How to fuse almost anything:

1D robot’s localization as Maximum Aposteriori Estimate,
measurement probability and motion model.

Karel Zimmermann



Prerequisites: Bayes theorem
Distinguishing charger room from other rooms by a classifier

CH... robotis in = p(CH) =0.001 Prior probability of charger room 0.1%
charger room g p(CH) = 0.999 Prior probability of other rooms 99.9%

D .... room classifier p(D|CH) =1  FN=0, i.e. charger room is always detected
detects ch.r.

p(D|CH) = 0.05 FP=5% of other rooms classified as charger r.

1000 rooms

Is It a good classifier?
What is the probability of being in charger r., when charger r. detected? 1/51 ~ 1.9 %

CH D) = POICHR(CH)_ p(D|CH)p(CH) _ 1+0.001
P (D) p(D|CH)p(CH) + p(D|CH)p(CH) ~ 1#0.001 + 0.05 *0.999
LTP ~ 1.9%

Unbalanced classes could be tricky:.



\&3‘% | have your

R ‘

—

A ... have disease ((\\? test results.

B ... positive test

Did | pass? Haha

5%

f(

What is the probal

You will soon.

p(B|A)p(
p(B)

p(A|B) =

Isease 0.1%

ﬂa\thy 09.9%

J7 tests always positive

/. ople, with positive test
< | I%E

1000 people

P 1/51 ~ 1.9%
001

\ 3 0.999 *0.05

o

~ 1.9%

Only 18% of doctors+students from Harvard Medical school answered correctly.



Prerequisites: Multivariate gaussian
eXp( —(x—p)' 27 (x —ﬂ))

\/ 2r)det(X)

x € R" ... real n-dimensional

fg'égg random column vector

px) = N(X;p,2) =

0.050 | |
Eo.oz5 e R" ... real n-dimensional

0.000 mean
£-0.025
£-0.050 x . . .
o075 2 € R"L. symmetric positive definite
~0.100 covariance matrix

10

eigenvalues and eigenvectors of X
determine ellipse axes




Prerequisites: Multivariate gaussian
eXp( — S(x— ) E7(x —ﬂ))
\/ 2r)"det(X)

x € R" ... real n-dimensional

fg'égg random column vector

px) =N (X p, %) =

0.050 | |
[0,025 e R" ... real n-dimensional

0.000 mean
#0.025
#0.050 X . " -
[ 007s 2 € R symmetric positive definite
=—0.100 covariance matrix

10

8 Logarithm of Gaussian is quadratic form:

6
1
“xp log(Him D) = - Sx— ) E =)+ C



Localisation problem definition

States: Xo,X1,...,X; € R" .... 1D robot position + 1D wall position
Actions: Ug,...,us! R™ ....change x by u (.e. x, = x,_; +u,)
Measurements: Z1.....2+ ! RK .... absolute/relative measurements

Unknown
MAP: x* = arg max p(x|z,u) = arg max(p Z...2,U;...)
X Xg...X, -,( : ,3

Given this




Localisation problem definition

States: Xo,X1,...,X; € R" .... 1D robot position + 1D wall position
Actions: Ug,...,us ! R™ ....change xby u (i.e. x, = x,_; +u)
Measurements: Z1,....z: ! RK .... absolute/relative measurements
Unknown 1. Construct p(x|z)
MAP: x* = arg mSXp(X\z, u) = arg Q?ti-lﬁl...zt, @2 Optimize poses

Given this




Localization example: Absolute position measurements in wcf

2mM3m /m

x =777 e z, robots position measurements in wef

Where is the robot???

id
% p(Zla 229 ZB‘X) )
X* = arg max p(X |z, 2, 23) = arg max = arg max

X X M X(!z )




x* = arg max p(X|z;,2,23) = arg max

Localization example: Absolute position measurements in wcf
Measurement probability: p(z;|x) =

2mM3m /m

X=-5m: 21 z, robots position measurements in wef

Where is the robot???

P(245 20, 23| X) - I0

X X M X(.z )




Localization example: Absolute position measurements in wcf

Where is the robot???

d

= arg max

p(Zl, 229 ZS ‘ X) )

x* = arg max p(X|z;,2,23) = arg max

p(z;| X)

X ~— X Javerso =) X(!i )

It is proportional to prob of being at "Xx=-5m", when observing "z, 7,, 23"




Localization example: Absolute position measurements in wcf

Where is the robot???

d

(24,20, 22 | X) -
X* = argmax p(X |z, 2,23) = arg max St

x x  DrpEd)
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Localization example: Absolute position measurements in wcf

Where is the robot???

