PKR Lab-10 Solution

Algorithms

Algorithm 1: Multivariate Polynomial Division Algorithm

Input: f,F = (f1,...,fs), > (monomial ordering)
Output: (q1,...,qs),7 such that f =37, ¢ f; +r, LT>(r) is not divisible by any of LT>(f;) or 7 =0
1 @4 4qg+r+20

2 p f
3 while p # 0 do
4 1+ 1
5 divisionoccured < False
6 while ¢ < s and not divisionoccured do
7 if LTz(fL) divides LTE (p) then
LTs
LT
0 PP~ () fL) fi
10 divisionoccured < True
11 else
12 L i+ 1
13 if not divisionoccured then
14 r < r+LT>(p)
15 | p<p—LT>(p)
16 return (q1,...,¢s),T

Algorithm 2: Improved Buchberger’s Algorithm

Input: F = (f1,...,fs), > (monomial ordering)
Output: Grobner basis G of F' w.r.t. > monomial ordering
114 s
2 G+ F
8 B+ {(i,j)|1<i<j<s}
4 while B # @ do
5 Select (i,j) € B
6 | B B\{(i,))}

r<—S>(fzaf])(G>
if » # 0 then
t—t+1
10 fier
11 G+ (fi,.--s ft)
12 B+ BU{(i,t)|1<i<t-1}

13 return G

—(G,> .
Remark. In the implementation of Buchberger’s algorithm the notation Sz(fi,fj)( ) for the monomial or-

dering > is used. It simply denotes the remainder of the division of the S-polynomial of f; and f; w.r.t. >
LCM (LM (f), LM> (f;)) LCM (LM (f), LM>(f3))
LT> (/i) LT>(f;)

by the ordered tuple of polynomials G w.r.t. >. In the expression for the S-polynomial, LCM denotes the “least
common multiple”.

S>(fi, i) =

'fi_

fj



Grobner Basis Computation

Task 1. Consider the polynomial system F = (f1, f2) = (2* +y* — 1,y + ). Compute a lexicographic Grébner
basis G of F w.r.t. the variable ordering T > y.

Solution: We apply Algorithmwhich is a modified version of the improvement [I, Chapter 2, §10, Theorem
9] of the classical Buchberger’s algorithm [T Chapter 2, §7, Theorem 2]. First, we assign
te2 G+ @+y"—lLy+z), B+ {(1,2)}
We describe what happens to G and B during every iteration of the while block.
1. G = (2>+y?>—1,y+x), B={(1,2)}. For the only element (i, j) = (1,2) € B we compute the S-polynomial
8510 (fis [5) = S50 (13 f2) = 85, (2 + 4 = Ly +2) =
_LeMm (LM, (z2 + 3% — 1),LM>,__(y + ) _(x2+y2_1)_LCM (LM, (22 + 42 — 1),LMs,__(y + 2))

(y+z) =
LT (7 + 9 D) T (s 2) (o)
LCM (22, z LCM (22, z z? x?
e e G Sy .y ey e

=@+ - -z (y+o)=2"+y" —1-ay—2®=—ay+y’ -1

Now we compute the remainder of the division of —zy+y? — 1 by G w.r.t. >, monomial ordering (using

Algorithm:
—ry+y’ —l=—ay+y’ =1+ 0 (@®+y* -1+ 0_-(z+y)+ 0
—— N ~—~ ~~
p q1 q2 r
_ 2 (2 2 o .
=2y -1+ 0 (z"+y" - D+ (—y)(z+y)+_0
P a q2 r
= 14+ 0 -(z2 2_1 —a) . 90,2
D@y =D+ (—y) -z +y) + 2y
P q1 q2 r
_ (2 2 o . 2
0+ 0 (z*+y" -1+ (—y)(x+y) +2y°—1
p q1 q2 r

Since r = 55, (fi, f2) = = 22 — 1 # 0, then we set ¢ + 3, f3 ¢ 7 and add f3 = 2y% — 1 to the
2

sequence G so it becomes G = (22 +y? — 1,7 +y,2y*> — 1). The set of tuples B at the end of the while
block becomes B = {(1,3),(2,3)}. Since B # &, we repeat again the while block. We will further omit

the symbol >« everywhere for the sake of simplicity, since it is now clear what monomial ordering we
are using.

