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Lecture 6
Stochastic Gradient Descent
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4+ SGD
e Simple Analysis
- Progress vs variance work and learning rate
- Learning rate schedule
e Variance reduction and momentum
4+ Extra*®
e Implicit Regularization of SGD

e p-norm steepest descent



SGD: General Setup @

¢ Problem Setup: 2
e Data generator p*:

- finite training set of size n plus sampler (plus randomized augmentation)
- simulation, stream
o Predictor: f(x;0), loss: L(0) = E; )p=l(y, f(2;0))]
¢ Gradient Descent:
® g1 =VoL(6:)
o 01 =0;—a:9:, ay is learning rate

e |f the dataset is very large — lots of computations to make a small step

¢ Stochastic Gradient Descent:
e Draw a batch of data (x;,v;)2, from p*

o Gt =Vo( 5w f(1.6,)))

® 9t+1 = 0 — gy

Py
v, .

g

e "Noisy" gradient:
- E[g¢] = Vo L(0:) — unbiased if batch loss is unbiased
- V[g:] = 5V[g;], where g; is a stochastic gradient with one sample: tradeoff
between accuracy of approximation and computation cost



GD vs SGD ®

5(9)

¢ Gradient Descent:

® 0y 1=0,—ag,

e compute: O(n) — full data

'zm
e gradient variance: 0
¢ SGD:

® 0i1="0;—ag
e compute: O(B) — mini-batch

e gradient variance: +0}

4 So which one will be the fastest?



A Model to Measure Progress @

¢ Lipschitz smooth function:

e L(0) is Lipschitz smooth with constant p if its gradient is Lipschitz continuous:
(VLB —VLO)| < p|l@—€] for all 6,6’
o Implies: [L£(8") — (L(0) +VL(0)(0—0))| < £]|6) — o[

. VO
linear approx at 6

e We will need the upper bound:
L(0')—L(0) < VL@O)(O—0)+ 5|61 — b5
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Work vs Variance Tradeoff @

¢ Lipschitz smooth function:

e L(#) is Lipschitz smooth with constant p if its gradient is Lipschitz continuous:
|VL(O)—VLEO)| < pll6—0' for all 0,6
o Implies: [L(0") — (L(O)+VLO)(0—-0))| < 5]|01— 62

-~

linear approx at 6

e We will need the upper bound:
L(0') — L(8) < VLO)(O—0")+ 5161 — 657

¢ Improvement of SGD step 0,1 = 0; — ag;:

o Li(0i+1)—L(0) < —alge,ge) + 21|31

e Expected Improvement: —a/(gy, E[Gi]) + 22 E| G|
ol gell? + 22 (V[Ge) + lge 1)

2 2 9 _ 3
< —(a—25)||gel|* + 2557, assuming V([g] < o?

z L) —L*  pa?
o > Elg* < ( O)T + '02& o? , where c:oz—’(%‘2
k=0 hc,_/ \C,_/

O(%) Noise floor




A (loss bound)

Work vs Variance Tradeoff @ o

2

(87 0'2 (87
¢ Expected grad norm: O(=5) +O(2%5.%), c = a — &~ 6

e Work per iteration x B — batch size

e Variance 02 «x 03, where o — variance for B =1

e For 0% =0, we get just O(—5) — GD rate

_ a = 0.02
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Learning Rate vs Batch Size @ o

A (loss bound)

2 9 2 {
¢ Expected grad norm bound: & +2%% where ¢ = a— 25, AL = L(6) — L
2 2 2
e 0° = Z, noise floor ol N o
e Same noise floor = o x B
. o =0.02B/16
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Notes: - works only for small learning rate -- eventually SGD wins

- a different rule is used for adaptive methods



Learning Rate Schedule @ o

4 Step / Waterfall schedule:

e Decrease learning rate in steps, e.g: start with a = 0.1

1.0
then decrease by factor of 10 at epochs 100 and 150 ~ SGD-Momentum
. . 08 — - Amsgrad
o C(.f. idea of fast convergence to a region: after step ., - Adamw
: 8 06! —-- Yogi
size decrease, 1/n rate replays - AdaBound
=
I(—E 0.4 -
4 Cosine schedule: - more convenient .
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Learning Rate Schedule @

¢ Refined Toy Model: expected improvement with two orthogonal components: 9
L(0)=L1(01)+ L2(60)
e [, has high curvature
e L5 has low curvature reached noise floor

e [he learning rate o is common
1

@ X 7%
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The optimal schedule rumps Ir up, so that slow curvature component can be optimized while
the high curvature one does not diverge. This hides the progress until we decrease Ir



Dataset Samplers (with w/o replacement) @

4+ How should we draw data points for SGD: 10

e every time select randomly with replacement

e shuffle the data once (c.f. incremental GD)

e shuffle at each epoch but draw without replacement
4 Empirical evidence:

Bottou (2009): “Curiously Fast Convergence of some Stochastic Gradient Descent Algorithms”
logistic regression d = 47,152, n = 781,256

11111

11111 ~o(h)
Random selection: Cycling the same random Random shuffle at each
slope=—1.0003 shuffle: slope=—1.8393 epoch: slope=—2.0103

¢ A simple consideration:
Drawing n times with replacement from the dataset of size n some points may not be

selected — efficiently using a subset of data per epoch.



