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Linear Regression

X

Y

x

[x, ŷ]ŷ

■ Input: feature vector x = [x1, . . . , xd] ∈ X = Rd

■ Target: y ∈ Y = R

■ A linear predictor (regressor) has the form

ŷ = h(x;w, b) =

d∑
i=1

wi xi + b = w⊤x+ b

■ It is parametrized by a weight vector w ∈ Rd and a biad (offset) b ∈ R.
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Linear Regression as Empirical Risk Minimization

Task: Given i.i.d. training samples Tm =
(
(x1, y1), . . . , (xm, ym)

)
∈ (Rd × R)m, learn a

predictor minimizing the expected risk under the quadratic loss ℓ(y, ŷ) = (y − ŷ)2. Assume
that a good predictor lies in the hyposhesis space

H =
{

h(x;w, b) = w⊤x+ b
∣∣ w ∈ Rd, b ∈ R

}
Empirical risk (training error) evaluated on Tm:

R̂(Tm, w, b) =
1

m

m∑
i=1

(
h(xi;w, b)− yi

)2
=

1

m

m∑
i=1

(
w⊤xi + b− yi

)2
ERM learning:

(wm, bm) = arg min
w∈Rn,b∈R

R̂(Tm, w, b)

Solution:[
wm

bm

]
= (X⊤X)−1X⊤y where X =

x⊤
1 1
... ...

x⊤
m 1

 ∈ Rm×(d+1), y =

 y1...
ym

 ∈ Rm×1
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Linear Regression via Maximum Likelihood

Generative model of the data:

■ Input: x = (x1, . . . , xd) ∈ X = Rd, target: y ∈ Y = R.

■ The inputs x assumed to be drawn from a distribution p(x), which is left unspecified.

■ Given an input x, the target is generated as

y = w⊤x+ b + ε, ε ∼ N (0, σ2),

where N (0, σ2) denotes a Gaussian distribution with mean 0 and variance σ2.

■ Therefore, the conditional distribution of the target is

p(y | x;w, b) = N
(
w⊤x+ b, σ2

)
=

1√
2π σ

exp

(
−
(
y − (w⊤x+ b)

)2
2σ2

)
.

■ The pairs (x, y) are assumed to be drawn from a joint distribution

p(x, y;w, b) = p(x) p(y | x;w, b)
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Linear Regression via Maximum Likelihood learning

Task: Given i.i.d. training samples Tm =
(
(x1, y1), . . . , (xm, ym)

)
∈ (Rd × R)m, learn a

predictor minimizing the expected risk under the quadratic loss ℓ(y, ŷ) = (y − ŷ)2. Assume
the pairs (x, y) are drawn i.i.d. from a joint distribution p(x, y) belonging to the parametric
family:

P =
{

p(x) p(y | x;w, b)
∣∣ w ∈ Rd, b ∈ R

}
Log-likelihood function:

L(Tm,w, b) = log

(
m∏

i=1

p(xi) p(yi | xi;w, b)

)

=

m∑
i=1

log p(xi) +

m∑
i=1

log p(yi | xi;w, b)

=

m∑
i=1

log p(xi)−
m

2
log(2π)−m log σ − 1

2σ2

m∑
i=1

(
w⊤xi + b− yi

)2
Remark: If we model only the conditional distribution p(y | x;w, b) and leave p(x)
unspecified, then the resulting objective is called the conditional likelihood.
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Linear Regression via Maximum Likelihood

Maximum-likelihood learning:

Given training data Tm, estimate the unknown parameters (w, b) by maximizing the average
log-likelihood:

(wm, bm) ∈ argmax
w∈Rd, b∈R

L(Tm,w, b)

= argmax
w, b

(
m∑

i=1

log p(xi)−
m

2
log(2π)−m log σ − 1

2σ2

m∑
i=1

(
w⊤xi + b− yi

)2)

= argmin
w, b

1

2σ2

m∑
i=1

(
w⊤xi + b− yi

)2
Closed-form solution:

[
wm

bm

]
= (X⊤X)−1X⊤y where X =

x⊤
1 1
... ...

x⊤
m 1

 ∈ Rm×(d+1), y =

 y1...
ym

 ∈ Rm×1

Remark: This solution coincides with the one obtained earlier from empirical risk
minimization.
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Linear Regression via Maximum Likelihood Learning

Plug-in Bayes predictor
■ Assume the squared loss

ℓ(y, y′) = (y − y′)2.

■ The Bayes-optimal predictor minimizes the true risk

R(p, h) = E(x,y)∼p(x,y)

[
ℓ
(
y, h(x)

)]
.

Under squared loss, it is given by the conditional mean:

ŷ = argmin
y′

Ey∼p(y|x)
[
(y − y′)2

]
= Ey∼p(y|x)[y].

