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¢ Discriminative vs. generative learning.
¢ When do we need generative learning?
¢ Parametric distribution families

¢ Maximum Likelihood Estimator and its properties
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Goal: train a classifier y = h(x) for an unknown distribution p(z,y) over features x € X and

classes y € Y

Discriminative learning:

¢ define a hypothesis space H of predictors h: X — ) and fix a loss £(y,1’)
¢ given a training set T, learn h,,: X — Y by empirical (or structural) risk minimization.

Example 1 (Gaussian discriminative analysis). Assume we know: X =R, Y ={—1,+1}
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The loss is L(y,y') = [y’ # y] and the training set is Ty, = ((z1,y1), -, (T, Ym)).-

® The Bayes optimal predictor for each such model is in hypothesis space

H ={h(x) =sign(x —~) |y € R}, so we apply the empirical risk minimization:

m

1

Ym = argmin EZ[% # sign(x; — )]

vER i=1

and output the predictor h,,(x) = sign(x —v,,).
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Generative learning: Use prior knowledge to restrict the search to a parametric family of

distributions {p(x,y;0) | 8 € ©}. Learning algorithm:

1. Given training data T},, estimate the unknown parameter 6,,, = e(7T;,) e.g. using the

maximum likelihood estimator.
2. Consider p(z,y;0,,) as the true model. Predict hidden states by the plugin Bayes
optimal predictor

h —argmmZp "N2:0,) 0y, y).

y'ey
Example 1 (cont.). Given T,,, the estimates of the model parameters are

s

1 1
(y=1)=— [ —_—E ilyi =1 A——_—E illYi = —
p(y ) m Fo Mo : 37[[9 ]] X m_ & 37[[19

and
5 =S (wi— v =11~ Ty = —11)

where m,. denotes the number of training examples with class y;, = 1. The predictor is

: . M%yzhﬁﬁ) .
h(x) =sign |( lo = ... =sign(x —y),
() =sie ( “ ey = —1;0,) znlr =)

where v depends on the estimated i, i, &, p(y =1) and p(y = —1).
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Discriminative Models
¢ Model § = h(x) — learn the boundary between classes.
¢ Typically require less data and are often more accurate for prediction tasks.
¢ Theoretical guarantees — PAC learning.

¢ Examples: Support Vector Machines, Gradient Boosted Trees, prediction Neural
Networks.

Generative Models
¢ Model p(x,y) — learn how the data is generated for each class.
¢ Perform tasks beyond prediction, e.g. generate new data samples.
¢ Often require more data but provide richer probabilistic understanding.
¢ Can naturaly handle missing data.

¢ Examples: Naive Bayes, Gaussian Mixture Models, Generative Adversarial Networks.

Semi-generative Models
¢ Model p(y | z) — learn the class posterior sufficient to design plug-in Bayes predictor.

¢ Examples: Logistic regression, prediction Neural Networks.
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A parametric family of distributions is a set of distributions {p(z;0) | 0 € ©} for a r.v. which

are specified by parameter values.

Example 2. The family of Bernoulli distributions for binary r.v. x € {0,1} with
p(x; B) = B*(1 — B)1=* parametrised by a single scalar 3 € (0,1).

Example 3. The family of multivariate normal distributions N'(u, V') on R™

1
27/ 2|V |1/2

1

em{—;ﬁ—ufw“%x—uﬂ

p(w;u»Vf)==(

parametrised by the mean vector ;n € R™ and a positive definite n X n covariance matrix V.

Example 4. The family of Poisson distributions on x € N with probability mass

e i
p(X =kA) =—3 0y s
parametrised by A € R.. Notice that A =E|X| =V[X]. ?zzz

o015t
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Given: a parametric family of distributions {p(x;0) | 8 € ©} and an i.i.d. training sample
Thm=(x; € X|i=1,...,m) assumed to be i.i.d. generated from p(x;0.) with unknown 6.,.

Define the log-likelihood to obtain the given i.i.d. training sample 7T;,, from the distribution
with parameter § € ©

1 - ] —
L(T:,,0) = —log <Hp($z';9)> = EZIng(mi;H)
1=1 1=1

Remarks:
We normalize the log-likelihood by the sample size for notational convenience.

If X is finite, L(T,,,0) is proportional to the logarithm of the probability that T}, was
generated from p(z1,...,2m;0) = [[2, p(x4;0).

The Maximum Likelihood estimator outputs the parameter 6,,, that maximizes the (log-)
likelihood of the training sample

1 m
Om = enrp (1) € argmax L(T,,,0) = argmax—Zlogp(mi;Q)

m
0co Hco —
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Maximum Likelihood estimator

Example 5 (MLE for univariate Normal distribution). Consider the parametric family 8/16
1
p(a;p,0°) = T
2o

parmaterized by the mean value i € R and the variance o® > (0. We are given an
i.i.d. training set T), = (x1,...,2,,) and want to estimate (u,0°) by the MLE. The
log-likelihood

m m
L(Tpn, 10 Zlogp zisp,07) = = log(2m) — -log(0?) = 5 » (@i — p)’

1=1

is a concave function of the parameters. To find the maximum likelihood estimator, we
differentiate with respect to the parameters, set the derivatives to zero, and solve:

OL(T,,, jt,0°) 1 «— 1 -
o =0 = =)

OL(Ty,, 11, 02) m 1 1 ) 1 «—
Ho2 :_2 °O_2+O_4Z(xi_:u) =0 = EZ Nm
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Given: a parametric family of distributions {p(x;0) | 8 € ©} and an i.i.d. training sample
Tm=(x; € X|i=1,...,m) generated from p(x;0*) with unknown 6.,.