Variance Reduction:

4 Batch Estimate

e Batch mean: L—Mzzel

e Unbiased, but high variance

4 Training data mean

L= %Z?:Ji

e Unbiased, zero variance, but may be too costly

4 Average using all last known loss values

A

o Lim (i 1+ g 1)
e [ow variance, hysteresis 1 epoch

e Need to remember losses for full dataset

4 Running Averaging
[ £t+1 — (1 _q)l/\;t+qz
e Variance-hysteresis tradeoff controlled by g

e Need to remember only the running average loss

Loss

@:O-/]

a8

.04
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Variance Reduction: Gradient
4+ SGD
e Batch mean: =+ ..,V

e Need a small step size

+ GD
e Full gradient: g = %Z;;Vli

e Too costly

4 Stochastic Average Gradient (SAG)
* = %(ZieI(Vli)neerZing(vzi)dd)

e Improved convergence rates (convex analysis)

e Need to remember gradients

4 SGD with filtered gradient (SGD with momentum)
e g:=(1-¢q)g+qg

e Variance-hysteresis tradeoff controlled by q

e Remember only the running average gradient

12



First Order Filter @ o

¢ General setup: 13
Xi, k=1,....,t —ind dent rand iabl _
o X, independent random variables EWA weights 1= 0.2
e ¢; €(0,1]

e First order filter: ;= (1 —q)pe—1+ q: Xs
¢ Exponentially Weighted Average (EWA):

e Constant ¢; = ¢

o 1= (1—q)uo+qX;

o o= (1-q)*u+(1—q)gX1+qX,

° ...
Y
o u=1-q) '+ > (1-9) " "eXy (1=q)
1<k<t
= wopo+ ), wrpXg _ _
1<k<t Running mean weights

¢ Running mean: _EEEEEEEEESEEEEEEEEEE

¢ Qt:%

o 11 =0uo+ X4
o ="+ X
® [lty] = H%Mt + H%Xtﬂ = %Mt—l + H%(Xt +Xt+1)

4 Averaging over past gradients reduces variance, but introduces a hysteresis bias



(*) EWA: How Much Variance Reduction? @

¢ General setup

e X; — independent random variables

e g, < (0,1]

e Running mean: p; = (1 —q¢)ps—1+q:Xs is a r.v.
¢ Expectation:

o Elu] =(1—q)E|us—1] + ¢:E[X:] — running average of expectations
t

o B[] = woE[po] + > wiE[Xy]
k=1
e In context of SGD with learning rate ¢ — 0, all E[X}] are the same and p; is an

unbiased estimate
¢ Variance:

o V]u]=(1- Qt)2Y[Mt—1] +q; V[X{]
o Viu]=wiVo+ g_:l wy, VI X]

. . . ¢ /
e Variance reduction of running mean: >, _ w; = Zk:u% z%

2
e Variance reduction of EWA: Z};:Owi = 1_((11_(1)2 — in the limit of large ¢

x) Equivalent window size of EWA: n=2—-1. E.g. ¢=0.1 <> n=19
q

4 Useful e.g. when adjusting for batch size changes

14



Hysteresis Bias

¢ With variance sufficiently low — GD with momentum. Consider g is noise-free

Equivalent form of SGD with EWA gradient (x):
o Velocity: vy := pvi_1+g
o Step: (975 = 975_1 — EV¢

Gradient descent

Gradient descent with momentum

¢ The "heavy ball"' method
e Friction (1 < 1) and slope forces build up velocity
e Cancels “noise” in the incorrect prediction of the function change, helpful to

overcome plateaus
e The inertia may lead to oscillatory behavior (not good)

15



(*) Nesterov Momentum -- mitigates inertia @

¢ Common Momentum 16

e Velocity: v = pvr+ g(xy)

Li+1
g Step: Ty = Ty — V41

The step consists of momentum and current gradient

The momentum part of the step is known in advance

Can make it before computing the gradient:

