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Motivation

Task: A polynomial can be factorized to the product of linear polynomials,

but only for orders up to 4.

Numerical solution is possible,

but it is imprecise and division leaves a remainder.

Also this is a subject of numerical anaysis.

Task: Linear algebra: “A system of linear equations Ax = b has a unique solution x = A~'b if and only if
det A #£ 0.

Programming: “Real numbers cannot be tested for equality!”

Numerical anaysis: “Imprecision of coefficients causes imprecision of outputs, which for det A — 0 exceeds all
bounds.”

This is called an ill-conditioned task.

Task: Linear algebra: “det A is a sum of products

Z(il)Sign(p)al,p(l) A2 p2) - Anop(n) = Z(il)sign(p) H Qi.p(3) >

P p i<n



where we sum up over all permutations p of indices 1,...,n.”

Numerical anaysis: “This represents appr. n - n! operations.”
n 2|13 | 4 5 10 20 30
no. of operations | 4 | 18 | 96 | 600 | 36288000 | 4.8-10™ | 7.9.10%

Gaussian Elimination has a complexity proportional to n>.

APPROXIMATION OF FUNCTIONS

Task: Estimate future currency exchange rates from the preceding ones.
Task: A random variable with Gaussian normal distribution has a cumulative distribution function

d(u) L / ' <t2> dt

U) = — exp | — .
V21 J oo P 2

This is a transcendent function.

Numerical integration gives an approximate result with given precision.

(In fact, even the exponential function is computed only numerically, only the 4 basic arithmetical operations
are implemented in the processor.)

Faster evaluation can be done with a prepared table of values of Gauss integral.

Task: Estimate the remaining capacity of a battery from its voltage.

We use finitely many values, but we need an approximation on the whole interval.

Moreover, we require monotonicity.

Task: A digital image is zoomed, rotated, etc. This changes the number of pixels and their orientation.
Draw the V-A characteristic of a diode from measured data:
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Motivating problems on approximation
1. Task 1: Dependence of an exchange rate on time.
2. Task 2: Fast estimation of Gauss integral (using a preprocessed table).

3. Task 3: V-A characteristic of a diode based on measured values.



4. Task 4: Temperatures from a meteorological station.

Basic task of approximation

Given:
n different points xo,...,z,—1 € R (nodes)
Yoy -+ ¥Yn—1 € R
set of functions F, defined at least in the nodes xg,...,z,_1
Task:
Find a function ¢ € F, which minimizes the differences |y; — ¢(z;)], i =0,...,n— 1.
Assumption: F is the linear hull of k& known, so-called approximating functions g, ..., pr_1, k < n:
F ={p0,--Pk—1) = {chgoj tej € R}.
j<k

It remains to determine real coefficients
¢j, j=0,...,k—1, of the linear combination

p=> ¢p;-
i<k
Linearity of the procedure of approximation

We mostly assume linear dependence of the output on the inputs (“superposition principle”); this is related to
the independence of the output on the chosen scale.
Than any approximation depends linearly on the entries of the arithmetical vector ¥ = (yo,...,¥n—1) € R™.
The resulting approximation is

=) ¢

i<k

where
¢ = (p(z0), ..., p(xn-1)) ER",
G = (pj(0),...,¢j(@n-1)) €R?, 7=0,...,k—1.
(No other values are used.)
Vector formulation of approximation:
For a given vector ¥, we look for the “nearest” vector ¢ from the linear hull of known vectors g;, j =0,...,k—1.
Vector ¢ has coordinates (yo,. .., yn—1) w.I.t. the standard basis

1;0:(1507"'50)7 1;1:(071707"'70)a ) 1/;77,—1:(0’-”’0’1)7
1. For j =0,...,n—1, we can put § = zljj and find approximating functions p;, represented by vectors gj;.

2. For a general input vector g/, the approximation is a linear combination of results of the special cases:

szijgw

j<n
Functions g;, j =0,...,n — 1, give sufficient information about the solution for any ¥ = (yo,...,Yn—1)-
Interpolation

Special case of approximation, where we require exact match at nodes.