2. G= (2 +y* - 1Lz +y,2y°> - 1), B={(1,3),(2,3)}. We select (1,3) € B and apply the same steps as in
1. :

LCM (2%, y* LCM (22,
S(flva):S($2+y2—1,2y2—1)=iz)($2+y2—1)—2(y2)(2y2_1):
x2y? 22y
= @ty -1 - 22 (29 1) =32 +yt - y?

1,..2 4 _ 1 4 2 2 2 2
syt =y =52t 4yt =P+ 0 (P - 1)+ 0 (z+y)+ 0 (207 -1)+_0
q1 q2 q3 r
_,4_ 3,21 1 .2 2 . (9,2
=y —5yi+3+ 5 (@ +y 1)+‘q(1,(x+y)+.q03,(2y 1)+\EJ/
p q1
2 1 1 2 2 1,2 2
=—y’+i+ 5 @+ -+ 0_(=+y) + (3v°)(2° - 1)+ _0
RN > &v) <
P a qz a3
1 2 2 1,2 1 2
0+ 3 @+y"-1)+_0 (z+y)+(39°—3) 2y —-1)+_0
p q2

T
q1

g3



Since r = 0, then we update only B and it becomes B = {(2,3)}. Since B # &, we repeat the while
block.

3. G= (2 +y® -1,z +y,2y> — 1), B={(2,3)}. For (2,3) € B we obtain:

2 2

X X
Sz fo) = S +y,2° —1) == (w4 y) = 55 (27— 1) = o+
1 3_1 3 (2 2 _ . (2% —
5T +Y st+y 4+ 0 (@ +y*—1)+ 0 (z+y)+ 0 -(2y°—1)+_0
p q1 q2 a3 T
3 1 2 2 1 2
=3 =1 . —1 1 (29°% — 1
v —5y+ 0 (" +y )+ 5 (z+y)+_ 0 -(2y Y+ 0
D q1 g2 q3 T
=0 + 0 @4y -1+ & (z+y)+ Ly -2 -1+ _0
p a q2 q3 r

Since 7 = 0, then we update only B and it becomes B = &. Since B = &, we finish here and return a
Grébner basis G = (22 +y? — 1,z +y,2y*> — 1) of F.

[
Solving lexicographic GB by back-substitution
Definition 1. A polynomial system G = (g1(x1,...,Zn), -, gk(T1,..., %)) is said to be triangular w.r.t. a
variable ordering x1 > -+ > x, if there exist a partition of G into non-empty blocks {Bu, ..., By} such that
variables(B;) = {xj, j11,...,2Tn}

Example 1. Consider G given by
G = (232 + 23,23 + 21, T2w3 + 1,29 + 23,25 + 1).
We can partition G as
B, = {x%xg + 333,30% + a1}, Ba={zexz+ 1,20+ 23}, Bs= {33% +1}

with
variables(B;) = {21, x9, 23}, variables(Bg) = {29,235}, variables(B3) = {z3}.

Such triangular systems can be solved by back-substitution. For the back-substitution we proceed by solving
consequtively the blocks B; starting from B,, according to the following sequence of steps:

1. Find the set of solutions S,, to B,, = 0.

2. Set j to n.

3. For every s = (s;,...,5,) € S; construct a solution set T j_1 of C;_1 = {f(xj_1,5) | f € Bj_1}.
4. Extend {75 ;-1 | s € S;} to the solution set of Uy_;  By:

Sj_l = {(sj_l,s) | S € Sj,Sj_l € Ts,j—1}~

5. If j —12> 2, go tostep 3. for S;_;. Otherwise return the solution set S;_; of G.

Task 2. Compute the solutions to the lezicographic Grébner basis G = (z? +y? — 1,2 + y,2y? — 1) from the
previous task using back-substitution.



Solution:
blocks as

We can see that G is triangular w.r.t. a variable ordering x > y, since G can be partitioned into
so that

By :{x2+y2—1,x+y}, B2:{2y2—1}

variables(B;) = {x,y}, variables(B2) = {y}.
Applying the back-substitution we obtain:

1. First, compute the solutions to 2y? — 1 = 0: these are j:%.

2. Substitute every solution of 2% — 1 = 0 to the system {2? +y* — 1,7+ y} and compute the solutions in z.
(a) y= %, then we solve

1
75
Hence, we get the solution (z,y) = (f%, %)
(b) y= —%, then we solve
2_ 1 _
_ 1 V2
T— s = 0 V2
Hence, we get the solution (z,y) = (%, —%)
The set of solutions to G is
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