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1000 rooms

Prerequisites: Bayes theorem

p(CH |D) =
p(D |CH)p(CH)

p(D)

D …. room classifier 
         detects ch.r.

p(D |CH) = 1 FN=0, i.e. charger room is always detected
p(D |CH) = 0.05 FP=5% of other rooms classified as charger r.

5%

=
p(D |CH)p(CH)

p(D |CH)p(CH) + p(D |CH)p(CH)

p(CH) = 0.001 Prior probability of charger room 0.1%CH… robot is in 
          charger room p(CH) = 0.999 Prior probability of other rooms 99.9%

=
1 * 0.001

1 * 0.001 + 0.05 * 0.999

≈ 1.9 %LTP

What is the probability of being in charger r., when charger r. detected? 1/51 ≈ 1.9 %

Distinguishing charger room from  other rooms by a classifier

Unbalanced classes could be tricky.

Is it a good classifier?



Prerequisites: Bayes theorem

A … have disease 

B … positive test p(B |A) = 1 Everyone who have disease tests always positive
p(B |A) = 0.05 There are 5% of healthy people, with positive test5%

p(A) = 0.001 Prior probability of having disease 0.1%
p(A) = 0.999 Prior probability of being healthy 99.9%

1000 people

p(A |B) =
p(B |A)p(A)

p(B)
=

p(B |A)p(A)
p(B |A)p(A) + p(B |A)p(A)

=
1 * 0.001

1 * 0.001 + 0.999 * 0.05
≈ 1.9 %

LTP

What is the probability of being ill, when my test is positive? 1/51 ≈ 1.9 %

Only 18% of doctors+students from Harvard Medical school answered correctly.



<latexit sha1_base64="bOG9Jhu6D0kJpx0cUtGrJU1NZso=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTuo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMvaZHQ</latexit>x1

<latexit sha1_base64="Kj8zlUVkPhcefZtVfyNCXFFDEU0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlqMuCG91VsK3QhDKZTtqhk0mYh1hCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTDlT2nW/ndLa+sbmVnm7srO7t39QPTzqqsRIQjsk4Yl8CLGinAna0Uxz+pBKiuOQ0144uc793iOViiXiXk9TGsR4JFjECNZW8v0Y63EYZU+zQWNQrbl1dw60SryC1KBAe1D98ocJMTEVmnCsVN9zUx1kWGpGOJ1VfKNoiskEj2jfUoFjqoJsnnmGzqwyRFEi7RMazdXfGxmOlZrGoZ3MM6plLxf/8/pGR1dBxkRqNBVkcSgyHOkE5QWgIZOUaD61BBPJbFZExlhiom1NFVuCt/zlVdJt1L2LevOuWWvdFnWU4QRO4Rw8uIQW3EAbOkAghWd4hTfHOC/Ou/OxGC05xc4x/IHz+QMw7ZHR</latexit>x2

<latexit sha1_base64="gq3lIpNa7EF/uKgX/Jt2DjR3nTQ=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabQy1OPAi94mug9Yy0jTdAtLmpKkQinzX/HiQRGv/iHe/G9Mtx5080HI473fj7y8IGFUacf5tipr6xubW9Xt2s7u3v6BfXjUUyKVmHSxYEIOAqQIozHpaqoZGSSSIB4w0g+m14XffyRSURE/6CwhPkfjmEYUI22kkV33AsFClXFz5d49HXM0G9kNp+nMAVeJW5IGKNEZ2V9eKHDKSawxQ0oNXSfRfo6kppiRWc1LFUkQnqIxGRoaI06Un8/Dz+CpUUIYCWlOrOFc/b2RI66KfGaSIz1Ry14h/ucNUx1d+TmNk1STGC8eilIGtYBFEzCkkmDNMkMQltRkhXiCJMLa9FUzJbjLX14lvfOme9Fs3bUa7duyjio4BifgDLjgErTBDeiALsAgA8/gFbxZT9aL9W59LEYrVrlTB39gff4AcUmVUQ==</latexit>

⌃eigenvalues and eigenvectors of
determine ellipse axes

… symmetric positive definite  
     covariance matrix

<latexit sha1_base64="tOIQoCrtM+Ibdydt4PfaAft+NQA=">AAACFnicbVC7TsMwFHV4lvIKMLJYVEgsVAmqgLESC2zl0YfUhMpxnNaq7US2g1RF+QoWfoWFAYRYERt/g9N2gJYrWT46517dc0+QMKq043xbC4tLyyurpbXy+sbm1ra9s9tScSoxaeKYxbITIEUYFaSpqWakk0iCeMBIOxheFHr7gUhFY3GnRwnxOeoLGlGMtKF69rEXxCxUI26+zLulfY5yjwqPIz3AiGU3+X0mPE05UVDkPbviVJ1xwXngTkEFTKvRs7+8MMYpJ0JjhpTquk6i/QxJTTEjedlLFUkQHqI+6RookNnjZ+OzcnhomBBGsTRPaDhmf09kiKvCueks7KpZrSD/07qpjs79jIok1UTgyaIoZVDHsMgIhlQSrNnIAIQlNV4hHiCJsDZJlk0I7uzJ86B1UnVPq7XrWqV+NY2jBPbBATgCLjgDdXAJGqAJMHgEz+AVvFlP1ov1bn1MWhes6cwe+FPW5w95OqDY</latexit>

⌃ 2 Rn⇥n

<latexit sha1_base64="zlkbPwxJd1TICOleUWj34gKweww=">AAACA3icbVDLSsNAFL3xWeur6k43wSK4KokUdVlwo7sq9gFNLJPppB06mYSZiVhCwI2/4saFIm79CXf+jZM0C209MHDmnHu59x4vYlQqy/o2FhaXlldWS2vl9Y3Nre3Kzm5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt74IvM790RIGvJbNYmIG6Ahpz7FSGmpX9l3AqRGnp88pA7l+Qcjltykd9qsWjUrhzlP7IJUoUCzX/lyBiGOA8IVZkjKnm1Fyk2QUBQzkpadWJII4TEakp6mHAVEukl+Q2oeaWVg+qHQjyszV393JCiQchJ4ujJbUs56mfif14uVf+4mlEexIhxPB/kxM1VoZoGYAyoIVmyiCcKC6l1NPEICYaVjK+sQ7NmT50n7pGaf1urX9WrjqoijBAdwCMdgwxk04BKa0AIMj/AMr/BmPBkvxrvxMS1dMIqePfgD4/MHGPCYfA==</latexit>

x 2 Rn … real n-dimensional  
     random column vector

<latexit sha1_base64="6I6Ft+5A4A8sXzDGQeJHjnPfIQ0=">AAACCXicbVC7TsMwFHXKq5RXgZHFokJiqhKEgLESC2wF0YfUhMpxnNaqH5HtIFVRVxZ+hYUBhFj5Azb+BqfNAC1Hsnx07rm6954wYVQb1/12SkvLK6tr5fXKxubW9k51d6+tZaowaWHJpOqGSBNGBWkZahjpJoogHjLSCUeXeb3zQJSmUtyZcUICjgaCxhQjY6V+FfqhZJEec/tlPk8nPhU+R2aIEctuJ/fWUnPr7hRwkXgFqYECzX71y48kTjkRBjOkdc9zExNkSBmKGZlU/FSTBOERGpCepQJxooNseskEHlklgrFU9gkDp+rvjgxxnS9rnfmSer6Wi//VeqmJL4KMiiQ1RODZoDhl0EiYxwIjqgg2bGwJworaXSEeIoWwseFVbAje/MmLpH1S987qpzentcZ1EUcZHIBDcAw8cA4a4Ao0QQtg8AiewSt4c56cF+fd+ZhZS07Rsw/+wPn8ARtZm0M=</latexit>