■ Assume the learned posterior is a good approximation of the true posterior:

p(y | x) ≈ p(y | x;wm, bm) = N
(
w⊤

mx+ bm, σ2
)
.

■ Then the plug-in Bayes predictor becomes

ŷ = h(x;wm, bm) = w⊤
mx+ bm.
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Binary Linear Classifier

■ Input: feature vector x = [x1, x2, . . . , xd] ∈ X ⊆ Rd

■ Target: binary label y ∈ Y = {−1,+1}
■ A linear binary classifier has the form

ŷ = h(x;w, b) = sign

(
d∑

i=1

wi xi + b

)
= sign(w⊤x+ b) =

{
+1 if w⊤x+ b ≥ 0,

−1 if w⊤x+ b < 0.

■ It is parameterized by a weight vector w ∈ Rd and an bias (offset) b ∈ R.

x1

x2

w⊤x+ b = 0ŷ = +1

ŷ = −1

• Class +1
◦ Class −1
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Multiclass Linear Classifier

■ Input: a feature vector x = [x1, x2, . . . , xd] ∈ X ⊆ Rd

■ Output: categorical label y ∈ Y = {1, 2, . . . , Y }
■ A multiclass linear classifier predicts the class with the largest score:

ŷ = h(x;W,b) = argmax
y∈Y

(
w⊤

y x+ by

)
= argmax

y∈Y
fy(x)

■ It is parameterized by the weight matrix W = [w1,w2, . . . ,wY ] ∈ Rd×Y and the bias
vector b = [b1, b2, . . . , bY ] ∈ RY .
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Generic Linear Classifier

■ Input: x ∈ X where X is an arbitrary set.
■ Output: label y ∈ Y where Y is an arbitrary finite set.
■ Let

ϕ : X × Y → Rn

be a joint feature map of an input-label pair.
■ A generic linear classifier is defined as

h(x;θ) = argmax
y∈Y

θ⊤ϕ(x, y) = argmax
y∈Y

s(x, y)

■ It is parametrized by a vector θ ∈ Rn.
■ Interpretation: for a given input x ∈ X , the classifier predicts the label y ∈ Y that

achieves the highest compatibility score

s(x, y) = θ⊤ϕ(x, y)

■ Binary and multiclass linear classifiers are special cases of this framework.
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Generic Linear Classifier

■ A binary linear classifier is a special case of the generic linear classifier:

h(x;w, b) = sign(w⊤x+ b)

= argmax
y∈{−1,+1}

y (w⊤x+ b)

= argmax
y∈{−1,+1}

θ⊤ϕ(x, y)

= h(x;θ).

■ Here, the joint feature map is

ϕ : Rd × {−1,+1} → Rd+1, ϕ(x, y) = [y x, y],

and the parameter vector is
θ = [w, b].
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Generic Linear Classifier

■ A multiclass linear classifier is a special case of the generic linear classifier:

h(x;W,b) = argmax
y∈Y

(
w⊤

y x+ by

)
= argmax

y∈Y
θ⊤ϕ(x, y).

■ The joint feature map
ϕ : Rd × Y → R(d+1)Y

is defined by placing the block [x, 1] into the y-th slot and zeros elsewhere:

ϕ(x, y) =
[
[0, 0], . . . , [x, 1]︸ ︷︷ ︸

y-th slot

, . . . , [0, 0]
]
.

■ The parameter vector is

θ = [w1, b1,w2, b2, . . . ,wY , bY ].
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Learning a Linear Classifier from Separable Examples

■ A training example (xi, yi) ∈ X × Y is classified correctly if

yi = h(xi;θ) = argmax
y∈Y

θ⊤ϕ(xi, y).

■ This is equivalent to the set of inequalities

θ⊤ϕ(xi, yi) > θ⊤ϕ(xi, y), ∀y ∈ Y \ {yi}.

Definition. The training set Tm =
(
(xi, yi) ∈ X × Y | i = 1, . . . , m

)
is linearly separable

with respect to the joint feature map ϕ : X × Y → Rn if there exists a parameter vector
θ ∈ Rn such that

θ⊤ϕ(xi, yi) > θ⊤ϕ(xi, y), ∀i ∈ {1, . . . , m}, ∀y ∈ Y \ {yi}. (1)

ERM-based learning. Learning a generic linear classifier

h(x;θ) = argmax
y∈Y

θ⊤ϕ(x, y)

from a linearly separable training set Tm leads to solving the system of linear inequalities (1).
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Perceptron Learning Algorithm

Task: Given a set of vectors {ai ∈ Rn | i = 1, 2, . . . , m}, find a vector θ ∈ Rn such that

θ⊤ai > 0, ∀i ∈ {1, 2, . . . , m}.

