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Stochastic Gradient Descent

✦ SGD 

• Simple Analysis 

- Progress vs variance work and learning rate 

- Learning rate schedule 

• Variance reduction and momentum 

✦ Extra* 

• Implicit Regularization of SGD 

• p-norm steepest descent



SGD: General Setup
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⌅ Problem Setup:
• Data generator pú:

- finite training set of size n plus sampler (plus randomized augmentation)
- simulation, stream

• Predictor: f(x;◊), loss: L(◊) = E(x,y)≥pú[l(y,f(x;◊))]

⌅ Gradient Descent:
• gt = Ò◊L(◊t)

• ◊t+1 = ◊t ≠–tgt, –t is learning rate
• If the dataset is very large – lots of computations to make a small step

⌅ Stochastic Gradient Descent:
• Draw a batch of data (xi,yi)B

i=1 from pú

• g̃t = Ò◊

1
1
B

q
i l(yi,f(xi,◊t))

2

• ◊t+1 = ◊t ≠–tg̃t

• “Noisy” gradient:
- E[g̃t] = Ò◊L(◊t) – unbiased if batch loss is unbiased
- V[g̃t] =

1
BV[g̃1

t ], where g̃1
t is a stochastic gradient with one sample: tradeo�

between accuracy of approximation and computation cost



GD vs SGD
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Stochastic Gradient Descent
<latexit sha1_base64="BjlplyIOWH+/+BlEIx1SUx8wf54="></latexit>

L(◊)
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⌅ SGD:
• Noisy gradient g̃t

• E[g̃t] = gt

• ◊t+1 = ◊t ≠–tg̃t

<latexit sha1_base64="M49QDDHNJGL8HJV+9+IiBEml0ys="></latexit>

⌅ Gradient Descent:
• gt = Ò◊L(◊t)

• ◊t+1 = ◊t ≠–tgt
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L(◊)

✦ So which one will be the fastest?

<latexit sha1_base64="WfAcr004TM3HVO0sOk2PsYgoZ6o="></latexit>

⌅ Gradient Descent:
• ◊t+1 = ◊t ≠–gt

• compute: O(n) – full data
• gradient variance: 0

⌅ SGD:
• ◊t+1 = ◊t ≠–g̃t

• compute: O(B) – mini-batch
• gradient variance: 1

B‡
2
0



A Model to Measure Progress
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⌅ Lipschitz smooth function:
• L(◊) is Lipschitz smooth with constant fl if its gradient is Lipschitz continuous:

ÎÒL(◊Õ)≠ÒL(◊)Î Æ flÎ◊ ≠◊ÕÎ for all ◊,◊Õ

• Implies: |L(◊Õ)≠ (L(◊)+ÒL(◊)(◊ ≠◊Õ))¸ ˚˙ ˝
linear approx at ◊

| Æ fl
2Î◊1 ≠◊2Î2

• We will need the upper bound:
L(◊Õ)≠L(◊) Æ ÒL(◊)(◊ ≠◊Õ)+ fl

2Î◊1 ≠◊2Î2



Work vs Variance Tradeoff
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⌅ Improvement of SGD step ◊t+1 = ◊t ≠–g̃t:
• Lt(◊t+1)≠L(◊t) Æ ≠–Ègt, g̃tÍ+ fl–

2

2 Îg̃tÎ2

• Expected Improvement: ≠–Ègt,E[g̃t]Í+ fl–
2

2 EÎg̃tÎ2

= ≠–ÎgtÎ2+ fl–
2

2 (V[g̃t]+ÎgtÎ2)

Æ ≠(– ≠ fl–
2

2 )ÎgtÎ2+ fl–
2
‡
2

2 , assuming V[g̃t] Æ ‡2

. . .
• 1

T

Tq
k=0

EÎgtÎ2 Æ L(◊0)≠Lú

cT¸ ˚˙ ˝
O( 1

T
)