(24,20, 22 | X) -
X* = argmax p(X |z, 2,23) = arg max St

x x  DrpEd)



Localization example: Absolute position measurements in wcf

X =2M3, 2, z, robots position measurements in wef

T

Where is the robot???

id
0 p(Zla 229 ZS‘X) )
x* = arg max p(X|z;,2,23) = arg max

X X M X(.z )



Localization example: Absolute position measurements in wcf
Measurement probability: p(z;|x) =

What is prob of observing "z;=2m" at position "X=3m" ???

g
any - _ _ _ _

Where is the robot???

id
0 p(Zla 229 ZS‘X) )
x* = arg max p(X|z;,2,23) = arg max

X X M X(.z )



Localization example: Absolute position measurements in wcf

2M

X =4m < Zz

z, robots position measurements in wef

=

Where is the robot???

(24,20, 22 | X) -
X* = arg max p(X|z;,2,,%3) = arg max S

X x  Popez) o ox ()



Localization example: Absolute position measurements in wcf
Measurement probability: p(z;|x) =

B II|7

robot’s position measurements in wcf

T

Where is the robot???

(24,20, 22 | X) -
X* = argmax p(X |z, 2,23) = arg max St

X x  Popszl o ox (L)



Localization example: Absolute position measurements in wcf

Where is the robot???

d

(24,20, 22 | X) -
X* = argmax p(X |z, 2,23) = arg max St

x x  DrpEd)



Localization example: Absolute position measurements in wcf
Measurement probability: p(z;|x) =

i robot’s position measurements in wcf

e

Where is the robot???

0x0.1x0.2

id
0 p(Zla 229 ZS‘X) )
x* = arg max p(X|z;,2,23) = arg max

X X M X(.z )



Localization example: Absolute position measurements in wcf
Measurement probability: p(z;|x) =

2Zm3m /m III
Il _EEE EEE_____

21 2 2 robots: position measurements in wcf

(21,20, 23| X) *
X* = argmaXp(Xlzl,zz,z3) — arg max St

x x  Poeesz o ox (0 0)



Localization example: Absolute position measurements in wcf
Measurement probability: p(z;|x) =

Are these blue values probabilities?

2400 ém /m

2 b z, robots position measurements in wef

What is the bottleneck?
Discrete state-space
=> Let’s look at continuous
X* = argmax p(X|z;, 2, Z3) = arg max P 2% 2 ”_darg IHax p(z;|X) 3m
— 1242543) = — i =
X X M x | ; )

=argmin, —logp(z;|x) Usually optimized in negative log-likelihood space.

X

l



Localization example: Absolute position measurements in wcf
Measurement probability: p(z;|x) = A (z; X, 6%)

/m

zy robots position measurements in wef

Where is the robot???

X* = arg max p(X|z;,2,%3) = arg max P& 2 35| %) ”—darg max p(z;| x)
T 1’ 2’ 3 o - ! l —
X X M X ( ; )
2 Iz; — xI3 . 2
=argmax | N(z;X,0°) =argmax, K-exp 6 — - = argmin.  ||z; — x||5
H ( - ) . S ( O ) X

l I l

what is this function?”



Localization example: Absolute position measurements in wcf
Measurement probability: p(z;|x) = A (z; X, 6%)

z, robots position mesgsurements in wef

id
L — _ p(219229z3‘x)°
X* = arg max p(X |z, 2, 73) = argmax =argmax , , p(z]

X x  PowEsga) x ()

0
=argmax | N(z;X,07) = arg max | K-exp - =argmin. ||z — X[|5

(! ) LT e ) <




Localization example: Absolute position measurements in wcf

Measurement probability: p(z;|x) = A (z; X, 6%)
4m

/1N

2 3m X

Z 2 z, robots position meggurements in wcef

id
» X205 43| X)
X* = arg max p(X|z;,2,,23) = arg max P 2.5 1X) =argmax , , p(z] —
X x  DPIEEsga) x ()
HZi_XH% : 9)
=argmax , N(z;Xx,0°), =argmax, K-exp - =argmin. ||z —X||5
5 < (7 Wh)tk' 4 ’1‘: K . ( a1 Uniform prior
_ it at Kind ot assumptions 2. Conditional Independence
am have we used??? - -
N " 3. Gaussian noise



Localization example: Absolute position measurements in wcf
Measurement probability: p(z;|x) = A (z; X, 6%)

robot’s position mgasurements in wef

{1 & | X <3
MAP MLE LS
k — — ' 2 Zizi
X* = arg max p(X|zy, 2, z3) = arg maX( | p(zl-IX)) =argmin. ||z —X[|; = ~

l l

_— N\

maximizing product of gaussians <=> minimizing the sum of L2 differences.