Algorithm:

1. Initialize
θ ← 0.

2. Find an index u ∈ {1, 2, . . . , m} such that

θ⊤au ≤ 0.

3. If no such index exists, return θ. Otherwise, update

θ ← θ + au

and go back to step 2.
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Novikoff Theorem

Task: Given a set of vectors {ai ∈ Rn | i = 1, 2, . . . , m}, find a vector θ ∈ Rn such that

θ⊤ai > 0, ∀i ∈ {1, 2, . . . , m}. (2)

Theorem (Novikoff): If the system of inequalities (2) is feasible, then the Perceptron
learning algorithm terminates after at most

R2

γ2

updates, where
R = max

i=1,...,m
∥ai∥, γ = max

∥θ∥=1
min

i=1,...,m
θ⊤ai.

Remark: The number of iterations does not depend on the number of inequalitites m neither
on the dimension n.
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Perceptron Learning Algorithm

Task: Given a linearly separable training set Tm =
(
(x1, y1), . . . , (xm, ym)

)
∈ (X × Y)m,

find parameters θ ∈ Rn such that the linear classifier h(x;θ) = argmaxy∈Y θ⊤ϕ(x, y) has
zero training error on Tm, that is,

h(xi;θ) = yi, ∀i ∈ {1, . . . , m}.

Algorithm:
1. Initialize

θ ← 0.

2. Find a misclassified example (xu, yu) ∈ Tm such that

yu ̸= ŷu = argmax
y∈Y

θ⊤ϕ(xu, y) prediction

3. If no misclassified example exists, return θ. Otherwise, update

θ ← θ + ϕ(xu, yu)− ϕ(xu, ŷu) parameter update

and go back to step 2.
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Logistic Regression

Generative model of the data:
■ Input: a feature vector x = [x1, x2, . . . , xd] ∈ X = Rd

■ Output: a binary label y ∈ Y = {−1,+1}
■ The input x is an i.i.d. sample drawn from p(x), which is not modeled explicitly.
■ Given x, the label is distributed according to

p(y | x;w, b) =
1

1 + exp
(
−y(w⊤x+ b)

) = 1

1 + exp
(
−s(x, y;w, b)

)
where w ∈ Rd and b ∈ R are the model parameters.

0

1
2

1

0 s(x, y;w, b)
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Logistic Regression

Task: Given i.i.d. training samples Tm =
(
(x1, y1), . . . , (xm, ym)

)
∈ (Rd × {+1,−1})m,

learn a binary classifier minimizing the expected risk under the 0/1-loss ℓ(y, ŷ) = [[y ̸= ŷ]].
Assume the pairs (x, y) are generated from a joint distribution p(x, y) belonging to the
parametric family:

P =
{

p(x) p(y | x;w, b)
∣∣ w ∈ Rd, b ∈ R

}
Log-likelihood function:

L(Tm, w, b) = log

(
m∏

i=1

p(xi) p(yi | xi;w, b)

)

=

m∑
i=1

log p(xi) +

m∑
i=1

log p(yi | xi;w, b)

=

m∑
i=1

log p(xi) + m−
m∑

i=1

log(1 + exp(−yi(w
Txi + b))

MLE: leads to solving a smooth convex optimization problem

(wm, bm) = argmax
w,b

L(Tm,w, b) = argmin
w,b

m∑
i=1

log
(
1 + exp(−yi(w

Txi + b)
)
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Logistic Regression

Plug-in Bayes predictor:
■ Assume 0/1-loss

ℓ(ŷ, y′) = [[ŷ ̸= y′]]

■ The Bayes optimal predictor, minimizing the true risk

R(p, h) = E(x,y)∼p(x,y)[ℓ(y, h(x)]

leads to MAP predcitor

ŷ = argmin
y′

Ey∼p(y|x)[[y ̸= y′]] =

{
+1 if p(y = +1 | x) ≥ p(y = −1 | x)
−1 if p(y = +1 | x) < p(y = −1 | x)

■ Assume the learned posterior is a good proxy of the true posterior, i.e.

p(y | x) ≈ p(y | x;wm, bm) =
1

1 + exp
(
−y(w⊤

mx+ bm)
)

■ The plug-in Bayes predictor for the logist posterior:

ŷ = h(x;wm, bm) = sign(w⊤
mx+ bm)
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Summary

■ Linear regression via Emprical Risk Minimization principle.

■ Linear regression via Maximum Likelihood Learning.

■ Linear classifier (binary, multiclass, generic).

■ Perceptrin Learning Algorithm.

■ Novikoff theorem

■ Logistic regression
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