Given:

n different nodes xzg,...,x,—1 € R

Yo, -5 Yn—1 € R

set of functions F, defined at least at the nodes xg,...,x,_1

Task: Select a function ¢ € F such that
o)) =y, i=0,...,n—1.

Simple interpolation



Assumption:

f:<¢07-~-,¢n1>={20j¢j:cj eR}.

Substitution gives
ch@j(%):yi, i=0,...,n—1,

j<n
which is a system of n linear equations for unknowns ¢;, j =0,...,n — 1.
For uniqueness, we put k = n and we require linear independence of arithmetical vectors @; = (¢;(20), ..., ¢;(Tn-1)),

7=0,...,k—1.
The complexity is proportional to n?; we shall achieve smaller complexity for special tasks.

Polynomial interpolation

We interpolate by a polynomial of degree less than n, i.e., <n — 1.

It has n coefficients, which is needed for existence and uniquness of the solution.

Interpolating functions can be chosen as ¢;(t) =t/, j =0,...,n — 1.

It may be advantageous to use another bases of the n-dimensional linear space of all polynomials of degree less
than n.

Advantages of polynomial interpolation

e It is easy to integrate them, differentiate, etc.

e Solvability:

Theorem: There is exactly on polynomial of degree less than n which solves the interpolation task for
n nodes.

e Universality:

Weierstrass Theorem: Let f be a continuous function at a closed interval I and let € > 0. Then there
exists a polynomial ¢ such that
Veel:[f(t) - () <e.

Disadvantages of polynomial interpolation

e Weierstrass Theorem does not say anything about the degree of the polynomial, thus it may be useless.

e Polynomial dependencies are rather rare in practice.
Simple interpolation works, but we shall show better methods.

Lagrange construction of the interpolating polynomial
1. We solve special cases when the jth entry of vectoru ¥ is unit, others are zeros; this results in polynomials
0i,7=0,...,n—1,
e =654 o i)

(0i; is the Kronecker delta)

Polynomial g; of degree <n — 1 has n — 1 roots xg,...,Zj—1, Tj41,--.,Tn—1;
Qj(t) = ej(t — xo) ‘e (t — Jij_1)(t — .’13j+1) ce (t — xn_l)
= € H (t—.]?i),
i<n,i#j



where e; follows from the equality o;(z;) = 1:
[T (t—=)
1 __ i<n,i#£]

T YY" @on

i<n,izj i<niZj

€5 =

2. The general solution is the linear combination

‘P:Zyj‘?j»

D (=)
o) => yiot)=> u %

j<n IS il

Check:

o) => yioiw) =Y yijdi; =ui.

j<n j<n

The complexity is proportional to n2.
The idea of the Lagrange construction of the interpolating polynomial is applicable to more general tasks.
Motivation for dissatisfaction:
Approximating exchange rates, we continuously receive new data.
Is it necessary to comput all again from scratch?
Some intermediate results can be used, provided that we recorded them.
The previous result can be used and only corrected by certain polynomial.

Newton construction of the interpolating polynomial
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It is still the same (unique) polynomial

The constant polynomial ¢y = yo has the right value at zg.

The resulting polynomial ¢ is a sum of an appropriate polynomial wgy vanishing at xo: t — (t — z) wo(t), where
wp is a polynomial of degree < n — 2:

WO(t) _ @(t) — Co

p(t) =co + (t —xo) wo(t), co="Yo, :
— Z0
Yi — Co .
(cancel out). Values at nodes: wy(z;) = s Induction:
i — To
Polynomial wy is of the form (w; is a polyznomial of degree < n — 3):
wol(t) —c¢
wo(t) =1+ (t—z1) wi(t), ¢ = wol(zy), m@:%gzi
wi(l) —c
wi(t) = co + (t — x2) wal(t), o =wi(z2), wa(t)= 125(_)—1:22
wa(l) —c¢
u@(t) =c3+ (t - $3)W3(t) 5 C3 = wg({ﬁg) y wg(t) = 2t(—)—1733

wn—?(t) =Cp—1= wn—3(xn—2) .