µ 2 Rn … real n-dimensional  
     mean

p(x) = 𝒩(x; μ, Σ) =
exp( − 1

2 (x − μ)⊤Σ−1(x − μ))
(2π)ndet(Σ)

Prerequisites: Multivariate gaussian



<latexit sha1_base64="bOG9Jhu6D0kJpx0cUtGrJU1NZso=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTuo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMvaZHQ</latexit>x1

<latexit sha1_base64="Kj8zlUVkPhcefZtVfyNCXFFDEU0=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSlqMuCG91VsK3QhDKZTtqhk0mYh1hCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTDlT2nW/ndLa+sbmVnm7srO7t39QPTzqqsRIQjsk4Yl8CLGinAna0Uxz+pBKiuOQ0144uc793iOViiXiXk9TGsR4JFjECNZW8v0Y63EYZU+zQWNQrbl1dw60SryC1KBAe1D98ocJMTEVmnCsVN9zUx1kWGpGOJ1VfKNoiskEj2jfUoFjqoJsnnmGzqwyRFEi7RMazdXfGxmOlZrGoZ3MM6plLxf/8/pGR1dBxkRqNBVkcSgyHOkE5QWgIZOUaD61BBPJbFZExlhiom1NFVuCt/zlVdJt1L2LevOuWWvdFnWU4QRO4Rw8uIQW3EAbOkAghWd4hTfHOC/Ou/OxGC05xc4x/IHz+QMw7ZHR</latexit>x2

… symmetric positive definite  
     covariance matrix

<latexit sha1_base64="tOIQoCrtM+Ibdydt4PfaAft+NQA=">AAACFnicbVC7TsMwFHV4lvIKMLJYVEgsVAmqgLESC2zl0YfUhMpxnNaq7US2g1RF+QoWfoWFAYRYERt/g9N2gJYrWT46517dc0+QMKq043xbC4tLyyurpbXy+sbm1ra9s9tScSoxaeKYxbITIEUYFaSpqWakk0iCeMBIOxheFHr7gUhFY3GnRwnxOeoLGlGMtKF69rEXxCxUI26+zLulfY5yjwqPIz3AiGU3+X0mPE05UVDkPbviVJ1xwXngTkEFTKvRs7+8MMYpJ0JjhpTquk6i/QxJTTEjedlLFUkQHqI+6RookNnjZ+OzcnhomBBGsTRPaDhmf09kiKvCueks7KpZrSD/07qpjs79jIok1UTgyaIoZVDHsMgIhlQSrNnIAIQlNV4hHiCJsDZJlk0I7uzJ86B1UnVPq7XrWqV+NY2jBPbBATgCLjgDdXAJGqAJMHgEz+AVvFlP1ov1bn1MWhes6cwe+FPW5w95OqDY</latexit>

⌃ 2 Rn⇥n

<latexit sha1_base64="zlkbPwxJd1TICOleUWj34gKweww=">AAACA3icbVDLSsNAFL3xWeur6k43wSK4KokUdVlwo7sq9gFNLJPppB06mYSZiVhCwI2/4saFIm79CXf+jZM0C209MHDmnHu59x4vYlQqy/o2FhaXlldWS2vl9Y3Nre3Kzm5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt74IvM790RIGvJbNYmIG6Ahpz7FSGmpX9l3AqRGnp88pA7l+Qcjltykd9qsWjUrhzlP7IJUoUCzX/lyBiGOA8IVZkjKnm1Fyk2QUBQzkpadWJII4TEakp6mHAVEukl+Q2oeaWVg+qHQjyszV393JCiQchJ4ujJbUs56mfif14uVf+4mlEexIhxPB/kxM1VoZoGYAyoIVmyiCcKC6l1NPEICYaVjK+sQ7NmT50n7pGaf1urX9WrjqoijBAdwCMdgwxk04BKa0AIMj/AMr/BmPBkvxrvxMS1dMIqePfgD4/MHGPCYfA==</latexit>

x 2 Rn … real n-dimensional  
     random column vector

<latexit sha1_base64="6I6Ft+5A4A8sXzDGQeJHjnPfIQ0=">AAACCXicbVC7TsMwFHXKq5RXgZHFokJiqhKEgLESC2wF0YfUhMpxnNaqH5HtIFVRVxZ+hYUBhFj5Azb+BqfNAC1Hsnx07rm6954wYVQb1/12SkvLK6tr5fXKxubW9k51d6+tZaowaWHJpOqGSBNGBWkZahjpJoogHjLSCUeXeb3zQJSmUtyZcUICjgaCxhQjY6V+FfqhZJEec/tlPk8nPhU+R2aIEctuJ/fWUnPr7hRwkXgFqYECzX71y48kTjkRBjOkdc9zExNkSBmKGZlU/FSTBOERGpCepQJxooNseskEHlklgrFU9gkDp+rvjgxxnS9rnfmSer6Wi//VeqmJL4KMiiQ1RODZoDhl0EiYxwIjqgg2bGwJworaXSEeIoWwseFVbAje/MmLpH1S987qpzentcZ1EUcZHIBDcAw8cA4a4Ao0QQtg8AiewSt4c56cF+fd+ZhZS07Rsw/+wPn8ARtZm0M=</latexit>

µ 2 Rn … real n-dimensional  
     mean

p(x) = 𝒩(x; μ, Σ) =
exp( − 1

2 (x − μ)⊤Σ−1(x − μ))
(2π)ndet(Σ)

Prerequisites: Multivariate gaussian

Logarithm of Gaussian is quadratic form:
log(𝒩(x; μ, Σ)) = −

1
2

(x − μ)⊤Σ−1(x − μ) + C



Unknown

Estimate this

Given this

Localisation problem definition

<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0

<latexit sha1_base64="gSyfHuyDCZ/w2o438sWY6wq2yMI=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJkoN+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/7Bkt4=</latexit>z1

<latexit sha1_base64="BMEKeOKCRxNDySp4Yv5byEmCZh0=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJmoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/uvktw=</latexit>x1 …

<latexit sha1_base64="d09PjZDcl8y+DIhNWF049bHT7mY=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0siRT0WvOitgrWFNoTNdtMu3WzC7qZQQv6JFw+KePWfePPfuGlz0NaBhWHmPd7sBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJxWnktAOiXksewFWlDNBO5ppTnuJpDgKOO0Gk9vC706pVCwWj3qWUC/CI8FCRrA2km/bgwjrcRBmae5n+sLNfbvuNJw50CpxS1KHEm3f/hoMY5JGVGjCsVJ910m0l2GpGeE0rw1SRRNMJnhE+4YKHFHlZfPkOTozyhCFsTRPaDRXf29kOFJqFgVmssiplr1C/M/rpzq88TImklRTQRaHwpQjHaOiBjRkkhLNZ4ZgIpnJisgYS0y0KatmSnCXv7xKni4b7lWj+dCst+7LOqpwAqdwDi5cQwvuoA0dIDCFZ3iFNyuzXqx362MxWrHKnWP4A+vzB7jok78=</latexit>ut�1
<latexit sha1_base64="GiOelRdbuIGCu9OluClm5G3DZjk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgRncV7APaWCbTSTt08mDmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjxVJotO1vq7Syura+Ud6sbG3v7O5V9w/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT69zvPHKlRRTe4zTmbkBHofAFo2ikh35Acez5aZINUswG1Zpdt2cgy8QpSA0KNAfVr/4wYknAQ2SSat1z7BjdlCoUTPKs0k80jymb0BHvGRrSgGs3naXOyIlRhsSPlHkhkpn6eyOlgdbTwDOTeUq96OXif14vQf/KTUUYJ8hDNj/kJ5JgRPIKyFAozlBODaFMCZOVsDFVlKEpqmJKcBa/vEzaZ3Xnon5+d15r3BZ1lOEIjuEUHLiEBtxAE1rAQMEzvMKb9WS9WO/Wx3y0ZBU7h/AH1ucPXPKTHA==</latexit>ut

