
1. Construct Groebner basis of the system of polynomials

x y + x− y − 1 = 0

x z + x− z − 1 = 0

x y − x z − y − z = 0

How many solutions does the system have?

Solution

Apply the Buchberger’s algorithm with x >lex> ylex > zlex

G1 = [f1 = x y + x− y + 1, f2 = x z + x− z − 1, f3 = x y − x z − y − z]

f4 = S12
G1

= zf1 − yf2
G1

= xy − xz − y + z
G1 = 2z

We see that the basis now contains 2z, hence z = 0. We can then
back-substitute into f2 to obtain x = 1 and from f3 we see that 0y = 0,
therefore the system has infinitely many solutions. A Groebner basis
for such system could be e.g.

x− 1 z

2. Consider lexicographic ordering x >lex y >lex z. Change the follow-
ing equations so they become a Groebner basis with respect to given
ordering

x y + y + z2 − 1 = 0

x2 z + x y − 1 = 0

Justify.

Solution

E.g.

y + z2 − 1 = 0

x2 z + x y − 1 = 0
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The S-polynomial will be divisible by G, since LCM(LM(y + z2 −
1)LM(y + z2 − 1)) = LM(y + z2 − 1)LM(y + z2 − 1) = x2 y z. This
is a useful trick, if the least common multiple LCM(LM(f1)LM(f2))
is equal to the actual multiple LM(f1)LM(f2), then the resulting S-
polynomial will be divisible by (f1, f2) without remainder.

3. Decide which from the following sets of polynomials are Groebner bases
in monomial ordering x >lex y >lex z.

(a) x y z + 1, x + y z

(b) x y + z2, z3 + 1

(c) x y z + 1, x y + z2, 1− z3

(d) 1

(e) x3 + 1

(f) f(x, y, z), 1

(g) f(x, y), g(z)

where f(x, y), g(z), a f(x, y, z), are some polynomials in the variables
in brackets. Justify.

Solution

Trick 1 - if LCM(LM(f1)LM(f2)) = LM(f1)LM(f2) then S12
(f1,f2)

=
0

(a) S12 = y2 z2 + 1

S12
G 6= 0⇒ not a basis.

(b) A basis because trick 1.

(c) S12
G

= 1− z3
G

= 0

S13
G

= xy + z2
G

= 0

S23
G

= 0 (trick 1)
⇒ is a basis.

(d) Is a basis.

(e) Is a basis.

(f) Is a basis, contains 1 which can generate all polynomials.

(g) Is a basis (trick 1).
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