Back substitution gives

p(t) = co+(t—w0) fer+(t =) ez +
+oo(t—2p_3) [ecn2t+(t—2p_2) cn_1]...].

Expansion (not recommended!):

co+(t—zp)er+(t—mo) t—x1)ca+ ...+ H (t — ;)

ch H(t—.’L‘i).

j<n 1<j

o(t)

The complexity of the computation of coefficients is ~ n2, then each function value is obtained with the
complexity ~ n.

Nevill’s algorithm

We need to evaluate the interpolating polynomial just for a single argument ¢; the coefficients are irrelevant.
One point (z;,y;) gives an approximation by a constant polynomial y;.
Two points (z;,yi), (i1, ¥i+1) are approximated by a linear polynomial; its value at ¢ is a linear combination
of values y;, ¥;+1, namely

(t—@ip1)yi + (2 — ) yira

Yiji+1l = )
Ti — Ti41
ete.
Yi,i+1,....i+m—1 ... the value at ¢t of the interpolating polynomial with m nodes z;, z;41,..., Titm—1
Yit1,....i+m—1,i+m - the value at ¢ of the interpolating polynomial with m nodes x;11,..., Zitm—1,Titm
The value at t of the interpolating polynomial with m + 1 nodes x;, x;41,.. ., Titm iS
(= i) Yisir 1, itme1 (T = 1) Yir 1, ibmeLitm
Yiji+1,....i+m =
Tj — Ti+m
We proceed from values yo, Y1, .., Yn—1 t0 Yo,1,...n—1 = @(t) = result.

Numerical errors can be reduced if, instead of the polynomial values, we compute only their differences,

Ciim = Yi,.itm — Yi,.oosifm—1
Dimi = Yi.itm — Yitl, .. itm>

using recurrent formulas

- (i =) (Cit1,m—1 — Dijm-1)
o Ti — Tigm ’
(@igm — 1) (Cit1,m—1 — Dim—1)

T — Ti4m

The result is, e.g.,

n—1

Yo1,..n—1 = Yo + Z Com -

m=1
Error of approximation by the interpolating polynomial

Zero at nodes (only numerical errors occur).
Error in other points if we approximate a function f by the interpolating polynomial.

Derivation of the error of approximation by the interpolating polynomial

Assumptions:
f has continuous derivatives up to order n at a closed interval I D {zq,...,Zn_1},
ueI\{xo,...,xn_1}



We define a function

gu(t) = f(t) = () ~P,W(t),
—_——
error of interpolation at ¢
where P, = M is a suitable constant,
W (u)
W(t) = [](t — x;) is a polynomial of degree n with roots xo,...,z,—1 and a unit coefficient at the highest
i<n

power, t" (these conditions determine the polynomial uniquely),
Its nth derivative is W™ (t) = n!
Gu=f—-—¢—PW

has roots u, xg,...,x,_1 and a continuous nth derivative
g\ = " — P,

Between every two roots of g, there is a root of its derivative g/,.
Between n + 1 roots of g, there are

> n roots of g/,

>n — 1 roots of g/,

> 1 root of g&n)7 say €.

(n)

f) — o) = T E i)
(n)

fl) o) = L&
(n)

7)) = T

We replace |f(™)(€)| by its upper estimate M,,: Vt € I : |f(™(t)| < M,
M,
£() — )] < 2 ()

Using an upper estimate W of W, Vt € I : [W(t)| < W, we get an upper estimate independent of u:

F(w) — plu)] < ST
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(Red: upper estimate of error; green: real error.)