<latexit sha1_base64="NyfuUNRI7EFcULQ9ltx39agd2Pk=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREinoseNFbBWsLbQib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uytr6xuVXdru3s7u0f2IdHTypOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcNoNJreF351SqVgsHvUsoV6ER4KFjGBtJN+2BxHW4yDM0tzP9IWb+3bdaThzoFXilqQOJdq+/TUYxiSNqNCEY6X6rpNoL8NSM8JpXhukiiaYTPCI9g0VOKLKy+bJc3RmlCEKY2me0Giu/t7IcKTULArMZJFTLXuF+J/XT3V442VMJKmmgiwOhSlHOkZFDWjIJCWazwzBRDKTFZExlphoU1bNlOAuf3mVPF023KtG86FZb92XdVThBE7hHFy4hhbcQRs6QGAKz/AKb1ZmvVjv1sditGKVO8fwB9bnD7Xck70=</latexit>ut+1

<latexit sha1_base64="+gZaFMSaWUIoeiZUZ9k3d9VEa/I=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQhJJIUZcFN7qrYB/QhjKZTtqhk0mYuSmWkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpv7nSlTmkfyEWYx80IykjzglICRBrbdDwmM/SB9ygYpXLjZwK46NWcOvErcglRRgebA/uoPI5qETAIVROue68TgpUQBp4JllX6iWUzohIxYz1BJQqa9dJ48w2dGGeIgUuZJwHP190ZKQq1noW8m85x62cvF/7xeAsGNl3IZJ8AkXRwKEoEhwnkNeMgVoyBmhhCquMmK6ZgoQsGUVTEluMtfXiXty5p7Vas/1KuN+6KOMjpBp+gcuegaNdAdaqIWomiKntErerNS68V6tz4WoyWr2DlGf2B9/gC6fZPA</latexit>xt+1

<latexit sha1_base64="JNBhUtMAwb3LsNDpJ3u6yGZqXvo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRoi4LbnRXwT6gDWEynbRDJ5MwMynUkD9x40IRt/6JO//GaZuFth4YOJxzL/fMCRLOlHacb6u0tr6xuVXeruzs7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E49uZ35lQqVgsHvU0oV6Eh4KFjGBtJN+2+xHWoyDMnnI/0xdu7ttVp+bMgVaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQineaWfKppgMsZD2jNU4IgqL5snz9GZUQYojKV5QqO5+nsjw5FS0ygwk7Ocatmbif95vVSHN17GRJJqKsjiUJhypGM0qwENmKRE86khmEhmsiIywhITbcqqmBLc5S+vkvZlzb2q1R/q1cZ9UUcZTuAUzsGFa2jAHTShBQQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gC9k5PC</latexit>zt+1
<latexit sha1_base64="zbkvF6bWrNTqH/tw7GL2VeXd2J0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXisv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWSfkyE=</latexit>zt

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt
<latexit sha1_base64="r4Etbzahov/TFYeC0rPP8Y9gEzY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwY0mkqMuCG91VsA9oQ5lMJ+3QySTM3BRLyJ+4caGIW//EnX/jpM1CWw8MHM65l3vm+LHgGhzn2yqtrW9sbpW3Kzu7e/sH9uFRW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uc39zpQpzSP5CLOYeSEZSR5wSsBIA9vuhwTGfpA+ZYMULtxsYFedmjMHXiVuQaqoQHNgf/WHEU1CJoEKonXPdWLwUqKAU8GySj/RLCZ0QkasZ6gkIdNeOk+e4TOjDHEQKfMk4Ln6eyMlodaz0DeTeU697OXif14vgeDGS7mME2CSLg4FicAQ4bwGPOSKURAzQwhV3GTFdEwUoWDKqpgS3OUvr5L2Zc29qtUf6tXGfVFHGZ2gU3SOXHSNGugONVELUTRFz+gVvVmp9WK9Wx+L0ZJV7ByjP7A+fwC9iZPC</latexit>xt�1

<latexit sha1_base64="EQzLmQVF5SOQy6aQAhoSdM0bRUk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIUZcFN7qrYB/QhjCZTtqhk0mYmRRqyJ+4caGIW//EnX/jtM1CWw8MHM65l3vmBAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVCwWj3qaUC/CQ8FCRrA2km/b/QjrURBmT7mf6Qs39+2qU3PmQKvELUgVCjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTvNJPFU0wGeMh7RkqcESVl82T5+jMKAMUxtI8odFc/b2R4UipaRSYyVlOtezNxP+8XqrDGy9jIkk1FWRxKEw50jGa1YAGTFKi+dQQTCQzWREZYYmJNmVVTAnu8pdXSfuy5l7V6g/1auO+qKMMJ3AK5+DCNTTgDprQAgITeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDAn5PE</latexit>zt�1

…

<latexit sha1_base64="q8eX0aG67aDYW5JS4O6Sx70sw1A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG91VsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmljc2t7p7xb2ds/ODyqHp90VWIkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gunt7nfe6JSsUQ86llKgxiPBYsYwdpKvh9jPQmjzMyH3rBac+vuAmideAWpQYH2sPrljxJiYio04VipgeemOsiw1IxwOq/4RtEUkyke04GlAsdUBdki8xxdWGWEokTaJzRaqL83MhwrNYtDO5lnVKteLv7nDYyOboKMidRoKsjyUGQ40gnKC0AjJinRfGYJJpLZrIhMsMRE25oqtgRv9cvrpHtV95r1xkOj1rov6ijDGZzDJXhwDS24gzZ0gEAKz/AKb45xXpx352M5WnKKnVP4A+fzByrUkc0=</latexit>u1

States:  
<latexit sha1_base64="XBEhC9PAJ9xfcAg/sxU0HG6eD2s=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSOWYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXmSuW6+YBftCfAqcWakgGaodvPvZjSNfCaBCqJ1y7FD6MREAaeCJbl2pFlI6JD0WctQSXymO/Hk4gSfGaWHvUCZJwFP1PmOmPhaj3zXVKZb6uVcKv6Xa0Xg3XRiLsMImKTTj7xIYAhwah/uccUoiJEhhCpudsV0QBShYExOTXCWT14l9cuic1Us3ZcK5buZHVl0gk7ROXLQNSqjCqqiGqLoFX2gT/RlvVlj69v6mZZmrFnPMVqA9fsHSbiq4g==</latexit>

x0,x1, . . . ,xt 2 Rn …. 1D robot position + 1D wall position 
Actions: 

