1. Construct Groebner basis of the system of polynomials

zy+r—y—1 = 0
rz+x—2z—1 = 0

zy—xz—y—z = 0

How many solutions does the system have?

Solution

Apply the Buchberger’s algorithm with x >, > yier > Zier

G = [fi=zy+zr—y+ 1, o=xz+r—2—-1,fs3=0y—x2z—y— 2
G ——G G
Ji = 5121=Zf1—yf21=xy—xz—y—|—zl:2z

We see that the basis now contains 2z, hence z = 0. We can then
back-substitute into f, to obtain x = 1 and from f3 we see that Oy = 0,
therefore the system has infinitely many solutions. A Groebner basis
for such system could be e.g.

r—1 =z

2. Consider lexicographic ordering x >y, ¥ > 2. Change the follow-
ing equations so they become a Groebner basis with respect to given
ordering

ry+y+22—1 = 0
?z+zy—1 = 0
Justity.

Solution
E.g.

y+22—-1 = 0
P2?z4+zy—1 = 0



The S-polynomial will be divisible by G, since LCM (LM (y + 2* —
DILM(y+2*—1))=LM(y+2>—1)LM(y+ 2> — 1) = 2*y 2. This
is a useful trick, if the least common multiple LCM (LM (f1)LM(f2))
is equal to the actual multiple LM (f1)LM(f>), then the resulting S-
polynomial will be divisible by (fi, f2) without remainder.

. Decide which from the following sets of polynomials are Groebner bases
in monomial ordering & >.; ¥ >er 2.

(a

(b) zy+2% 23 +1

ryz+1l,z+yz

(c) zyz+ 1, zy+2%1—23
(d) 1

(e) 23

(f f(x Y 2), 1

)
)
)
d)
)
)
) f

f(z,y), 9(2)

where f(x,y), g(z), a f(x,y, z), are some polynomials in the variables
in brackets. Justify.

(g

Solution

Trick 1 - if LOM(LM(fi)LM (f2)) = LM(f1)LM(f5) then Sp, " =
0

(a) So=y?22+1
S_lgG # 0 = not a basis.
(b) A basis because trick 1.
(€) Sl =1-25 =0
Sig. =ay+ 2" =0
S_ng =0 (trick 1)
= is a basis.

(d) Is a basis.

e) Is a basis.

(
(

)
)
) Is a basis, contains 1 which can generate all polynomials.
(g) Is a basis (trick 1).