Two cases:
e Extrapolation: approximation outside the interval I(zo,...,z,—1) of nodes
e Interpolaci (in the narrow sense): approximation outside the interval I(xq,...,Zn—1)

Recommendation for minimization of error: cosine distribution of nodes
On interval [—1, 1], choose nodes

on a general interval [a, b] choose

_b+a b—a _bia b-a  mlity)

YTy 2 AT T 2 n

Approximation error of polynomial interpolation for a cosine distribution of nodes
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Motivating problem - polynomial interpolation
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Dependence of interpolating polynomial on local changes
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Hermite interpolating polynomial - example

Given:

Ty = O7 T = 17

0,0, 91,0, Y0,1,¥1,1 € R

Task:

Find a polynomial ¢ of degree at most 3, such that

e(zo) =Yoo, @) =yi0, ¢'(@0) =yo1, ¢ (1) =y1a
As in the Lagrange construction of the interpolating polynomial, we first find polynomials 7, 0, o, 7 of degree 3:

Y | 9(0) 1) D)

0)

¥'(0) 9’
0 0
0 0
1 0
0 1

5 AR 3

1 0
0 1
0 0
0 0

Polynomial 1 has a double root 1, thus it is of the form
n(t) = (aot + bo)(t = 1)%,

where ag, by can be determined from the values at 0:

|
—

1(0) = bo
T]I(O) = ap — 2b0

|
o

ap = 2, bo=1, nt)=(2t+1)(t—1)?
o has a double root 0, thus it is of the form
o(t) = (art + b1) t?,
where a1, b; can be determined from the values at 1:
Q(l) = ax + b1 = 1
,Ql(].) = 3(11 + 261 =0

ay = _25 by = 37 Q(t) = (_2t + 3)t2

13



o has a double root 1 and a single root 0, thus it is of the form
o(t) =cot(t —1)%,
where ¢g can be determined from the derivative at 0:
d0)=c=1
o(t) = t(t —1)?

7 has a double root 0 and a single root 1, thus it is of the form
7(t) = 1 t2(t — 1),

where ¢; can be determined from the derivative at 1:

 is a linear combination of 7, o, o, T,

Y=Yo,0N+Vo00+Y,10+Yy11T

14



Approximation by Taylor series (more exactly, by Taylor polynomial)

Special case of Hermite interpolating polynomial with one node, where the first n derivatives (including the 0’s)
are given.

Given:

Node x(

n values 0,0, %0,1,---,Yo,n—1 € R

Task:

Find a polynomial ¢ of degree less than n, such that

@(j)(ﬂfo):yo,j, j=0,...,n—1.

The solution is of the form

o=yt P (w0) =i, %@=%@—%V

j<n
Yo,j ]
o) = S Y (1 — )
j<n J:
If 40,0, ¥0,15- - - s Yo,n—1 are the derivatives of some function f at o, i.e., yo,; = f9)(x), then ¢ is a finite Taylor
series with center zg: ‘
_ f(J)(ZO) j
p(t) = ZT@*%) :
j<n

If f has a continuous nth derivative at interval I(u, zg), then

where & € I(u,x0)
7) — @) < [ — )"

The only difference from the error of the interpolating polynomial is that polynomial W (u) with roots xq, ..., Z,—1
is replaced by polynomial (u — )™ (of the same degree) with a single root zy of multiplicity n.
Approximation by Taylor polynomial is very precise in the neighborhood of g, but less precise in more distant
points.

15
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Approximations by Taylor polynomials of degrees 5, 10, and 15 for positive arguments.
Approximation by Taylor polynomial

16
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Approximations by Taylor polynomials of degrees 5, 10, and 15 for negative arguments.

Approximation by Taylor polynomial
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Approximations by Taylor polynomials of degrees 5, 10, and 15 for positive and negative arguments.

Spline interpolation

Disadvantage of polynomial interpolation: small change of input can cause big change of output at distant
points (the influence is not localized).

Spline is a piecewise polynomial functionAn. (It coincides with polynomials of small degree at particular
intervals.)

The simplest case is linear spline, which is the approximation by a piecewise linear function.

Cubic spline

Given:

n nodes xg, ..., Ty—1 ordered increasingly,
n values yo, ..., Yn—1.

Task:

Find function ¢, defined on interval [z, x,,—1], such that:

° (p(ﬂ?l)zyz, iZO,...,n—l,

e at each interval [x;_1,;], i=1,...,n—1, function ¢ coincides with a polynomial ¢; of degree at most 3,
o the first two derivatives of ¢ are continuous at interval [zg, ,—1].