<latexit sha1_base64="J54867sx+9uZZWs25gdz82tWZJM=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwIWVGinZZcKO7KvYBbS2ZNNOGZjJDckcow/yKG3/FjQtFuhN/xkzbRW09EHI4597k3uNFgmtwnG8rt7a+sbmV3y7s7O7tH9iHRw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3ugm85vPTGkeykcYR6wbkIHkPqcEjNSzK52AwNDzkzjtJW56gTv9ELS5FmRIcYfLmUSJSB7Sp6DQs4tOyZkCrxJ3TopojlrPnpinaRwwCVQQrduuE0E3IQo4FSwtdGLNIkJHZMDahkoSMN1Nphum+MwofeyHyhwJeKoudiQk0HoceKYym1Ive5n4n9eOwa90Ey6jGJiks4/8WGAIcRYX7nPFKIixIYQqbmbFdEgUoWBCzUJwl1deJY3LkntVKt+Xi9W7eRx5dIJO0Tly0TWqoltUQ3VE0Qt6Qx/o03q13q0vazIrzVnznmP0B9bPLy7jpCo=</latexit>

u1, . . . , ut ! R m …. change x by u (i.e. )xt = xt−1 + ut

Measurements:  
<latexit sha1_base64="HzXJf8GaHQHTYpJxwLZAir6O7xE=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSPUYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXka5rr5gl20J8CrxJmRApqh2s2/m9E08pkEKojWLccOoRMTBZwKluTakWYhoUPSZy1DJfGZ7sSTixN8ZpQe9gJlngQ8Uec7YuJrPfJdU5luqZdzqfhfrhWBd9OJuQwjYJJOP/IigSHAqX24xxWjIEaGEKq42RXTAVGEgjE5NcFZPnmV1C+LzlWxdF8qlO9mdmTRCTpF58hB16iMKqiKaoiiV/SBPtGX9WaNrW/rZ1qasWY9x2gB1u8fT02q5Q==</latexit>

z0, z1, . . . , zt ! R k …. absolute/relative measurements

x* = arg max
x

p(x |z, u) = arg max
x0…xt

p(x0…xt |z1…zt, u1…ut)MAP:



Unknown 1. Construct p(x|z)

Estimate this

Given this

Localisation problem definition

<latexit sha1_base64="LlZ21fiy6+eXAqOpFDK1BnhhC/Q=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG91VsA/oDCWTZtrQTGZIMmIZ+htuXCji1p9x59+YaWehrQcCh3Pu5Z6cIBFcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0XGqKGvTWMSqFxDNBJesbbgRrJcoRqJAsG4wucn97iNTmsfywUwT5kdkJHnIKTFW8ryImHEQZk+zgTOo1py6MwdeJW5BalCgNah+ecOYphGThgqidd91EuNnRBlOBZtVvFSzhNAJGbG+pZJETPvZPPMMn1lliMNY2ScNnqu/NzISaT2NAjuZZ9TLXi7+5/VTE177GZdJapiki0NhKrCJcV4AHnLFqBFTSwhV3GbFdEwUocbWVLEluMtfXiWdi7p7WW/cN2rNu6KOMpzAKZyDC1fQhFtoQRsoJPAMr/CGUvSC3tHHYrSEip1j+AP0+QMt5ZHP</latexit>x0

<latexit sha1_base64="gSyfHuyDCZ/w2o438sWY6wq2yMI=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJkoN+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/7Bkt4=</latexit>z1

<latexit sha1_base64="BMEKeOKCRxNDySp4Yv5byEmCZh0=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXBje4q2Ae0sUymk3boZBJmJmoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cP+ZMacf5tkorq2vrG+XNytb2zu6evX/QVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucr9zgOVikXiTk9j6oV4JFjACNZGuu+HWI/9IH3KBqmbDeyqU3NmQMvELUgVCjQH9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBpZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruee1+m292rgp6ijDERzDKbhwAQ24hia0gICEZ3iFN+vRerHerY/5aMkqdg7hD6zPH/uvktw=</latexit>x1 …

<latexit sha1_base64="d09PjZDcl8y+DIhNWF049bHT7mY=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCF0siRT0WvOitgrWFNoTNdtMu3WzC7qZQQv6JFw+KePWfePPfuGlz0NaBhWHmPd7sBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjJxWnktAOiXksewFWlDNBO5ppTnuJpDgKOO0Gk9vC706pVCwWj3qWUC/CI8FCRrA2km/bgwjrcRBmae5n+sLNfbvuNJw50CpxS1KHEm3f/hoMY5JGVGjCsVJ910m0l2GpGeE0rw1SRRNMJnhE+4YKHFHlZfPkOTozyhCFsTRPaDRXf29kOFJqFgVmssiplr1C/M/rpzq88TImklRTQRaHwpQjHaOiBjRkkhLNZ4ZgIpnJisgYS0y0KatmSnCXv7xKni4b7lWj+dCst+7LOqpwAqdwDi5cQwvuoA0dIDCFZ3iFNyuzXqx362MxWrHKnWP4A+vzB7jok78=</latexit>ut�1
<latexit sha1_base64="GiOelRdbuIGCu9OluClm5G3DZjk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgRncV7APaWCbTSTt08mDmRikh/+HGhSJu/Rd3/o2TNgttPTBwOOde7pnjxVJotO1vq7Syura+Ud6sbG3v7O5V9w/aOkoU4y0WyUh1Paq5FCFvoUDJu7HiNPAk73iT69zvPHKlRRTe4zTmbkBHofAFo2ikh35Acez5aZINUswG1Zpdt2cgy8QpSA0KNAfVr/4wYknAQ2SSat1z7BjdlCoUTPKs0k80jymb0BHvGRrSgGs3naXOyIlRhsSPlHkhkpn6eyOlgdbTwDOTeUq96OXif14vQf/KTUUYJ8hDNj/kJ5JgRPIKyFAozlBODaFMCZOVsDFVlKEpqmJKcBa/vEzaZ3Xnon5+d15r3BZ1lOEIjuEUHLiEBtxAE1rAQMEzvMKb9WS9WO/Wx3y0ZBU7h/AH1ucPXPKTHA==</latexit>ut

<latexit sha1_base64="NyfuUNRI7EFcULQ9ltx39agd2Pk=">AAAB+XicbVBNS8NAFHypX7V+RT16WSyCIJREinoseNFbBWsLbQib7aZdutmE3U2hhPwTLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6uytr6xuVXdru3s7u0f2IdHTypOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcNoNJreF351SqVgsHvUsoV6ER4KFjGBtJN+2BxHW4yDM0tzP9IWb+3bdaThzoFXilqQOJdq+/TUYxiSNqNCEY6X6rpNoL8NSM8JpXhukiiaYTPCI9g0VOKLKy+bJc3RmlCEKY2me0Giu/t7IcKTULArMZJFTLXuF+J/XT3V442VMJKmmgiwOhSlHOkZFDWjIJCWazwzBRDKTFZExlphoU1bNlOAuf3mVPF023KtG86FZb92XdVThBE7hHFy4hhbcQRs6QGAKz/AKb1ZmvVjv1sditGKVO8fwB9bnD7Xck70=</latexit>ut+1

<latexit sha1_base64="+gZaFMSaWUIoeiZUZ9k3d9VEa/I=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQhJJIUZcFN7qrYB/QhjKZTtqhk0mYuSmWkD9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPBNTjOt1VaW9/Y3CpvV3Z29/YP7MOjto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cpv7nSlTmkfyEWYx80IykjzglICRBrbdDwmM/SB9ygYpXLjZwK46NWcOvErcglRRgebA/uoPI5qETAIVROue68TgpUQBp4JllX6iWUzohIxYz1BJQqa9dJ48w2dGGeIgUuZJwHP190ZKQq1noW8m85x62cvF/7xeAsGNl3IZJ8AkXRwKEoEhwnkNeMgVoyBmhhCquMmK6ZgoQsGUVTEluMtfXiXty5p7Vas/1KuN+6KOMjpBp+gcuegaNdAdaqIWomiKntErerNS68V6tz4WoyWr2DlGf2B9/gC6fZPA</latexit>xt+1