Estimator: a mapping 6,,, = e(7T;,), which maps training sets to parameters,

ile.e: U XM — 0O

Example 6. Estimating parameters of a normal
distribution

@ red: true distribution N(0,1)

® blue and green: sample two i.i.d. training
sets from it and estimate parameters; e.g.

pom = €(Tm) = %er; Li-

Desired properties of an estimator:
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¢ the estimator is unbiased i.e. Eg,, .4, [e(T)n)] = 0.

® the estimator has small variance V. [e(Tm)]

¢ the estimator is consistent i.e. Py g, (|6(Tm) —0,| > e) — 0 for m — o
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The unbiased estimator: Er,, .o, [e(T)n)] = 0.

ii.d.

( Training set 1 h

(Parametric family of distribution ]

l T! = (2.54,2.28,...,2.81)
v,

( Training set 2 R

L {p(ﬁ;u)ZN(w,u,l) | ueR}J

/

(

i | T2 = (0.32,0.46, .. .,0.74)
WV,

Unbiased estimator
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1.0

2.0.51

1
—— distribution of up,

— truepu" =1
=== ETm—-,u’[lJm]

0.0

pm = e(Tn) = o 2. i

_ ™\
Estimator { fm = 1.253 J

=1
| tim = 0.995
J

Biased estimator
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1
10 — distribution of upn,
' — truepu* =1
5 == ErylHim]
Q0.5 K
0.0 5 5 3

10/16


http://cmp.felk.cvut.cz

4 N
Properties of Maximum Likelihood Estimator @
11/16

Is the Maximum Likelihood estimator unbiased ?

¢ On a finite sample when m < oo, the ML estimator can be biased.

¢ Asymptotically when m — oo, the ML estimator is unbiased.

(o)
Example 7. Consider a normal distribution p(x;u,0?) = ﬁe 52\ T H)

value u and the variance o*.

unbiased:
1 ™m
Er m| = E1 E E Er il =
T, 9*[,u ] Ty~ 05 [m £ ] Trn 9*37

The ML estimate of the 02, = =" (x; — pm)? is b/ased for m < 0o, however,
asymprotically unbiased:

described by mean
The ML estimate of the mean value pi,, = %221% is

1
Er,,~0.[00] = E1,, 0. | — )2 ==
T [O] = B0, [mZ(fE 7 )] o
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The consistent estimator: Pp_ g, (|6(Tm) — 0| > e) — 0 for m — oo

sample size m=10, £€=0.1

1.25 |
— distribution of u,,

1.00- — truep’ =1
o 0.751 e Py — M| =€)=0.75
S
20,50

0.251
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I
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61 *
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aH
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|
—— distribution of u,,
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. N P(|pym— M| Z€)=0.32
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o
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__1.00+ ——]
= —a\\—o— e=0.1
A 0.75] —— £=0.01
— —— £=0.001
5 0.50-
= 0.25]
o
100 101 102 103 104 10°

sample size m
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What conditions ensure consistency of the ML estimator, i.e.

lim IEDTmNQ*(‘Q* _eML(Tm)| > E) =0

m—0o0

The maximum likelihood estimator is statistically consistent provided that:

¢ Correct specification. The true data-generating distribution p(x) belong to the family:
p(x) =p(x;0,) for some 6,€06

¢ Identifiability. Different parameter values correspond to different distribution:
0 # 0" = p(x;0) # p(=;0")

¢ Regularity conditions. The parameter space © and the family p(z;0) are “well
behaved” (e.g. smoothness, existence of MLE, compactness of O).

Examples of distributions for which the MLE is statisticlly consistent include Normal,
Bernoulli, Poisson, Binomial, Exponential, Gamma, etc.
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An efficient estimator has the smallest possible variance among all unbiased
estimators, i.e. it attains the Cramer-Rao lower bound:
Vi, [e(Tn)] > ——
m1(6,)
sample size m=10, 0% = V[u,,]=0.101 sgmple size m=100, 0% = V[u,,]1=0.010
. . . | . A |
1.0 L /1IN — distribution of um —— distribution of i,
o : T ETm—-;J*[IJm] o === ETm—-;J*[lJm]
-2_0.5_ i — = Er,~u'[UmlxO -2_2_ — = Er,~plumlxo
|
0.0 Ly | | 0 | |
-1 0 1 2 3 -1 0 2 3
Mm
sample size m=500, 02 = V[y,,]1=0.002 . 00\_/arlance of Sample Mean Estimator
s | .
7.51 — distribution of u, VIHm]
5o == Erp—u[lm] g 07> ——— 1/(mI(6"))
= —= Er, Um0 §0.50
i ©
2.5 > .25
0.0 0 > 3 0.001 , , —
100 101 102 103

sample size m
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What can we say about the variance of the ML estimator, i.e. Vg, [eML(Tm)]?

The asymptotic variance of the ML estimator is the smallest possible, i.e. MLE is
assymprotically efficient!

To make this precise, we need the notion of Fisher information

I1(0) = / [% logp(x;6) 2]?(56;9) dr =V, g [dilé logp(w;@)]

Now, we have the following two statements about the variance of estimators

¢ The asymptotic distribution of the ML estimator is:

1
ml(0*)

emﬂnggfvﬁJ(ei

) for m — o0

¢ If e is an arbitrary unbiased estimator, then its variance can not be smaller (Crame-Rao

bound), i.e.
1

Vi [e(Tn)] 2 s
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Discriminative vs. generative learning.
Parametric distribution families (e.g., Bernouli, Normal, Poisson, Binomial, Gamma).
Maximum-Likelihood estimator (MLE).

MLE can be biased.

MLE is statistically consistent under regularity conditions (e.g. the model has to well
specified and identifiable).

MLE achieves asymptotically optimal variance.
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