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Linear models

@

¢ Linear classifier h(x;w,b) = sign(f(x;w,b)) uses (affine) discriminant function

d

flx;w,b) = (w,x) + b= Zwixﬂrb

1=1

where w € R%, b € R are parameters and & = [z1,...,24] € R? is an input.

Example: Linear model is good

Positive (y = +1)
Negative (y = —1)
—— Decision boundary f(x)=0

Linear model is not good

Positive (y = +1)
Negative (y = —1)

1 —— Decision boundary f(x)=0

/
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Non-linear feature mapping
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@ Linear classifier h(x;w,b) = sign(f(x;w,b)) using non-linear features:
fle;w,b) = wigr(x) + wada(x) + wsds(x) + b
= w12+ waV2x o +w3z:+ b= (w,P(x)) +b
Original features New features
x = [11,79] € R? d(x) = [22, V21129, 23] € R3
3
Positive (y = +1) L 6
5 Negative (y = -1) ,,
—— Decision boundary f(x)=0 T 4
1_
x 0
—1
—2 1
-3
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Task: Given training set T,,, = ((x;,y;) € X x {+1,—1} |i=1,...,m) linearly separable
under the feature map ¢: X — R", find

h(xz;w,b) = sign((¢(z), w) + b)

with zero training error.

Perceptron Learnig Algorithm (PLA)

1. w<+ 0,60
2. Find (x4, yyu) € Ty, such that:

Yy 7 Ju = sign({w, ¢(z.)) + b)

3. If such (xy,y,) does not exist, return (w,b), otherwise update
parameters:

w<—w+yu¢(xu)v b<b+y,
and go to step 2.
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Example: Use the Perceptron Learning Algorithm to learn a quadratic classifier
h(x;w,b) = sign(f(x;w, b)) where

f(x;w,b) = 22w, —I—---—I—:U?lwd—l— \@xlxgwdﬂ + V2T 1Tgw, + b
= (W, o(x)) +b

with w € R"™, n = d(dgrl), and feature map

d(x) = [a:%, T2V 2m T, . \@xd_lazd].

¢ Assume the number of input features is d = 1,000,000.
¢ Storing a single input vector x € R? requires d - 4 bytes ~ 4 MB.
¢ Explicitly computing or storing ¢(x) requires O(n) operations and memory, where

d(d+1) 1,000,000 - 1,000,001

~ 5 x 10,
9 )

n —

¢ This corresponds to roughly 5 x 10! multiplications/additions and

n -4 bytes =~ 1.8 TiB of memory.
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Polynomial kernel of degree 2 @
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¢ Consider quadratic feature map ¢: RY — R™:

o(x) = [5’7% R 73362za \/55131552, s \/ixd—lwd]

d+1)

which maps d dimensional feature space to n = il 5— feature space.

¢ Polynomial kernel of degree 2 computes the dot product in this feature space:

k(z, 2) = (z,2')" = (¢(x), p(z))

® In case of d = 2, we have

/ / /\2
k(x,x') = (r1 2] + 22 75)
2 9 ,2
1:1:1+ x1x2x1x2+x2x2

<%’2%w%£]hfm@%m&%ﬂ>
= (¢(x), p(z'))
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Why kernels matter: polynomial kernel of degree 2 @

induced by the degree-2 polynomial kernel.
¢ Storing a single input vector £ € R? requires d - 4 bytes ~ 4 MB

® The corresponding quadratic feature map is

o(x) = [a:%, TN, . . \@xd_lxd]

d(d+1) _ 1,000,000-1,000,001 11
= 5 ~Hx 10+,

lts dimension is n =

¢ Explicitly computing or storing ¢(x) therefore requires O(n) operations and memory,
that is roughly 5 x 10'! products/additions and n - 4 bytes ~ 1.8 TiB.

¢ In contrast, the degree-2 polynomial kernel can be evaluated directly as
k(x,x') = (z,2')?

which requires only O(d) operations, i.e. about 1,000,000 multiplications/additions.

The kernel computes the dot product in a huge feature space without ever
constructing the feature vector explicitly.

7/18
Example: Let the input dimension be d = 1,000,000, and consider the quadratic feature map
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Task: Given training set T,,, = ((x;,y;) € X x {+1,—1} | i =1,...,m) linearly separable——
under the feature map ¢: X — R", find h(x) = sign({¢(x), w) + b) with zero training error.