<latexit sha1_base64="JNBhUtMAwb3LsNDpJ3u6yGZqXvo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgCCWRoi4LbnRXwT6gDWEynbRDJ5MwMynUkD9x40IRt/6JO//GaZuFth4YOJxzL/fMCRLOlHacb6u0tr6xuVXeruzs7u0f2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E49uZ35lQqVgsHvU0oV6Eh4KFjGBtJN+2+xHWoyDMnnI/0xdu7ttVp+bMgVaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQineaWfKppgMsZD2jNU4IgqL5snz9GZUQYojKV5QqO5+nsjw5FS0ygwk7Ocatmbif95vVSHN17GRJJqKsjiUJhypGM0qwENmKRE86khmEhmsiIywhITbcqqmBLc5S+vkvZlzb2q1R/q1cZ9UUcZTuAUzsGFa2jAHTShBQQm8Ayv8GZl1ov1bn0sRktWsXMMf2B9/gC9k5PC</latexit>zt+1
<latexit sha1_base64="zbkvF6bWrNTqH/tw7GL2VeXd2J0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXisv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWSfkyE=</latexit>zt

<latexit sha1_base64="Rtv27fvg17MIgvEGqADtQgrLO3E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL3qLYB6QxDA7mU2GzD6Y6VXDsv/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKjaTQaNvfVmFldW19o7hZ2tre2d0r7x+0dBgrxpsslKHquFRzKQLeRIGSdyLFqe9K3nYnV5nffuBKizC4w2nE+z4dBcITjKKR7ns+xbHrJU/pIMF0UK7YVXsGskycnFQgR2NQ/uoNQxb7PEAmqdZdx46wn1CFgkmelnqx5hFlEzriXUMD6nPdT2apU3JilCHxQmVegGSm/t5IqK/11HfNZJZSL3qZ+J/XjdG77CciiGLkAZsf8mJJMCRZBWQoFGcop4ZQpoTJStiYKsrQFFUyJTiLX14mrbOqc16t3dYq9Zu8jiIcwTGcggMXUIdraEATGCh4hld4sx6tF+vd+piPFqx85xD+wPr8AWGNkx8=</latexit>xt
<latexit sha1_base64="r4Etbzahov/TFYeC0rPP8Y9gEzY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwY0mkqMuCG91VsA9oQ5lMJ+3QySTM3BRLyJ+4caGIW//EnX/jpM1CWw8MHM65l3vm+LHgGhzn2yqtrW9sbpW3Kzu7e/sH9uFRW0eJoqxFIxGprk80E1yyFnAQrBsrRkJfsI4/uc39zpQpzSP5CLOYeSEZSR5wSsBIA9vuhwTGfpA+ZYMULtxsYFedmjMHXiVuQaqoQHNgf/WHEU1CJoEKonXPdWLwUqKAU8GySj/RLCZ0QkasZ6gkIdNeOk+e4TOjDHEQKfMk4Ln6eyMlodaz0DeTeU697OXif14vgeDGS7mME2CSLg4FicAQ4bwGPOSKURAzQwhV3GTFdEwUoWDKqpgS3OUvr5L2Zc29qtUf6tXGfVFHGZ2gU3SOXHSNGugONVELUTRFz+gVvVmp9WK9Wx+L0ZJV7ByjP7A+fwC9iZPC</latexit>xt�1

<latexit sha1_base64="EQzLmQVF5SOQy6aQAhoSdM0bRUk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIUZcFN7qrYB/QhjCZTtqhk0mYmRRqyJ+4caGIW//EnX/jtM1CWw8MHM65l3vmBAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVCwWj3qaUC/CQ8FCRrA2km/b/QjrURBmT7mf6Qs39+2qU3PmQKvELUgVCjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTvNJPFU0wGeMh7RkqcESVl82T5+jMKAMUxtI8odFc/b2R4UipaRSYyVlOtezNxP+8XqrDGy9jIkk1FWRxKEw50jGa1YAGTFKi+dQQTCQzWREZYYmJNmVVTAnu8pdXSfuy5l7V6g/1auO+qKMMJ3AK5+DCNTTgDprQAgITeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDAn5PE</latexit>zt�1

…

<latexit sha1_base64="q8eX0aG67aDYW5JS4O6Sx70sw1A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG91VsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmljc2t7p7xb2ds/ODyqHp90VWIkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gunt7nfe6JSsUQ86llKgxiPBYsYwdpKvh9jPQmjzMyH3rBac+vuAmideAWpQYH2sPrljxJiYio04VipgeemOsiw1IxwOq/4RtEUkyke04GlAsdUBdki8xxdWGWEokTaJzRaqL83MhwrNYtDO5lnVKteLv7nDYyOboKMidRoKsjyUGQ40gnKC0AjJinRfGYJJpLZrIhMsMRE25oqtgRv9cvrpHtV95r1xkOj1rov6ijDGZzDJXhwDS24gzZ0gEAKz/AKb45xXpx352M5WnKKnVP4A+fzByrUkc0=</latexit>u1

x* = arg max
x

p(x |z, u) = arg max
x0…xt

p(x0…xt |z1…zt, u1…ut)MAP: 2. Optimize poses

States:  
<latexit sha1_base64="XBEhC9PAJ9xfcAg/sxU0HG6eD2s=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSOWYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXmSuW6+YBftCfAqcWakgGaodvPvZjSNfCaBCqJ1y7FD6MREAaeCJbl2pFlI6JD0WctQSXymO/Hk4gSfGaWHvUCZJwFP1PmOmPhaj3zXVKZb6uVcKv6Xa0Xg3XRiLsMImKTTj7xIYAhwah/uccUoiJEhhCpudsV0QBShYExOTXCWT14l9cuic1Us3ZcK5buZHVl0gk7ROXLQNSqjCqqiGqLoFX2gT/RlvVlj69v6mZZmrFnPMVqA9fsHSbiq4g==</latexit>

x0,x1, . . . ,xt 2 Rn …. 1D robot position + 1D wall position 
Actions: 

<latexit sha1_base64="J54867sx+9uZZWs25gdz82tWZJM=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwIWVGinZZcKO7KvYBbS2ZNNOGZjJDckcow/yKG3/FjQtFuhN/xkzbRW09EHI4597k3uNFgmtwnG8rt7a+sbmV3y7s7O7tH9iHRw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3ugm85vPTGkeykcYR6wbkIHkPqcEjNSzK52AwNDzkzjtJW56gTv9ELS5FmRIcYfLmUSJSB7Sp6DQs4tOyZkCrxJ3TopojlrPnpinaRwwCVQQrduuE0E3IQo4FSwtdGLNIkJHZMDahkoSMN1Nphum+MwofeyHyhwJeKoudiQk0HoceKYym1Ive5n4n9eOwa90Ey6jGJiks4/8WGAIcRYX7nPFKIixIYQqbmbFdEgUoWBCzUJwl1deJY3LkntVKt+Xi9W7eRx5dIJO0Tly0TWqoltUQ3VE0Qt6Qx/o03q13q0vazIrzVnznmP0B9bPLy7jpCo=</latexit>