+
fl–2

2c
‡2

¸ ˚˙ ˝
Noise floor

, where c = – ≠ fl–
2

2
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⌅ Lipschitz smooth function:
• L(◊) is Lipschitz smooth with constant fl if its gradient is Lipschitz continuous:

ÎÒL(◊Õ)≠ÒL(◊)Î Æ flÎ◊ ≠◊ÕÎ for all ◊,◊Õ

• Implies: |L(◊Õ)≠ (L(◊)+ÒL(◊)(◊ ≠◊Õ))¸ ˚˙ ˝
linear approx at ◊

| Æ fl
2Î◊1 ≠◊2Î2

• We will need the upper bound:
L(◊Õ)≠L(◊) Æ ÒL(◊)(◊ ≠◊Õ)+ fl

2Î◊1 ≠◊2Î2



Work vs Variance Tradeoff
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diminishing returns Fast O(1/T) rate Slow O(1/T)
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⌅ Expected grad norm: O( 1
cT )+O(fl–2‡2

2c ), c = – ≠ fl–2

2

• Work per iteration Ã B – batch size
• Variance ‡

2 Ã 1
B‡

2
0, where ‡

2
0 – variance for B = 1

• For ‡
2 = 0, we get just O( 1

cT ) – GD rate

<latexit sha1_base64="fw3VttLtc9ntqywEwKtgx94GRjA="></latexit>

noise floor O(fl–2‡2
0

2cB )

<latexit sha1_base64="DxZXxlCOh7PLtox5XaU0EuIDA8g="></latexit>

– = 0.02



Learning Rate vs Batch Size
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Notes: - works only for small learning rate -- eventually SGD wins 

 - a different rule is used for adaptive methods

<latexit sha1_base64="Vrc6h4XjrshVeYW5QzGfWUIbWeg="></latexit>

⌅ Expected grad norm bound: �
cT + fl–2‡2

2c , where c = – ≠ fl–2

2 , �L = L(◊0)≠Lú

• ‡2 = ‡
B , noise floor fl–2‡2

0
2cB ¥ fl–‡2

0
2B

• Same noise floor ∆ – Ã B
<latexit sha1_base64="j4byuWZw2aNuK3MvaosYujiJR+k="></latexit>

– = 0.02B/16
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Learning Rate ScheduleLearning Rate Schedule
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5 Experiments

In this section, we empirically evaluate our proposed algorithm for training various modern deep
learning models and test them on several standard benchmarks We show that for nonconvex loss
functions in deep learning, our proposed algorithm still enjoys a fast convergence rate, while its
generalization performance is as good as SGD with momentum and much better than existing
adaptive gradient methods such as Adam and Amsgrad.

(a) Train Loss for VGGNet (b) Train Loss for ResNet (c) Train Loss for WideResNet

(d) Test Error for VGGNet (e) Test Error for ResNet (f) Test Error for WideResNet

Figure 2: Train loss and test error (top-1) on CIFAR-10 dataset.

We compare Padam against several state-of-the-art algorithms, including: (1) SGD-momentum,
(2) Adam (Kingma and Ba, 2015), (3) Amsgrad (Reddi et al., 2018), (4) AdamW (Loshchilov
and Hutter, 2019) (5) Yogi (Zaheer et al., 2018) and (6) AdaBound (Luo et al., 2019). We use
several popular datasets for image classifications and language modeling: CIFAR-10 (Krizhevsky
and Hinton, 2009), CIFAR-100 (Krizhevsky and Hinton, 2009), ImageNet dataset (ILSVRC2012)
(Deng et al., 2009) and Penn Treebank dataset (Marcus et al., 1993). We adopt three popular CNN
architectures for image classification task: VGGNet-16 (Simonyan and Zisserman, 2014), Residual
Neural Network (ResNet-18) (He et al., 2016), Wide Residual Network (WRN-16-4) (Zagoruyko and
Komodakis, 2016). We test the language modeling task using 2-layer and 3-layer Long Short-Term
Memory (LSTM) network (Hochreiter and Schmidhuber, 1997). For CIFAR-10 and Penn Treebank
experiments, we test for 200 epochs and decay the learning rate by 0.1 at the 100th and 150th epoch.
We test ImageNet tasks for 100 epochs with similar multi-stage learning rate decaying scheme at
the 30th, 60th and 80th epoch.