Key idea: Represent the parameter vector as a linear combination of the training inputs

w = Z Oéz'qb(%')
i=1

Perceptron Learnig Algorithm PLA using only dot products
. w+ 0,00 . a+ 0,060
2. Find (x4, yyn) € Ty, such that: 2. Find (24, yu) € Ty, such that:
yy # G = sign ((w, §(z,,)) + ) yy # Gu = sign (3 auld(a), $(ai)) +b)
i=1
3. If such (xy,y,) does not exist, return 3. If such (z,,y,) does not exist return (c, b),
(w,b), otherwise update parameters: otherwise update parameters:
W<~ W+ Y, d(xy), b b+ 1y, Qy — Qy+ Yy b—b+y,

and go to step 2. and go to step 2.
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Kernel Perceptron

Input: training sequence T,,, = ((z;,y;) € X x{+1,—1} | ¢ =1,...,m); kernel function
k: X x X - R, such that k(z,z") = (¢(x), p(z’)) under some feature map .

Output: kernel classifier reprezented by the weights a = a1, ..., a.,] € R™ and bias
beR:

h(x; a,b) = sign (i a; k(x, ;) + b) :

i=1
l. a0, 0
2. Find a misclassified example (4, y,) € Ty, such that:

Yy 7 Yo = sign (f: a;k(z,x;) + b)

i=1
3. If such (x4, y,) does not exist, return (w,b). Otherwise update parameters:

Qy — ay +7Y, and b<—b+y,

and go to step 2.
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Explicit vs. kernel Perceptron
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Compute and memory requirements
Training set | Prediction | Single epoch
memory compute compute
Standard PLA | O(m - n) O(n) O(n - m)
Kernel PLA O(m?) O(m-K) | Om?* K)
m...number of training examples, d..input space dimension, n...feature
space dimension, K ...kernel eval. complexity
Examples of kernel functions
Input space | Feature space | Evaluation
k(x,x') X dimesnion n | compute K
2nd polynomial (x,x')? R4 @ O(d)
RBF exp(—'yHa: —a:’||2) R4 00 O(d)
string sub-sequence | dynamic programming | U3 %4 Mk O(qls]|t])

Recall that the number of iterations of PLA is at most Jj—j, where R = max;—1, . m ||@(z;)]|
and v = max||y| =1 Min—1,.. m(yi((w, d(x;)) + b)), i.e. it does no depend on m and n.
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® Assume the observations are real-valued features: X = R¢

¢ The RBF kernel
k(z,2') = exp(—|z — 2'||)
corresponds to dot product (¢(x), p(x’)) in infinite dimensional space.

® In one dimensional case, X = R the RBF kernel reads

k(z,xz")

exp(—y(z — 2')?)
= exp(—yz?) exp(—y z%) exp(2y z 2')

= (2xz'y)"
= exp(—va)eXp(—va)Z( — )

n=0

= exp(—ya?) exp(—yz'?) ) (\/%U)n (\/7773!3,)"

n=0

where we used the Taylor expansion exp(a) = ZZOZO ?,L—T,L

¢ The feature map ¢: R — R*® (which cannot be evaluate explicitly) then reads:

o\ (V27)°
,exp(—vy ) NET ,}

d(x) = | exp(—ya?) exp(—y2”)y/ Dy ,exp(—7a?) (@)
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Radial basis function kernel

CAm ¢

12/18

¢ Universal: can approximate arbitrary continuous decision functions on compact domains.

¢ Highly flexible, with a single scale parameter ~:

e small v: smoother / less complex boundary

e large v: more intricate boundary, higher overfitting risk

Kernel Perceptron (RBF, y=0.01)

Kernel Perceptron

Decision boundary
y=+1
y=-1

Decision boundary . :

y=+1

y=-1

X1
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¢ Input space X = Ug’f:lEd contains all strings on a finite alphabet X

¢ The features: occurrence+continuity of sub-sequences of length ¢:

d: X — RFY and Z PUQIERTR= M

’L’U,S

where s|2] denotes a sub-sequence of s and A € (0, 1] is a decay factor.

¢ Example for strings "cat", "car", "bat" and "bar" and ¢ = 2:
ca | ct at ba | bt | cr | ar | br

Cecat™) | X2 | X[ [0]0]0]0]0
d(car”) | A2 0] 00| 0| A|A]0
dCbat’) | 0| 0 [ A2 [ A2 x| 0] 0|0
dCbar™) | 0 | 0| 0 | A2 0| 0 | A2

k("cat”,”car”) = X\, k("cat”,”bat”) = A\*, k("cat”,”bar”) =0, ...