Localization example: Relative position measurements in rcf
Measurement probability: p(z;|X,m) = (z;m — X, 6°)

wall

wall in rcf: “world parameters X, m

_ transferred into measurement spa
5 position measurements in rcf

What is the measurement prob?

Where is the robot??? Does wall influence robot position?

p(Zla 229 ZB‘Xa m) p

X* = arg max p(X| z;, 2, Z3, M) = arg max = arg max p(z; | x, m)
X X p(Zrzesdim) x !,.
2
=argmax , N(zm—x,07) =argmax, K- exp( = i€ ; HZ)
X " X . O
- l 2 2m=7z
= argmin., |m—-z —x|; == =((9-4) + (9-5) +(9-9))/3=3

1

)



SLAM example: Relative position measurements in rcf
Measurement probability: p(z;|X,m) = (z;m — X, 6°)

wall
wall in rcf: “world parameters X, m

_ transterred into measurement space”
: position measurements in rcf

0 X =727 M =227

Where is the robot and the wall???

p(zy5 29, 23| X, m) - p(X34) \
(x*, m) = arg max p(X, m| z;, 2p, Z3) = arg max S = argmax, p(z; | X, m

X,m X,m M Xm "

)
|(m — X) — Ziuz

= arg max N (Z;;m — X, 02) = arg max K-exp -—
xm (7 ) xm ' ( 02 )
=argmin, |m—-z—x||5=(3,9) What are the solution(s)?

x,m
I



| et's enable robot’s motion



| et's enable robot’s motion
Absolute measurement probability:

2m 3m

X1=999 X2=?9? 4 %

Where is the robot Absolute measurements
at times t=1,2 ??? at times t=1,2

id+cCi
(X7, X3) = argmax p(X;, X, |z;,2) =argmax |, p(z|x;)

X19X2 Xl’X2 ) l )



| et's enable robot’s motion

Absolute measurement probability:
p(zy1xy) = H(z55 Xy, 02) P25 X,) = N (29 Xs, 02)

/ /

2m 3m

X, =277 x,=??? 7 2

Where is the robot Absolute measurements
at times t=1,2 ??? at times t=1,2

id+cCi
(X7, X3) = argmax p(X;, X, |z;,2) =argmax |, p(z|x;)

X19X2 Xl’X2 ) l )



| et's enable robot’s motion

Absolute measurzement probabillity: i
p(z X)) = N (z13X1,06%)  p(z, ‘ﬁ)kf\/’i(zz;xza c°)

\ A&

v y

X1Z1 XzZZ
Where is the robot Absolute measurements
at times t=1,2 ??? at times t=1,2

1A +Cl

(X7, X7) = argmax p(X,,X,[2,,%) =argmax | p(z|x), = (2,3)
X;,X, X;,X, ' ; )



| et's enable robot’s motion

Absolute measurement probabillity: _ o _
What is th
p(zi X)) = N(z: X1, 6%) p(zo|X5) = N (295 Xo, 67) at is the missing piece that

/ / connects x1 and x2?

2m 3m

X, =277 x,=??? 7 2

Where is the robot Absolute measurements
at times t=1,2 ??? at times t=1,2

id+Cl
(Xf,xik) = arg max p(X, X, | z;,2,) = arg max | p(zi\xi)) = (2,3)

X19X2 Xl,Xz ) l



| et's enable robot’s motion

Absolute measurement probability:
p(zy1xy) = H(z55 Xy, 02) P2 X)) = N (255 X, 02)

/ /

2m  3m
X, =?7?7? X,=?2?7? 2
Where is the robot Absolute measurements Relative measurements
at times t=1,2 ??? at times t=1,2 between times t=1,2