We perform grid searches to choose the best hyper-parameters for all algorithms. For the base

9

Courtesy: [Chen et al. “Closing the Generalization Gap of 
Adaptive Gradient Methods in Training Deep Neural Networks”]

✦ Comments 
• Consistent with the idea of fast convergence to a 

region 
• After the sep size decrease, “1/n” rate replays 
• Many other empirically proposed schedules

<latexit sha1_base64="SO3eN9vFZY/gFh8Fs1Q7ydvYIPY="></latexit>

⌅ (Basic) common practice: decrease learning rate in steps
• Example: start with – = 0.1 then decrease by factor of 10 at epochs 100 and 150

[Chen et al. “Closing the Generalization Gap of 

Adaptive Gradient Methods in Training Deep Neural Networks”]

✦ Step / Waterfall schedule:  

• Decrease learning rate in steps, e.g: start with  
then decrease by factor of 10 at epochs 100 and 150 

• C.f. idea of fast convergence to a region: after step 
size decrease, 1/n rate replays

α = 0.1

✦ Cosine schedule: - more convenient

Test Accuracy (Quantized training on ImageNet)

✦ Often does not matter:
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Learning Rate Schedule
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⌅ Refined Toy Model: expected improvement with two orthogonal components:
L(◊) = L1(◊1)+L2(◊2)

• L1 has high curvature
• L2 has low curvature
• The learning rate – is common

The optimal schedule rumps lr up, so that slow curvature component can be optimized while 
the high curvature one does not diverge. This hides the progress until we decrease lr

reached noise floor

<latexit sha1_base64="3ikhBgS3ru4tQ2Gk/i5KJgQEuYU="></latexit>

– Ã 1Ô
t

near-horizon opt.



How to Draw Data Points?
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Bottou (2009): “Curiously Fast Convergence of some Stochastic Gradient Descent Algorithms”
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Random selection:  
slope=−1.0003 

Cycling the same random 
shuffle: slope=−1.8393 

Random shuffle at each 
epoch: slope=−2.0103 

✦ How should we draw data points for SGD: 
• every time select randomly with replacement 
• shuffle the data once 
• shuffle at each epoch but draw without replacement 

✦ Empirical evidence:

¥ O(1t)
<latexit sha1_base64="Cp6hZaavXZAxdg+HMpYN6tSTD08="></latexit>

¥ O( 1
t2
)

<latexit sha1_base64="DLK0fc1HiW0E3kn1plgiY7sdUO8="></latexit>

logistic regression d = 47,152, n = 781,256
<latexit sha1_base64="80NPqOGeSkzPpF7J2QqiRoo7I1I="></latexit>

<latexit sha1_base64="ITfuHEUvdMEZgTgB95sI8YWtUTA="></latexit>

⌅ A simple consideration:
Drawing n times with replacement from the dataset of size n some points may not be
selected – e�ciently using a subset of data per epoch.

10

Dataset Samplers (with w/o replacement)

(c.f. incremental GD)



How to Measure the Progress?
12✦ Batch Estimate 

•   
• Unbiased, but high variance

✦ Training data mean 
•   
• Unbiased, zero variance, but may be too costly

✦ Average using all last known loss values 
•   
• Low variance, hysteresis 1 epoch 
• Need to remember losses for full dataset