u1, . . . , ut ! R m …. change x by u (i.e. )xt = xt−1 + ut

Measurements:  
<latexit sha1_base64="HzXJf8GaHQHTYpJxwLZAir6O7xE=">AAACMXicbVDLSgMxFM3UV62vqks3wSK4kDIjRV0W3NRdFfuAtpZMmmlDM5khuSPUYX7JjX8ibrpQxK0/Yabtog8PBM4995F7jxsKrsG2x1ZmbX1jcyu7ndvZ3ds/yB8e1XUQKcpqNBCBarpEM8ElqwEHwZqhYsR3BWu4w9s033hmSvNAPsIoZB2f9CX3OCVgpG6+0vYJDFwvfkm6sZ1c4PnYSeNeAHpRhgS3uZxKlIj4IXka5rr5gl20J8CrxJmRApqh2s2/m9E08pkEKojWLccOoRMTBZwKluTakWYhoUPSZy1DJfGZ7sSTixN8ZpQe9gJlngQ8Uec7YuJrPfJdU5luqZdzqfhfrhWBd9OJuQwjYJJOP/IigSHAqX24xxWjIEaGEKq42RXTAVGEgjE5NcFZPnmV1C+LzlWxdF8qlO9mdmTRCTpF58hB16iMKqiKaoiiV/SBPtGX9WaNrW/rZ1qasWY9x2gB1u8fT02q5Q==</latexit>

z0, z1, . . . , zt ! R k …. absolute/relative measurements



robot

x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=???

Where is the robot???

x

Localization example: Absolute position measurements in wcf

= arg max
x ( !

i

p(zi |x)
)

iid

2m 3m 7m

robot’s position measurements in wcfx x x
z1 z2 z3



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

== arg max
x ( !

i

p(zi |x)
)

iid

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???

x=-5m



robot’s position measurements in wcfx x x
z1 z2 z3

x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

2m 3m 7m

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

What is prob of observing “ =2m” at position “ =-5m” ??? z1 x

0 × 0 × 0 = 0

= arg max
x ( !

i

p(zi |x)
)

iid

robot

Where is the robot???

x=-5m

What is prob of observing “ ”, when being at “ =-5m” ??? z1, z2, z3 x

It is proportional to prob of being at “ =-5m”, when observing “ ”.x z1, z2, z3



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???

x=-4m



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???

x=-3m



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

0.1 × 0 × 0 = 0

robot

Where is the robot???

x=-2m

What is prob of observing “ ”, when being at “ =-2m” ??? z1, z2, z3 x
What is prob of observing “ =2m” at position “ =-2m” ??? z1 x



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???

x =2m



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???

x =3m

0.2 × 0.2 × 0.1 = 0.004

What is prob of observing “ =2m” at position “ =3m” ??? z1 x



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???

x =4m

0.1 × 0.2 × 0.1 = 0.002



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???
0.1 × 0.1 × 0.1 = 0.001



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???
0.1 × 0.1 × 0.2 = 0.002



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???
0 × 0.1 × 0.2 = 0



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???



x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) =

x
zi

= arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

2m 3m 7m

robot

Where is the robot???

3m

What is the bottleneck?
Discrete state-space  

=> Let’s look at continuous

Are these blue values probabilities?

= arg min
x "

i

− log p(zi |x) Usually optimized in negative log-likelihood space.



robot

= arg max
μ ( !

i

𝒩(zi; x, σ2)
)

robot’s position measurements in wcfx x x
z1 z2 z3

= arg max
x !

i

K ⋅ exp
(

−
∥zi − x∥2

2

σ2 )

x* = arg max
x

p(x |z1, z2, z3) = arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=???

Where is the robot???

x

2m 3m 7m

Measurement probability: p(zi |x) = 𝒩(zi; x, σ2)

== arg max
x ( !

i

p(zi |x)
)

iid

= arg min
x "

i

∥zi − x∥2
2

what is this function?

Localization example: Absolute position measurements in wcf



robot

= arg max
x ( !

i

𝒩(zi; x, σ2)
)

= arg max
x !

i

K ⋅ exp
(

−
∥zi − x∥2

2

σ2 )

x* = arg max
x

p(x |z1, z2, z3)

= arg min
x "

i

∥zi − x∥2
2

= arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

=???

Where is the robot???

x

2m 3m 7m

Measurement probability: p(zi |x) = 𝒩(zi; x, σ2)

== arg max
x ( !

i

p(zi |x)
)

iid

robot’s position measurements in wcfx x x
z1 z2 z3

Localization example: Absolute position measurements in wcf



robot

=
∑i zi

N

2m 3m 7m

4m

= 4m

robot’s position measurements in wcfx x x
z1 z2 z3

Localization example: Absolute position measurements in wcf

= arg max
x ( !

i

𝒩(zi; x, σ2)
)

= arg max
x !

i

K ⋅ exp
(

−
∥zi − x∥2

2

σ2 )

x* = arg max
x

p(x |z1, z2, z3)

= arg min
x "

i

∥zi − x∥2
2

= arg max
x

p(z1, z2, z3 |x) ⋅ p(x)
p(z1, z2, z3)

Measurement probability: p(zi |x) = 𝒩(zi; x, σ2)

== arg max
x ( !

i

p(zi |x)
)

iid
Where is the robot???

What kind of assumptions  
have we used???

1. Uniform prior 
2. Conditional Independence  
3. Gaussian noise



robot

=
∑i zi

N

MLE LS

= arg min
x "

i

∥zi − x∥2
2

MAP

robot’s position measurements in wcfx x x
z1 z2 z3

maximizing product of gaussians 

Localization example: Absolute position measurements in wcf
Measurement probability: p(zi |x) = 𝒩(zi; x, σ2)

<=>   minimizing the sum of L2 differences.

= arg max
x ( !

i

p(zi |x)
)

x* = arg max
x

p(x |z1, z2, z3)

x



= arg max
x ( !

i

𝒩(zi; m − x, σ2)
)

position measurements in rcf

= arg max
x !

i

K ⋅ exp
(

−
∥(m − x) − zi∥2

2

σ2 )

Where is the robot???

robot

wall

x x x
m = 9

z1 = 4
z2 = 5
z3 = 9

x* = arg max
x

p(x |z1, z2, z3, m) = arg max
x ( !

i

p(zi |x, m)
)

= arg max
x

p(z1, z2, z3 |x, m) ⋅ p(x |m)
p(z1, z2, z3 |m)

Does wall influence robot position?

0

=
∑i m − zi

N
= arg min

x "
i

∥m − zi − x∥2
2 = ((9-4) + (9-5) + (9-9)) / 3 = 3

= 3

Measurement probability: p(zi |x, m) =

What is the measurement prob?x

Localization example: Relative position measurements in rcf
𝒩(zi; m − x, σ2)

wall in rcf: “world parameters   
transferred into measurement space”

x, m



position measurements in rcf

Where is the robot and the wall???

robot

wall

x x x
m

z1 = 4
z2 = 5
z3 = 9

(x*, m) = arg max
x,m

p(x, m |z1, z2, z3)

0

= arg max
x,m ( !

i

𝒩(zi; m − x, σ2)
)

= arg max
x,m !

i

K ⋅ exp
(

−
∥(m − x) − zi∥2

2

σ2 )

= arg max
x,m !

i

p(zi |x, m)= arg max
x,m

p(z1, z2, z3 |x, m) ⋅ p(x, m)
p(z1, z2, z3)

= arg min
x,m "

i

∥m − zi − x∥2
2 =  (3, 9) 

Measurement probability: p(zi |x, m) =

x

SLAM example: Relative position measurements in rcf

=??? =???