¢ Nesterov Momentum
e Leading sequence: y; = T+ — vy —eg(yt)
o Velocity: vy 1 = pvr+ g(yy)

o Step: Ty =y —<G(Yt)

Lt+1
Takes advantage of the known part of the step

Less overshooting

¢ (%) Can express as steps on the leading sequence alone:
o Velocity: v = pve+ g(ye)
° Step: Y1 =y — 5(9(?#) "’lwtﬂ)

The two sequences eventually converge



(*) Implicit Regularization



Implicit Regularization @

¢ Logistic and multinomial regression, SVM, boosting:
. A—0 :
argmin,, L(w) + Allwl/? > o, — Iax margin w.r.t. -1l
N\ L p
regularized loss
Common GD for unregularized min,, £(w):
t— 00 t :
o Wi =wi—aVL(w) > Mot — MMax margin w.r.t. | -

e Proximal steps with 2-norm

¢ Linear model, loss with unique finite root (e.g. Ls):

min,, L(w) := ijzlf((w,a:n}  Yn) t— 00

w'’ — nearest optimum to w in
w; — steepest p-norm GD

~

e P-norm SGD works as implicit p-norm regularization, converging closer to max p-norm
margin / interpolation solutions

e There are generalizations to over-parameterized nonlinear models and other divergences

1] Rosset et al. (2004) Margin Maximizing Loss Functions
2] Soudry et al. (2018) "The Implicit Bias of Gradient Descent on Separable Data”

3] Gunasekar et al. (2018) "Characterizing Implicit Bias in Terms of Optimization Geometry"

18
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Proximal Step Problem @ o

¢ Let’s revisit how do we find the step Ax for GD 19
e Approximate: f(x;+ Ax) = f(x:)+ J:Ax. This approximation is local.
¢ Make a step by solving Proximal Problem:

Tl = Tt + ar%min (f (z¢) + JAz + 5= || Az]|3)

O:&:Jt—l—éAa?T

Ax = —ontT

T = T; —aJ] — steepest (common) GD

¢ p-norm steepest GD, p> 1 :

min (f (z¢) + J:Ax + pLaHAng)

Ax; = —asign (Jy) \Jti\z%

¢ Machalanobis norm steepest GD: ot
min (f () + e Az + 55| Azl l3,)
|Ax||ar = (ALUTMACU)% — Mahalanobis distance <,>
Ax=—aM 1T} - /||513‘HM <

Equivalent to GD in coordinates & = M/2z "X



Implicit Regularization by SGD / SMD

¢ Consider step proximal problem: min(V f(xg),x — xo) + Al|z — 20/} 20
XT
e i.e., p-norm stochastic mirror descent
® Using different p leads to solutions with different properties
. . wo 300000 1 l 1 :
Initial point mmm [1-norm
,',’,' \ 250000 B 12-norm
/,’ . \ B 13-norm
R | \ 200000 @ 110-norm
o I,’ ’,' \ 2150000
l,' N 100000
' Manifold of 50000
Woc wSMD—l10 optimal solutions
> (OJ.OO 0.01 0.02 0.03 0.04 0.05

Absolute Value of Weights

e Different sparsity and generalization

e lterates tend to argmin, c ||w —wyl|Z,

the closest point in the respective norm a §
§
" SMD I-norm  SMD 2-norm (SGD) SMD 3-norm SMD 10-norm 3 p= 10
1-norm BD 141 9.19 x 10° 4.1 x 10* 2.34 x 10° = % o Y
2-norm BD  3.15 x 10° 562 1.24 x 103 6.89 x 10° = : $ p = 3
3-norm BD  4.31 x 10* 107 53.5 1.85 x 102 > 8 Gl
10-norm BD  6.83 x 10" 972 791 x107°  2.72x107° 7 92 D= )
[
- - . o p=1
[Azizan et al. (2019) Stochastic Mirror Descent on Overparameterized o
Nonlinear Models: Convergence, Implicit Regularization, and Generalization] g
an 1 L - 1




Smaller Batch Size -> More Regularization @ o

4+ Typically choose batch size to fully utilize parallel throughput (in GPUs 21
means ~10"4 independent arithmetic computations in parallel)

4 Limited by memory

4 Smaller batch -> noisier gradient -> implicit regularization

Synthetic data

Decision boundary of batch size 1 Decision boundary of batch size 5 Decision boundary of batch size 30

NLP data

93.5

e—e Dropout: No
9—® Dropout: Yes

Lei et al. (2018) “Implicit Regularization of Stochastic
Gradient Descent in Natural Language Processing:

test sccuracy

Observations and Implications”

| 1 1 1 | L 1
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