✦ Running Averaging 
•   
• Variance-hysteresis tradeoff controlled by q 
• Need to remember only the running average loss
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Batch mean: L̃ = 1
M

q
iœI li

<latexit sha1_base64="pVTiYogrFYnyLEv0jM5o/T9wfow="></latexit>

L̂t+1 := (1≠ q)L̂t+ qL̃

<latexit sha1_base64="2Sbg1D1EhSzdpE6thq2wXLWrzeU="></latexit>

L̂ := 1
n

1q
iœI lnewi +

q
i/œI loldi

2

<latexit sha1_base64="QhKhV7jFpy6euGXl1VxNjR2VEEE="></latexit>

L = 1
n

qn
i=1 li

11

Variance Reduction: Loss



Same Applied to Gradient — Variance Reduction
13✦ SGD 

•   

• Need a small step size

✦ GD 
•   

• Too costly

✦ Stochastic Average Gradient (SAG) 

•   

• Improved convergence rates (convex analysis) 

• Need to remember gradients

✦ SGD with filtered gradient (SGD with momentum) 
•   

• Variance-hysteresis tradeoff controlled by q 

• Remember only the running average gradient

g := (1≠ q)g+ qg̃
<latexit sha1_base64="0UkW68zqlt+HPVL0FdPqb9s49Fc="></latexit>
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n
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<latexit sha1_base64="T2sU7ZjvOSnM1NwPEhGDwsP4oyw="></latexit>

Batch mean: g̃ = 1
M

q
iœI Òli

<latexit sha1_base64="iPKucVfzQ/+OFuemLwsZDk58GFQ="></latexit>
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Full gradient: g = 1
n

qn
i=1Òli

12

Variance Reduction: Gradient



First Order Filter
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t = 20
<latexit sha1_base64="9OcYTHvzGOvUCd346cLX7zNc2g8="></latexit>

EWA weights q = 0.2
<latexit sha1_base64="jzdAgBYAliR50LpVi373qLyGtAY="></latexit>

(1≠ q)t
<latexit sha1_base64="j3SuhYAq0TMmskBvnSWXzQCfY60="></latexit>

Running mean weights
⌅ Running mean:

• qt =
1
t

• µ1 = 0µ0+X1

• µt =
t≠1

t µt≠1+
1
tXt

• µt+1 =
t

t+1µt+
1

t+1Xt+1 =
t≠1
t+1µt≠1+

1
t+1

!
Xt+Xt+1

"
<latexit sha1_base64="4+HDEctdXzzK4Qc+s+jmAM0q5ms="></latexit>
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⌅ General setup:
• Xk, k = 1, . . . , t – independent random variables
• qt œ (0,1]

• First order filter: µt = (1≠ qt)µt≠1+ qtXt

⌅ Exponentially Weighted Average (EWA):
• Constant qt = q

• µ1 = (1≠ q)µ0+ qX1

• µ2 = (1≠ q)2µ0+(1≠ q)qX1+ qX2

• . . .

• µt = (1≠ q)tµ0+
q

1ÆkÆt
(1≠ q)t≠kqXk

= w0µ0+
q

1ÆkÆt
wkXk

✦ Averaging over past gradients reduces variance, but introduces a hysteresis bias

13



(*) EWA: How Much Variance Reduction?
22

✦ Can use EWA with a decreasing q series for a progressive smoothing

<latexit sha1_base64="b4M0dOOzbf+iM6Vooc3+qwrd5gQ="></latexit>

⌅ General setup
• Xt – independent random variables
• qt œ (0,1]

• Running mean: µt = (1≠ qt)µt≠1+ qtXt is a r.v.
⌅ Expectation:

• E[µt] = (1≠ qt)E[µt≠1]+ qtE[Xt] – running average of expectations
• E[µt] = w0E[µ0]+

tq
k=1

wkE[Xk]

• In context of SGD with learning rate Á æ 0, all E[Xk] are the same and µt is an
unbiased estimate

⌅ Variance:
• V[µt] = (1≠ qt)2V[µt≠1]+ q2tV[Xt]

• V[µt] = w2
0V0+

tq
k=1

w2
kV[Xk]

