
Homework No. 08

The lecture briefly described the evaluation of fundamental bounds based
on the method of moments applied to electric field integral equation. In
this homework, the evaluation of fundamental bounds is practiced on an
example of maximum gain of a cylindrical radiator.

Setup: Assume, similarly to the last homework, a dipole placed along the
z-axis (z ∈ (−L/2, L/2)) which has a form of a thin-wall highly conduct-
ing tube (not perfectly conducting as in the last homework). No cap is
assumed at the end of the dipole. Assume that the dipole is described by
an equivalent surface current density

Ke = I (z)
z0

2πa
, z ∈ (−L/2, L/2) , ρ = a, (1)

which is expanded into a set of basis functions as

Ke =
N∑
n=1

Inψn, (2)

with

ψn =
z0

2πa
sin

(
nπ

(
z

L
− 1

2

))
, z ∈ (−L/2, L/2) , ρ = a. (3)

Electrodynamics of this system is described by impedance matrix
Z = Z0 + Zρ, where the vacuum part of impedance matrix Z0 has been
discussed in the last homework. Following the lectures, the material part of
the impedance matrix is given by

Zρ,mn = 〈ψm, Zsψn〉 , (4)

where surface impedance Zs comes from a limiting process

σ−1Je → ZsKe, (5)

where assumption of very high conductivity σ � 1 has been made.

An electric far field F (θ, ϕ) corresponding to current density (2) can be
evacuated as [

θ0 · F
ϕ0 · F

]
=

[
Fθ
Fϕ

]
I, (6)

where F(θ/ϕ) is a row vector given by

F(θ/ϕ),n = − jη0k0
4π

∫
S

(θ0/ϕ0) ·ψn
(
r′
)

ejk0r0·r′
dS′ =

= − jη0k0a

2
J0 (k0a sin θ)

L/2∫
−L/2

(θ0/ϕ0) ·ψn
(
z′
)

ejk0z
′ cos θdz′,

(7)

where J0 is Bessel’s function of order zero, η0 is free-space impedance and k0
is free-space wavenumer. Due to the vector orientation of basis functions,
the azimuthal component of the far-field vector vanishes, i.e., Fϕ = 0.
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Following the lectures, the gain G in direction r0 generated by this setup
reads

G (r0) =
4πU (r0)

Prad + Plost
, (8)

where radiation intensity U is evaluated as

U =
1

2
IHUI, (9)

with

U =
1

η

(
FH
θ Fθ + FH

ϕFϕ
)

(10)

and where

Prad + Plost =
1

2
IHRe {Z0 + Zρ} I (11)

is the sum of radiated and lost power.

Task No. 1: Assume that the dipole described above is fed by a ring of mag-
netic current as it was in homework No. 05. Evaluate the gain of this system
as a function of angle θ. For numerical evaluation use kL ≈ 0.9π, L/a = 50.
To evaluate surface impedance Zs, use a conducting-half-space model [1,
Chap. 8.1], which gives

Zs =
(1 + j)

σδ
, (12)

where δ is penetration depth into the conductor. Assume copper at fre-
quency f = 1 GHz.

In contrast to homework No. 05, here we assume that there is no ground
plane and that a physical dipole is actually fed by the ring of magnetic cur-
rent.

Task No. 2: Using prescription

G (r0) = 4π
IHU (r0) I

IHRe {Z0 + Zρ} I
, (13)

find optimal current Iopt giving the highest achievable gain at angle θ = π/2.
Compare this optimal current with the realized current from the previous
task. Do the same comparison also for optimal and realized radiation pat-
terns.
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