21 2 210 | X1, X5) - p(Boys
(xT,X7) = arg max p(X, X, | 2;, 2, Zjp) = arg max P(z1, 2, 212 | X1, X)) - pB1sKs)
T 1%, PZe5212)
Cl
= argmax p(z; | X,) - p(z, | X5) - p(zy5 | X1, X5)

X1,X9



| et's enable robot’s motion

Absolute measurement probability: Relative measurement probabili;y:
p(zy %) = N (23X, 06%) p(zy|Xo) = N (293 X5, 67) P(z1 [ X1, Xp) = N (z212: Xy — Xy, 07)

/ /

2m  3m
X, =?7?7? X,=??? z 2 2 XXy
Where is the robot Absolute measurements Relative measurements
at times t=1,2 ??? at times t=1,2 between times t=1,2

P(Z15 29, 212 | X1, Xp) - PM)

(x*, x*) = arg max p(X, X, | 21, 2, Z1») = arg max

1°°2
| X{,X, X1,X9 M
Cl
= argmax p(z; | X)) - p(z; [ X,) - p(212 ] X1, X5)
X1,X9

| 2
= argmin (g; — X1)2 + (2, — X2)2 + (212 — (X2 — X))
X1,X2



| et's enable robot’s motion

Absolute measurement probability: Relative measurement probability;
p(zy X)) = V(25 Xy, c°) P(2[%X,y) = */’/&Xb °) P(zp 1 Xy, X)) = N (2105 X, — X, c°)
_J\z s Ao
e ——J* ' ;r
Xl Zl ZZ X2 X2 o X‘1712
Where is the robot Absolute measurements Relative measurements
at times t=1,2 ??? at times t=1,2 between times t=1,2

P(Z15 29, 212 | X1, Xp) - PM)

(x*, x*) = arg max p(X, X, | 21, 2, Z1») = arg max

172
N . X PU45210)
= arg I;liXp(Zl X)) - P(20X5) - p(212 1 X, X)) Equilibrium of residuals.
= , 2 1
= argmin (g, — )2(1)2 + (2 —2)(2)2 + (%2 — (Xzz_ X)) =(1.5, 3.5)
X2 0.5 0.5 0.5 Proportional to probabilities.

Can you interpret why???



| et's enable robot’s motion

Absolute measurement probability: Relative measurement probabili;y:
p(z; X)) = N (zy5 Xy, °) P(z5]1X,) = */’/&Xb c°) P(215 X1, Xp) = N (242; X — X, 07)
2N N
- P —— __J;
Xl Zl ZZ X2 X2 o X‘1712
Where is the robot Absolute measurements Relative measurements
at times t=1,2 ??? at times t=1,2 between times t=1,2
What else (besides of measurements) Motion probability:
is binding the relative motion? p(X; | X1, 0y) = N (X X| + Uy, 67)

You can get the same effect by
considering u2=2.5m, because ...

(X, — (X + “2))2 = ((Xp — X)) — Z12)2



L et’s enable robot's motion

(X7, X)) = arg max p(Xy, X, | 2;, 2, 22, ) = arg max

Ci X,X X1,X9 pm)
= argmax p(z; | X)) - p(z, [ X5) - P21 [ X, Xp) - p(X), Xy, 1)
X1.X2
Mma
= argmax p(z; | X)) - p(z3|Xy) - p(z12 | X1, Xp) - p(X, | Xy, ) - pPOEET))
X1.X2
. 2 2
= argmin (z; — X))* + (2 — Xp)* + (22 — (X = X))+ (X, — (X; + 1)) "=(1.4, 3.6)
X1.X2

o The solution slightly biased toward following the control and relative measurements.
o Structure of the underlying problem can be understand visually => factor graph

D, (X, X,)




| et's enable robot’s motion

Linear model: Non-Linear model:
Absolute measurement probability: Absolute measuremegt probability:
p(z %)) = Nz %, 07) = D(xy) p(z; X)) = N (z;0%7), 67)
p(Zz | Xz) — /V(Zz; X», 022) — (Dz(Xz) p(ZZ | Xz) — '/V(ZZ; h(Xz), 522)
Relative measurement probazbi\ity: Relative measurement probability;
P(Z12 X1, Xp) = N (2123 Xy — X, 075) = D3(X, X)) P(z12 | X1, X5) = N (2); X, X). 0122)
Motion probability: , Motion probability:
p(X; [ Xy, 0y) = V(X5 X + 0y), Ug)= D,(xy, X,) p(X, | X, 0,) = N (X,; 8(Xq, 0,), %)
X)...X =argmax, P(X)=argmin, - log<d>i(Xi))