• Variance reduction of running mean: qt
k=0w2

k =
qt

k=1
1
t2
= 1

t

• Variance reduction of EWA: qt
k=0w2

k = q2

1≠(1≠q)2
– in the limit of large t

(ı) Equivalent window size of EWA: n = 2
q ≠1. E.g. q = 0.1 ¡ n = 19

14

✦ Useful e.g. when adjusting for batch size changes



Hysteresis Bias
15

<latexit sha1_base64="Ne/rfKoPgctyARYVogdaTjgKvHQ="></latexit>Equivalent form of SGD with EWA gradient (ı):
• Velocity: vt := µvt≠1+ g̃

• Step: ◊t = ◊t≠1 ≠Ávt

<latexit sha1_base64="/qbPLzlEMdwYd+3YyAuAu6NNQsE="></latexit>

⌅ The "heavy ball" method
• Friction (µ < 1) and slope forces build up velocity
• Cancels “noise” in the incorrect prediction of the function change, helpful to

overcome plateaus
• The inertia may lead to oscillatory behavior (not good)

<latexit sha1_base64="T1zO3M7bkTz17SWAx87saelEKpA=">AAAEbHicjVPLbtNAFHXaACW8WmBXIY1ooV2EKCnPDVKlUsEGKaikrdRU6Xh8bY8yD2vmum2w/AVs4eP4CX4BZpK0TVwJMbLk4zPnnjOP6zAT3GK7/au2sFi/cfPW0u3Gnbv37j9YXnm4b3VuGPSYFtochtSC4Ap6yFHAYWaAylDAQTjc8fMHp2As1+orjjI4ljRRPOaMoqMGy3/6ISRcFRxB8m9QNp71PSQHKSiCKZBTajhVDA </latexit>

⌅ With variance su�ciently low æ GD with momentum. Consider g̃ is noise-free 15



“Nesterov" Momentum
16

The step consists of momentum and current gradient  
The momentum part of the step is known in advance 
Can make it before computing the gradient:

≠Ág̃(xt)
<latexit sha1_base64="2fVIHhlrFq5h3M3/T/wOiZT3ISY="></latexit>

Takes advantage of the known part of the step 
Less overshooting

The two sequences eventually converge

yt
<latexit sha1_base64="7uurX6H+mZJjDkX1riAiheLyDRM="></latexit>

yt
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yt+1
<latexit sha1_base64="eIDwzlZvxjfkjb/ZV4pd7e2z9pM="></latexit>
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⌅ Common Momentum
• Velocity: vt+1 = µvt+ g̃(xt)

• Step: xt+1 = xt ≠Ávt+1
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⌅ (ı) Can express as steps on the leading sequence alone:
• Velocity: vt+1 = µvt+ g̃(yt)

• Step: yt+1 = yt ≠Á
!
g̃(yt)+µvt+1

"
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⌅ Nesterov Momentum
• Leading sequence: yt = xt ≠Áµvt

• Velocity: vt+1 = µvt+ g̃(yt)

• Step: xt+1 = yt ≠Ág̃(yt)
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(*) Nesterov Momentum -- mitigates inertia



(*) Implicit Regularization



Implicit Regularization
18

[1]
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⌅ Logistic and multinomial regression, SVM, boosting:

argminw L(w)+⁄ÎwÎp
p¸ ˚˙ ˝

regularized loss

⁄æ0≠≠≠≠≠æ w
ÎwÎp

æ max margin w.r.t. Î ·Îp
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Common GD for unregularized minw L(w):
• wt+1 = wt ≠–ÒL(wt)

• Proximal steps with 2-norm
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tæŒ≠≠≠≠≠æ wt

ÎwtÎ æ max margin w.r.t. Î ·Î2
[2]
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⌅ Linear model, loss with unique finite root (e.g. L2):

minw L(w) :=
qN

n=1 ¸(Èw,xnÍ ,yn)

wt – steepest p-norm GD
<latexit sha1_base64="KumoDLnClc7te9dWizlrONSZ09o="></latexit>

tæŒ≠≠≠≠≠æ wt æ nearest optimum to w0 in Î ·Îp

[3]

