0 0 0 0 0 0 0 0 0 0 0 0O 0.02 0.07 0.09
0 0 0 0 0 0 0 0 0 0 0 0 0O 0.03 0.05
0 0 0 0 0 0 0 0 0 0 0 0 0 0 o0.01
18
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Dynamicke
programovani

Nejdelsi spolecna
podposloupnost

19

i riznou slozitost: O(n), Q(n?), ©(n-log,(n)), ..




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Nejdelsi spolecna podposloupnost

Dveé
posloupnosti

-

Spole¢na
podposloupnost

J

Nejdelsi
spolec¢na
podposloupnost
(NSP)

-
CBEADDEA IA| = 8
DECDBDA IB| =7

_

-

CBEADDEA A
DECDBEBDA
CDA IC| =3

L

2
CBEADDEA A
DECDBDA
EDDA IC| =4

\_ 20
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The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Nejdelsi spolecna podposloupnost

An:

(a1, dg, .1y an)

B, (by, by ..., b))
Cyk: (cq,Cy s €

C, = LCS(A,, B,

1 2 3 45 6 7 8

CBEADDEA-A

DECDBDA

EDDA

Rekurzivni pravidla:

(a,=b,) => (c,=a,=b,) & (C,.1=LCS (A1, By.1))

1 2 3 45 6 7 8

CBEADDEA-A

DECDBDA

EDDA

1 2 3 45 6 7 8

CBEADDEZX

21
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Nejdelsi spolecna podposloupnost

(a,!=b,) & (c !=a,) ==> (C, =LCS (A,.1, By) )

12345678 12345678

A: [CBEADDE Ag: |[CBEADDH®E

Bi |[DECDBD B |[DECDBD

C3: E DD C3: E DD
(a,!=b,) & (c !=b,) ==> (C,=LCS (A, Bjy.1) )
12345678 12345678

As: |[CBEAD As: [CBEAD

Bi: |[DECDB By |[DECDE

C, |ED C, |[ED

22
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Nejdelsi spolecna podposloupnost

Cla] [b] =

for( a=1; a<=n; a++ )
for( b=1; b<=m; b++ )

.
14

23

z Rekurzivni funkce — déelka LCS j
4 2\
0 n=0or m=0
C(n,m) = C(n-1, m-1) +1 n>0,m>0,a,=b,,
max{ C(n-1, m),C(n,m-1)} n>0,m>0,a,#b,,
N /
( Strategie dynamického programovani |
CIn][m] |

Riizné algoritmy maji riznou slozitost: O(n), Q(n2), ©(n-log,(n)), ...




The complexity of different algorithms varies: O(n), Q(n?), ©(n-log,(n)), ...

Nejdelsi spolecna podposloupnost

Konstrukce DP tabulek pro LCS

void findLCS () {
for( int a=1l; a<=n; a++ )
for( int b=1; b<=m; b++ )
if( A[a] == B[b] ) {
Cl[a][b] = C[a-1][b-1]+1;
arrows[a] [b] = DIAG; X
}
else
if( Cl[a-1][b] > C[a]l[b-1] ) {
C[a] [b] = C[a-1][Db];
arrows[a] [b] = UP; 4

}

else {
C[a] [b] = C[a] [b-1];
arrows|[a] [b] = LEFT; e

} }

24
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Nejdelsi spolecna podposloupnost

/
. 0 1 2 3 4 5 6 7
B: [D|E|c|D|B|D|A
Pole b
Nap 0 olo|oflo|o|o|o]|oO
pro 1 1 C |0 [0 0N 1| 5[
2 | B || 0 |*l* N o |
“CBEADDEA” 0 011 R
a 3 | E 0 4_0'\14_14_1124_24_2
DECDBDA” | | 4 [a|[o [Zoft o[t
- - | - - -
5 | D0 |XN1 1| 1|X2 2|X3] 3
- | - - -
6 | D[]0 N 2 N 2 N3
- | | -
7 [E[| o[t oxo| 2 22 3
«— | — |«
8 |A |0tttz 2 2 2/t 3(Na
S 25
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Nejdelsi spolecna podposloupnost

Vypis NSP -- rekurzivne :)

void outLCS( int a, int b ) {

if(a==0 || b ==0) return;
if( arrows[a] [b] == DIAG ) {
outlLCS (a-1, b-1); // recursion
print (A[a]) ; // ... reverses the sequence!
}
else
if( arrows[a] [b] == UP )
outLCS (a-1,b);
else

outlCS(a,b-1);

26
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