® The kernel value k(s,t) can be computed by dynamic programming in time O(q |s| [t]).
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Example: Consider substring kernel for sub-sequence length ¢ = 2 and decay factor A = 0.4:

Feature space Kernel matrix
(2D embedding via tSNE)

algorithm 0.01 0.04 002 000 0.00 0.00
ner.no memo 1 logarithm 0.01 0.00 000 0.00
learning 0.00 0.00 0.00
demo . morning 0.03 003 0.03
° mourning _
° mourning 0.03 003 0.03
morqi#@arr}mg | demo |0.00 000 000 0.03 0.03 009 006 0.06
memo | 000 000 000 003 003 006 009 0.06
1 nemo |0.00 000 0.00 003 003 006 006 0.09
logarithm . .
i o
algorithm S & OO0
gorithm. RATROIFRNIFNFN &’J@ (Q@@ (\?}Q
L & &£
> O &

¢ Kernel k: X x X — R, can be thought of as a similarity measure between the inputs
embedded to a feature space:

k(A, B) = similarity between input A and B
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Definition 1. Let X be a non-empty set. The function k: X x X — R is a positive definite

kernel if it is symmetric and for any finite set of inputs x1, ..

K € R™*™ with elements K, ; = k(x;,x;) is positive semi-definite.

©® The kernel matrix K € R™*™ represents similarities between each pair of inputs
9 P P

(X1, s Tm):

k($1, 5131),
]f(ﬂ?g, 5131),

k(xma xl)a

/C(ZEl, 562),
k(CCQ,xQ),

k(xmaxZ)a

ooc’

AN

« ey

k(x1, Tm)
k(xa, Tm)

k(xm, Tm)

¢ A matrix K € R™*™ js PSD if for every o € R™, o’ Ka > 0.

., Tm, the kernel matrix
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Theorem 1. For every positive definite kernel k: X x X — R there exists a Hilbert space H
and a feature map ¢: X — H such that k(z,2") = (¢d(x), p(z')).

Proof for a kernel defined on a finite input space X:

The kernel matrix K € RI¥!*I¥l is symmetric and PSD hence the spectral decomposition
exists K = VDV" where V € R™*™ is orthogonal and D = diag(A1, ..., \|x|) is diagonal
matrix of non-negative eigenvalues.

Therefore K = ®7® where ®7 = VD3,

A Hilbert space is a vector space, i.e. a set of objects that you can add together and
multiply by a number, equipped with a dot product, which lets you measure lengths and
angles between vectors.

It generalizes ordinary Euclidean space to possibly infinite dimensions.
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Let k1: X X X > R and ky: X Xx X — R be p.d. kernels, A € [0,1], « >0, ¢p: X — R"”
and k3: R x R®™ — R a p.d. kernel, K a symmetric positive definite matrix. Then the
following functions are also p.d. kernels:

Construction of valid kernels

kr,z) = (1—=XNki(z,z)+ Nka(z, 2)
k(x,z) = aki(x,z)

k(x,z) = ki(x,2)ks(x,2)

k(x,z) = ks(o(r), p(2))

k(z,z) = x'Kz
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Motivation: Linear models may fail in the original input space, but can become linear
after a nonlinear feature map f(z) = (w,¢(z)) + b .

Kernel trick: avoid constructing the high-dimensional feature vector explicitly by using
k(z,2') = (é(z), d(z')) .

Kernel perceptron: represent the classifier by training examples

h(x) = sign (Z a; k(x,x;) + b) :

1=1

so learning and prediction use only kernel evaluations.
Examples of kernels:
e polynomial kernel: finite nonlinear feature space,
e RBF kernel: implicit infinite-dimensional feature space,
e string subsequence kernel: similarity for structured inputs such as strings.

Key takeaway: Kernels enable nonlinear decision boundaries while keeping algorithms
formulated only through similarities between examples.


http://cmp.felk.cvut.cz

	First page
	cmporange Linear models
	cmporange Non-linear feature mapping
	cmporange Perceptron Learning Algorithm
	cmporange Perceptron Learning Algorithm
	cmporange Polynomial kernel of degree 2
	cmporange Why kernels matter: polynomial kernel of degree 2
	cmporange Kernel perceptron
	cmporange Kernel perceptron
	cmporange Explicit vs. kernel Perceptron
	cmporange Radial basis function kernel
	cmporange Radial basis function kernel
	cmporange String Subsequence kernel
	cmporange String Subsequence kernel
	cmporange Positive definite kernel
	cmporange Every kernel defines a feature space
	cmporange Construction of valid kernels
	cmporange Summary
	Last page