(We shall find it necessary to make this task more precise.)

It suffices to ensure continuity of derivatives at n — 1 nodes x1,...,Z,_2:
(,0;($1) = Qali—i-l(xi)’ Z.:L...,’Il72,
@;/(xi) = @;q—l(xi)) 1= 1,...,7’1—2.
Suppose that values ' (z;) = @j(2;) = @i 1(x5), 1 = 1,...,n — 2 are known. Then ¢’ is continuous.

18



Polynomials ¢;, « = 1,...,n — 1 can be found just as the Hermite interpolating polynomial in the previous

example; the only difference is that the nodes 0,1 are replaced by z;_1, z;.
The general case is obtained by an easy linear transformation of coordinates:
t— w1

t:l‘i_1+(l’ifxi_1)u, u = .
Tj — Ti—1

On interval [z;_1,2;],i=1,...,n — 1, we get
@i(t) = yicami(t) + yioi(t) + ' (xim1)oi(t) + @' () 7(t)

where n;, 0;, 04, T; are polynomials of degree at most 3 (computed as the polynomials 7, g, o, 7 in the example of

Hermite interpolating polynomial).
It remains to find ¢'(z;), i =0,...,n — 1:
Yio1n; (i) + yi0f () + ' (wio1)oi (w:) + ¢ ()7 (21) =
Yinipr () + Yir1051(23) + @ ()0l () + ¢ (@) 7 (20)

where i =1,...,n—2
(system of n — 2 linear equations with n unknowns).
There remain 2 undefined parameters. The usual choice ¢ (x0) = ¢”(zn,—1) = 0 leads to so-called natural
spline. This choice influences the result only at the endpoints of the interval [zg, 2, —1].

The algorithm consists of 2 parts:
1. Computation of coefficients ¢'(z;),7=0,...,n—1

2. Evaluation of the spline.

The matrix of the system of linear equations is three-diagonal (its particular properties allow more effective

solutions).
Splins cannot be used for extrapolation!

Still many implementations allow it.
Comment: The choice of nodes has smaller influence than in polynomial interpolation.
Influence of local changes on a spline

SPLINE

SPLINE
f‘\\
/
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I\

{1}

;‘\‘
\
\
\
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\

Ei
\

1\

e

—
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Influence of local changes on a spline
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SPLINE

Motivating problem - spline
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Given:
n nodes xg, ..., Tp—1
n values yo, . . ., Yn—1
k functions ¢y, . .., Yk—1, k < n, defined at least at the nodes.
Task:
Find coeflicients co, ..., cx—1 € R of a linear combination of functions ¢;
#=2 i

21



which minimizes )
(Z ¢ pi(@i) — yz)

j<k

Hy = (p(x:) —w)* =)

<n i<n
Modified criteria
Hyy = Y w; (p(:) — ;)

i<n

can be solved analogously,

Hy, = Z lo(@s) — il

<n
not used, the solution is not unique,

Ho = max|p(2:) = yil

is more difficult to solve (Chebyshev approximation).

Solution of approximation by LSM

We introduce an inner (=scalar) product on R", defined for @ = (ug,...,un—1), ¥ = (vo,...,Vp_1) by
i<n
We have to approximate vector i by a linear combination @ = ) ¢; &,
j<k
the criterion is Hy = (§— ) - (F—9) = || — ¥]|*-
Solution: The orthogonal projection; it satisfies the system of equations (for m =0,...,k—1)
(SB - ?7) ! _im Oa
G Pm = Y- Pm-

Vectors @ and ¢ have the same inner products with vectors &,

(Zeré)-n = 7

j<k
Zc]’(@‘j'(ﬁm) = g‘ﬁ?’ﬂa m:()a' 7k71a
j<k

system of linear equations for unknowns cg,...,ci_1 - system of normal equations.