What are the solution(s)?

𝒩(zi; m − x, σ2)

wall in rcf: “world parameters   
transferred into measurement space”

x, m



Let’s enable robot’s motion



Let’s enable robot’s motion

x x
z1 z2

2m

Absolute measurement probability: 

3m

x1=??? x2=???
Where is the robot 
at times t=1,2 ???

Absolute measurements 
at times t=1,2

(x*1 , x*2 ) = arg max
x1,x2

p(x1, x2 |z1, z2) = arg max
x1,x2 ( !

i

p(zi |xi))

iid+ci



(x*1 , x*2 ) = arg max
x1,x2

p(x1, x2 |z1, z2) = arg max
x1,x2 ( !

i

p(zi |xi))

iid+ci

Let’s enable robot’s motion

x x
z1 z2

2m

p(z1 |x1) = 𝒩(z1; x1, σ2)

x1=???

Absolute measurement probability: 

3m

p(z2 |x2) = 𝒩(z2; x2, σ2)

x2=???
Where is the robot 
at times t=1,2 ???

Absolute measurements 
at times t=1,2



(x*1 , x*2 ) = arg max
x1,x2

p(x1, x2 |z1, z2) = (2,3)

Let’s enable robot’s motion

x x
z1 z2

2m

p(z1 |x1) = 𝒩(z1; x1, σ2)

x1

Absolute measurement probability: 

3m

p(z2 |x2) = 𝒩(z2; x2, σ2)

x2

Where is the robot 
at times t=1,2 ???

Absolute measurements 
at times t=1,2

= arg max
x1,x2 ( !

i

p(zi |xi))

iid+ci



(x*1 , x*2 ) = arg max
x1,x2

p(x1, x2 |z1, z2) = (2,3)

Let’s enable robot’s motion

x x
z1 z2

2m

p(z1 |x1) = 𝒩(z1; x1, σ2)

x1=???

Absolute measurement probability: 

3m

p(z2 |x2) = 𝒩(z2; x2, σ2)

x2=???
Where is the robot 
at times t=1,2 ???

Absolute measurements 
at times t=1,2

What is the missing piece that 
connects x1 and x2?

= arg max
x1,x2 ( !

i

p(zi |xi))

iid+ci



x x
z1 z2

(x*1 , x*2 ) = arg max
x1,x2

p(x1, x2 |z1, z2, z12)

Where is the robot 
at times t=1,2 ???

2m

Absolute measurement probability: 
p(z1 |x1) = 𝒩(z1; x1, σ2)

x1

= arg max
x1,x2

p(z1 |x1) ⋅ p(z2 |x2) ⋅ p(z12 |x1, x2)
ci

Absolute measurements 
at times t=1,2

3m

p(z2 |x2) = 𝒩(z2; x2, σ2)

x2

Relative measurements 
between times t=1,2

= arg max
x1,x2

p(z1, z2, z12 |x1, x2) ⋅ p(x1, x2)
p(z1, z2, z12)

=??? =???

Let’s enable robot’s motion



x x
z1 z2

(x*1 , x*2 ) = arg max
x1,x2

p(x1, x2 |z1, z2, z12)

Where is the robot 
at times t=1,2 ???

2m

Absolute measurement probability: 
p(z1 |x1) = 𝒩(z1; x1, σ2)

x1

= arg max
x1,x2

p(z1 |x1) ⋅ p(z2 |x2) ⋅ p(z12 |x1, x2)
ci

Absolute measurements 
at times t=1,2

3m

p(z2 |x2) = 𝒩(z2; x2, σ2)

x2

Relative measurements 
between times t=1,2

= arg max
x1,x2

p(z1, z2, z12 |x1, x2) ⋅ p(x1, x2)
p(z1, z2, z12)

= arg min
x1,x2

(z1 − x1)2 + (z2 − x2)2 + ( z12 − (x2 − x1))
2

Relative measurement probability: 
p(z12 |x1, x2) = 𝒩(z12; x2 − x1, σ2)

x2 − x1z12
x

2.5m

=??? =???

Let’s enable robot’s motion



x x
z1 z2

(x*1 , x*2 ) = arg max
x1,x2

p(x1, x2 |z1, z2, z12)

Where is the robot 
at times t=1,2 ???

2m

Absolute measurement probability: 

x1

= arg max
x1,x2

p(z1 |x1) ⋅ p(z2 |x2) ⋅ p(z12 |x1, x2)
ci

Let’s enable robot’s motion
Relative measurement probability: 

p(z12 |x1, x2) = 𝒩(z12; x2 − x1, σ2)

Absolute measurements 
at times t=1,2

3m

Relative measurements 
between times t=1,2

x2 − x1

= arg max
x1,x2

p(z1, z2, z12 |x1, x2) ⋅ p(x1, x2)
p(z1, z2, z12)

= arg min
x1,x2

(z1 − x1)2 + (z2 − x2)2 + ( z12 − (x2 − x1))
2

p(z1 |x1) = 𝒩(z1; x1, σ2) p(z2 |x2) = 𝒩(z2; x2, σ2)

x2

=(1.5, 3.5)

Can you interpret why???

z12
x

2.5m

0.52 0.52 0.52

Equilibrium of residuals.

Proportional to probabilities.



x x
z1 z2

Where is the robot 
at times t=1,2 ???

2m

Absolute measurement probability: 

x1

Let’s enable robot’s motion
Relative measurement probability: 

p(z12 |x1, x2) = 𝒩(z12; x2 − x1, σ2)

Absolute measurements 
at times t=1,2

3m

Relative measurements 
between times t=1,2

x2 − x1

p(z1 |x1) = 𝒩(z1; x1, σ2) p(z2 |x2) = 𝒩(z2; x2, σ2)

x2 z12
x

2.5m

What else (besides of measurements) 
 is binding the relative motion?

Motion probability: 
p(x2 |x1, u2) = 𝒩(x2; x1 + u2, σ2)

You can get the same effect by  
considering u2=2.5m, because … ( x2 − (x1 + u2))

2 = ( (x2 − x1) − z12)
2



Let’s enable robot’s motion
(x*1 , x*2 ) = arg max

x1,x2

p(x1, x2 |z1, z2, z12, u2)

= arg max
x1,x2

p(z1 |x1) ⋅ p(z2 |x2) ⋅ p(z12 |x1, x2) ⋅ p(x1, x2, u2)
ci

= arg max
x1,x2

p(z1, z2, z12 |x1, x2, u2) ⋅ p(x1, x2, u2)
p(z1, z2, z12, u2)

= arg min
x1,x2

(z1 − x1)2 + (z2 − x2)2 + ( z12 − (x2 − x1))
2 + ( x2 − (x1 + u2))

2
(1.4, 3.6)≈

= arg max
x1,x2

p(z1 |x1) ⋅ p(z2 |x2) ⋅ p(z12 |x1, x2) ⋅ p(x2 |x1, u2) ⋅ p(x1, u2)
ma

The solution slightly biased toward following the control and relative measurements.