Xp..- X, * . Xg..- X, .

l

D, (X, X,)




Factor graph
Def: Factor graph is bipartite graph & = {%, 7", &} with

o Two types of nodes: mfactors ®@. € % and Q) variables X, €7V

D (X, X,) D,(X,, X3) 3 variable nodes
/ factor nodes

D,(x,)

D, (x)



Factor graph
Def: Factor graph is bipartite graph & = {%, 7", &} with

o Two types of nodes: mfactors ®@. € % and Q) variables X, €7V

o Edges ¢; © & are always between factor nodes and variable nodes.

ternary factor
(I)S(Xl ’ X29 X3)

3 variable nodes

/ factor nodes
11 edges

bif?ary

D,(x,)
unary factor



Factor graph
o Convenient visualisation of the (sparse) problem structure

o Simple formulation of MAP estimation problem in negative log-space
X)...X =argmax, @(X)=argmin, - log(CI)i(Xi)>

Xg---X; ; Xg- - - X, ;
o Optimisation: continuous var. => |local gradient opt., discr. var. => graph search
o |f factors are linear => closed-form solution available (e.g. LS, KF)
o Sensor measurement modeled as factors that binds robot poses and world ob;.

D,(X5)

D, (x))



SLAM example: GPS localization example:

Relative measurement probabillity: Absolute measurement probabillity:
p(z; | X,m) =N (z;m — X, 02) = ®,(x, m) p(z;|X) = N (z; X, 02) = @,(x)

Where is the robot and the wall??? Where is the robot???
pbinary factor unary factor

D, (x)




forklift truck example:

rel
{12

Zlabs z ;bs : box




forklift truck example:

rel
{12

Zlabs z ;bs : box




forklift truck example:

rel
{12

Zflbs Z§1bs :



SLAM - examples
Input: @ noisy gps + imu + control

Output: — robot’s trajectory + A terrain’s shape/friction

— ... ground truth (unused) trajectory

l0ss = 265.964 @ £

\ . .
l physics differentiable
engine physics prior

\/‘/

0se
Sdometry (rel- P ) 9
Terrain friction coefficient @
0.500 0.571 0.643 0.714 0.786 0.857 0.929 1.00 GNSS (abs. pose

e GNSS (abs. pose)



Forwarder and excavator

\

A
»
5
<
y

g 2o




Full robotics pipeline as factor graph

KZ: State estimation VV: planning/control
(LM, EKF, BF) (A*, RRT*, MPPI, MPC, LQR)

llt\
' physics * Iphysics l physics
model 9 :  model model @
..... a @ odometry (rel. pOSE
GNSS (abs. pose)g Trajectory cost Trajectory cost

GNSS (abs. pose)



Summary

o Robot’s SLAM = MAP estimate of state+map(+0bj) given measurements+actions
o Measurements + Transition probs binds robot's poses, map and measurements

continuous discrete

continuous

o —logp(z;|x) =

o Gaussian measurement probability of relative and absolute measurements
p(z X)) = Nz h(x),00) P2 X, %) = N (213 h(X), %), 07)
o Measurement function z; = A(x,) + € project state into measurement space

o Model state-transition probability for linear and nonlinear motion models
p(XZ ‘ X19 uZ) — '/V(XZa g(X19 u2)9 62)

o Motion model x, = g(x;,u,) + € project current state+control into following



Summary

o Write down optimisation criterion in negative log-space for gaussian prob. distr.
: 2 2
(x*,x¥) = argmin (z; — h(X)))* + (2 — B(Xp))* + (210 — (X}, X)) " + (X, — g(X}, Uy))
12 D, (x4, X,)

o Draw underlying factor graph:

D,(xy,X,)

D, (x¢) D,(x,)
o Simple formulation of MAP estimation problem in negative log-space
X)..X =argmax, P(X)=argmin, - log(CDi(Xi))

Xp---X; ; Xo---X; ;
o Next lecture:

o Adds rotation and solve the optimization in SE(2) manifold
o Adds factors formulation for typical robotics sensors.

o Future lectures:
o Solve underlying opt. problem using least squares / KF / LM algorithm