Special case: Approximation by a polynomial of degree less than k; we may choose ¢;(t) = t7,

> - J m o Jjt+m
%*Pm*i T *E,xz .

i<n <n

Motivating problem - LSM

22



MNC
EI.EIEIEIEI-E
EI.EIEIEIE-S /
0.0004 -

00002 4

5e-081
Ge-03-
4e-051

2e-051

DR LI PO R L v. Y IIIIIIIU_IIIIIIIIIIIIIIIIIIIIIIII

0.1 -0.08 -0.05 -0.84~A-07 0.02 0.04 0.0 0.08 0.1
t

Approximation of V-A characteristic of a diode by a linear combination of a constant and two exponencials
with appropriate bases. . .
In linear subspace P = (Zo, ..., Prk_1), we find an orthogonal basis (¢, ..., ¥r_1),

z/?j-qzmzoforj;ém.

Orthogonality depends not only on functions ¢y, ..., @r_1, but also on the choice of nodes!
We look for a solution in the form ¢ = > d; v;, where d;, j =0,...,k — 1 are coordinates w.r.t. a new basis.
i<k

23



The matrix of the system of normal equations is diagonal:

d; (1/7]1@) = -, j=0,...,k—-1,
4= 2% o T j=0,...k—1.
V- 45112

Moreover, vectors zEj can be chosen unit, then also the denominator is 1.
Constructs an orthogonal basis

= Q10 = _fl'ibo
0 %o

152 = P2 + azoJo + 04211;1

Voo =0 = @o- 1o+ sty - Yo+ ar Y1 - g =0
——
0

0
S oy = —_’2'?1
191

1/_;]' =g+ Z O‘jme

m<j
Vo, p <jity Yy = 0=@ Ut D b Uy = - P+ iy
m<j
= ajp:7_i0j'iﬁp
wp'¢p

Approximation by LSM with the choice of approximating functions

t t t t
cos2m—, sin2wr—, cosdmr—, sindwr—
, 7TT, in 7TT, 7TT, in 7TT,

1

—

"(/}p

AN\ N

T

For equidistant nodes at an interval of length T,

T,=a+1—, 1=0,....,n—1,
n

24



(at most n) vectors @; are orthogonal.

Given:

Bounded interval I,

continuous function f na I,

keN

Task:

Find a polynomial ¢ of degree less than k minimizing

Ho = max l(t) — f(1)]

There are methods solving this task, but their complexity is much higher;
instead of that, we usually apply modified LSM:
For simplicity, we take interval I = (—1, 1); generalization to any interval {a, b) is done by a linear transformation

b+a b-—a
Tr =

+ z
2 2 7
the inverse transformation is
b+a
r— 3
z =
b—a
2
We choose n > k nodes zg,...,x,-1 € (—1,1) with cosine distribution:
c1
(2 + 5
zi:cosg, 1=0,...,n—1.
n

For a basis of the linear space of all polynomials of degree less than k, we take Chebyshev polynomials:

Chebyshev polynomials

/N

0.5 1

©;(t) = cos(j arccost), j=0,....k—1, k<n.

They can be computed by a recurrent formula

eo(t) = 1,
e1(t) = t,
pi(t) = 2tpja(t) —pj-2t), j=>2

The range of functions ¢;, j > 1, at interval I is (—1,1).
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The vectors @y, ..., Pk_1 are orthogonal,

0 ifj#m,
G gm=1{ 3 ifj=m>0,
n if j=m=0.

For k = n, we obtain the interpolating polynomial (with the recommended distribution of nodes). The solution
for k < n differs by ignoring the summands of higher order. Coefficients cy,...,c,—1 are usually small (they
depend on higher derivatives of the approximated function!). An upper estimate of the error at nodes is

n—1

(i) = @)l <) legl-

=k
Remarks on Chebyshev approximation

e We do not optimize the criterion Hy, but the result is not much different from the optimal solution.

e We cannot say much about the error at other points than the nodes; nevertheless, the method can be
recommended.

e The recurrent formula is used not only for computation of Chebyshev polynomials, but also to their direct
evaluation at given points.

e It is not recommended to expand the result to the standard form p(t) = > b; t7.
i<k

e Chebyshev approximation can be generalized to an approximation by a product of a known function and
an unknown polynomial.
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