• P-norm SGD works as implicit p-norm regularization, converging closer to max p-norm 
margin / interpolation solutions 

• There are generalizations to over-parameterized nonlinear models and other divergences

[1] Rosset et al. (2004) Margin Maximizing Loss Functions 

[2] Soudry et al. (2018) "The Implicit Bias of Gradient Descent on Separable Data” 

[3] Gunasekar et al. (2018) "Characterizing Implicit Bias in Terms of Optimization Geometry"
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⌅ Let’s revisit how do we find the step �x for GD
• Approximate: f (xt+�x) ¥ f (xt)+Jt�x. This approximation is local.

⌅ Make a step by solving Proximal Problem:

xt+1 = xt+argmin
�x

!
f (xt)+J�x+ 1

2–Î�xÎ22
"

0 = ˆ
ˆ�x = Jt+

1
–�x€

�x = ≠–J€
t

xt+1 = xt ≠–JT
t ≠ steepest (common) GD

Proximal Step Problem
19
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⌅ Let’s revisit how do we find the step �x for SGD
• Approximate: f(x0+�x) ¥ f(x0)+J�x. This approximation is local.

⌅ Find the step by solving Proximal Problem:

min
�x

!
f(x0)+J�x+ 1

2–Î�xÎ22
"

0 = ˆ
ˆ�x = J + 1

–�xT

�x = ≠–JT

xt+1 = xt ≠–J(xt)T — common SGD

Proximal Problem
14

<latexit sha1_base64="WS13d1VVbY1opw3MXK/Ss+vykag="></latexit>

⌅ p-norm SGD, p > 1:
min�x

!
f(x0)+J�x+ 1

p–Î�xÎp
p

"

�xi = ≠–sign(Ji)|Ji|
1

p≠1 -- achieves different implicit regularization

-- can compensate uneven curvature, 
but how do we choose M?

x2
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⌅ Machalanobis distance SGD:
• min

�x

!
f(x0)+J�x+ 1

2–Î�xÎ2M
"

• Î�xÎM = (�xTM�x)
1
2 – Mahalanobis distance

�x = ≠–M≠1JT
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⌅ p-norm steepest GD, p > 1 :

min
�x

1
f (xt)+Jt�x+ 1

p–Î�xÎp
p

2

�xi = ≠–sign(Jti) |Jti|
1

p≠1
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⌅ Machalanobis norm steepest GD:
min
�x

!
f(xt)+Jt�x+ 1

2–Î�xÎ2M
"

Î�xÎM = (�xTM�x)
1
2 – Mahalanobis distance

�x = ≠–M≠1JT
t

Equivalent to GD in coordinates x̃ = M 1/2x



Implicit Regularization by SGD / SMD
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Initial point

Manifold of 
optimal solutions

• Different sparsity and generalization

⌅ Using di�erent p leads to solutions with di�erent properties
<latexit sha1_base64="22IqTT7Y7Wq+mpNS6QxVZZ7Ivxo="></latexit>

• Iterates tend to argminwœW Îw ≠w0Îp
p,

the closest point in the respective norm
<latexit sha1_base64="HgtNMiskwpJWbAFl+PbJ08GzDF4="></latexit>

⌅ Consider step proximal problem: min
x

ÈÒf(x0),x≠x0Í+⁄Îx≠x0Îp
p

• i.e., p-norm stochastic mirror descent
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[Azizan et al. (2019) Stochastic Mirror Descent on Overparameterized 
Nonlinear Models: Convergence, Implicit Regularization, and Generalization]
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Smaller Batch Size -> More Regularization
19✦ Typically choose batch size to fully utilize parallel throughput (in GPUs 

means ~10^4 independent arithmetic computations in parallel) 
✦ Limited by memory 
✦ Smaller batch -> noisier gradient -> implicit regularization
Synthetic data

NLP data

Lei et al. (2018) “Implicit Regularization of Stochastic 
Gradient Descent in Natural Language Processing: 

Observations and Implications”
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