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Fourier Transform

time{t} <= frequency{u}

forward:  F(u) = / £(t) e 2miut 34
inverse: f(t) = / F(u) et2miut g,
—00

basis functions: e>™“ = cos(2mut) + isin(2mut)
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Fourier Transform

time{t} <= frequency{u}

forward: F(u):/ f(t) e 2™t qt

—0o0

inverse:  f(t) :/ F(u) et2miut g,

—0o0

basis functions: e>™ = cos(2mut) + isin(2mut)

amplitude:  |F(u)| = \/Re )? + Im(F(u))?

phase:  ®(F(u)) = tan™" <m>



Fourier Transform




Fourier Transform

x4 k) —1(x—k) = % sin(2rku)




Fourier Transform — Properties
> Linearity:
a-f(x)+b-f(x) <= a-F(u)+b-F(v)

» Parseval’s theorem:

[ irakax= [ IF@PR

—00 —00

» Convolution theorem:

/ F(x) gt —x)dx  — F(u)-G(u)
» Shift theorem:
/ f(X _ a) e—27riu>< dx = F(U) e—27riua

—0o0



Fourier Transform — Derivatives

time derivatives frequency

Oth: f(x) <= F(u)

1st: f/(x) < 2miu - F(u) m
2nd: f"(x) & (2miu)? - F(u) M




Fourier Transform (in 2D)

2D position{x,y} <= 2D frequency coords{u, v}
(or in polar coordinates: frequency
(scale of waves) and orientation (di-
rection of waves))

forward: F(u,v) = / / f(x,y) e 2wt w) 4x dy

inverse:  f(x,y) = / / F(u,v) et?mi(ew) qy dy






Fourier Transform (in 2D)

source image Fourier amplitude source image Fourier amplitude
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Discrete Fourier Transform (DFT)

Discrete Fourier Transform (DFT):

] N-1N-1 _
forward:  Flu,v] = N Z Z flx, y] e—2mi(ux+vy)/N
x=0 y=0

N—-1N-1

1 ,
inverse:  f[x,y] = N Z Z Flu, v] et2rilwctw)/N
u=0 v=0



Sampling Theorem

Setting:

Band-limited signal, fax < i (Nyquist frequency)




Sampling Theorem
Nyquist frequency: fmax < 5x
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Sampling Theorem — Signal Reconstruction

Signal reconstruction:




Effect of Sampling — Example

spectrum overlap pixel grid subsampling

_

zero-padding reconstruction



Image Resampling

Problem: convolution with sinc = time consuming, ringing
artifacts.

Sinc approximations with narrow support (bicubic, bilinear, box):

bicubic bilinear box




Aliasing Example




Fourier Transform — Amplitude/Phase

Edges with orientation arctan(v/u) and frequency vu? + v2:

Amplitude = intensity Phase = “location”

amplitude

constant phase

constant amplitude



Keeping only phase (and synthesizing amplitude)

Let us keep the original phase only, and replace the amplitude by A
=f P f=Vu2+v2
=0 B=0.4 £5=0.8




Fast Fourier Transform (FFT)

Computation complexity of the naive implementation is O(N#).
Can we do it faster?

Computing DFT using Fast Fourier Transform (FFT):

N-1 N—-1
1 . .
separability: F[u, v] — N E e—27r/uX/N E f[x)y] e—27rlvy/N
x=0 y—O

F[U] = Feven[u] + Fodd[u] 6_27”.”//\/7
recursion: .
Flu+ N/2] = Feven[t] — Fodq[u] e 2™/N.

Computation complexity: O(N?log N).