Φ4(x1, x2)
Φ1(x1) Φ2(x2)

x1 x2

Φ3(x1, x2)

Structure of the underlying problem can be understand visually => factor graph



Absolute measurement probability: 

Let’s enable robot’s motion

Relative measurement probability: 
p(z12 |x1, x2) = 𝒩(z12; x2 − x1, σ2

12)

p(z1 |x1) = 𝒩(z1; x1, σ2
1)

p(z2 |x2) = 𝒩(z2; x2, σ2
2)

Motion probability: 
p(x2 |x1, u2) = 𝒩(x2; x1 + u2), σ2

g)

Linear model: Non-Linear model:
Absolute measurement probability: 

Relative measurement probability: 
p(z12 |x1, x2) = 𝒩(z12; h(x1, x2), σ2

12)

p(z1 |x1) = 𝒩(z1; h(x1), σ2
1)

p(z2 |x2) = 𝒩(z2; h(x2), σ2
2)

Motion probability: 
p(x2 |x1, u2) = 𝒩(x2; g(x1, u2), σ2)

= Φ1(x1)
= Φ2(x2)

= Φ3(x1, x2)

= Φ4(x1, x2)

x⋆
0 …x⋆

t = arg max
x0…xt

!
i

Φi(Xi) = arg min
x0…xt

"
i

− log(Φi(Xi))

Φ4(x1, x2)
Φ1(x1) Φ2(x2)

x1 x2

Φ3(x1, x2)



Φ6(x1, x2)

Φ3(x3)

Factor graph

Φ4(x1, x2) Φ5(x2, x3)

Φ1(x1)
Φ2(x2)

Φ7(x2, x3)

x1

x2

x3

Def: Factor graph is bipartite graph  with  
Two types of nodes:     factors   and       variables . 

𝒢 = {𝒰, 𝒱, ℰ}
Φi ∈ 𝒰 xj ∈ 𝒱

3 variable nodes
7 factor nodes



Φ6(x1, x2)

Φ3(x3)

Factor graph

Φ4(x1, x2) Φ5(x2, x3)

Def: Factor graph is bipartite graph  with  
Two types of nodes:     factors   and       variables .  
Edges  are always between factor nodes and variable nodes.

𝒢 = {𝒰, 𝒱, ℰ}
Φi ∈ 𝒰 xj ∈ 𝒱

eij ∈ ℰ

Φ1(x1)
Φ2(x2)

Φ7(x2, x3)

Φ8(x1, x2, x3)
ternary factor

e18
e38

e28

x1

x2

x3

e16
e26

e14
e24

e11

e22

e33

e25 e35

e37
e27

unary factor

binary factor

3 variable nodes
7 factor nodes7 factor nodes

11 edges



Φ6(x1, x2)

Φ3(x3)

Factor graph

Φ4(x1, x2) Φ5(x2, x3)

Φ1(x1)
Φ2(x2)

Φ7(x2, x3)

Convenient visualisation of the (sparse) problem structure

x⋆
0 …x⋆

t = arg max
x0…xt

!
i

Φi(Xi) = arg min
x0…xt

"
i

− log(Φi(Xi))
Simple formulation of MAP estimation problem in negative log-space

Optimisation: continuous var. => local gradient opt., discr. var. => graph search

x1

x2

x3

If factors are linear => closed-form solution available (e.g. LS, KF)
Sensor measurement modeled as factors that binds robot poses and world obj.



Where is the robot and the wall???

robot

wall

x x x
m

z1 = 4
z2 = 5
z3 = 9

0

Relative measurement probability: 
p(zi |x, m) =

x

SLAM example:

𝒩(zi; m − x, σ2)

=??? =???

Φ3(x)
x

unary factor

Φ1(x)

Φ2(x)

robot
x x x
z1 z2 z3=???

Where is the robot???

x

2m 3m 7m

Absolute measurement probability: 
p(zi |x) = 𝒩(zi; x, σ2)

GPS localization example:

= Φi(x)

Φ2(x, m)
x m

binary factor

Φ1(x, m)

Φ3(x, m)

= Φi(x, m)



Φzrel
12

(x1, x2)

zrel
12

Φu12
(x1, b1, b2)

box
x x

zbox
1

zbox
2

Φzbox
1

(x1, b1) Φzbox
2

(x2, b2)

Φzabs
1

(x1) Φzabs
2

(x2)

zabs
1 zabs

2

robot

0

forklift truck example:

x1 x2

b1 b2

x1, x2=??? b1, b2=???



Φzrel
12

(x1, x2)

zrel
12

Φu12
(x1, x2, b1, b2)

box
x x

zbox
1

zbox
2

Φzbox
1

(x1, b1)

Φzabs
1

(x1) Φzabs
2

(x2)

zabs
1 zabs

2

robot

0

forklift truck example:

x1 x2

b1 b2

Φzbox
2

(x2, b2)

x1, x2=??? b1, b2=???



Φzrel
23

(x2, x3)

Φzbox
3

(x3, b3)

Φzabs
3

(x3)

x3

b3Φu23
(x2, x3, b2, b3, m)

Φzrel
12

(x1, x2)

zrel
12

Φu12
(x1, x2, b1, b2, m)

box
x x

zbox
1

zbox
2

Φzbox
1

(x1, b1)

Φzabs
1

(x1) Φzabs
2

(x2)

zabs
1 zabs

2

robot

0

forklift truck example:

x1, x2=??? b1, b2=???

x1 x2

b1 b2

m

m

Φzbox
2

(x2, b2)

=???
mass



𝛁 physics 
engine

ut

differentiable  
physics prior

SLAM - examples

xt−1

xtodometry (rel. pose)

GNSS (abs. pose) GNSS (abs. pose)

m

Input:      noisy gps + imu + control
Output:   robot’s trajectory  +   terrain’s shape/friction

… ground truth (unused) trajectory



Forwarder and excavator



Trajectory cost Trajectory cost

xt+1

𝛁 physics 
model

xt+2

𝛁 physics 
model

ut+1
ut+2

Full robotics pipeline as factor graph

𝛁 physics 
model

ut

xt−1

xt

odometry (rel. pose)

GNSS (abs. pose)

GNSS (abs. pose)

m

KZ: State estimation 
(LM, EKF, BF)

VV: planning/control  
(A*, RRT*, MPPI, MPC, LQR)



Robot’s SLAM = MAP estimate of state+map(+obj) given measurements+actions

p(zi |x) =
x

zi

continuous

x
zi

continuous

x
zi

discrete

x
zi

x
zi

x
zi"

i

− log p(zi |x) =

Summary

Measurements + Transition probs binds robot’s poses, map and measurements

Gaussian measurement probability of relative and absolute measurements
p(z1 |x1) = 𝒩(z1; h(x1), σ2

1) p(z12 |x1, x2) = 𝒩(z12; h(x1, x2), σ2
12)

Measurement function  project state into measurement spacez1 = h(x1) + ϵ

Model state-transition probability for linear and nonlinear motion models
p(x2 |x1, u2) = 𝒩(x2; g(x1, u2), σ2)

Motion model   project current state+control into followingx2 = g(x1, u2) + ϵ



Summary

Write down optimisation criterion in negative log-space for gaussian prob. distr.

Future lectures:

Next lecture: 

Draw underlying factor graph:

(x*1 , x*2 ) = arg min
x1,x2

(z1 − h(x1))2 + (z2 − h(x2))2 + ( z12 − h(x1, x2))
2 + ( x2 − g(x1, u2))

2

x⋆
0 …x⋆

t = arg max
x0…xt

!
i

Φi(Xi) = arg min
x0…xt

"
i

− log(Φi(Xi))
Simple formulation of MAP estimation problem in negative log-space

Adds factors formulation for typical robotics sensors.
Adds rotation and solve the optimization in SE(2) manifold

Solve underlying opt. problem using least squares / KF / LM algorithm 


