PKR Lab-07 Solution

Task 1. Consider the rotation matriz with rotation axis generated by vector r = [1 1 1]T that maps vector
x=[0 0 1 toy=Rx=[1 0 0]

(a) Find its rotation angle —m < 6 <,

(b) Find its rotation matriz R.

Solution: We use the angle-axis parametrization of the rotation [I, Equation (7.22)]:

R = cosOI + (1 — cosf)vv ' + sinf[v]y (1)

where v = % [1 1 1] is the normalized axis of rotation (the sign of v is fixed by our choice). By the task,

R [0 0 1}T = [1 0 O]T. Hence, multiplying both sides of Equation by [0 0 1]T we get

w
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0| =R |0 = (cosfI+ (1 —cosf)vv' +sind[v]y) |0
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1 0 1 —cosf 1 sin 0 1
0| =cosf |0 —|—T 1| + -1 (2)
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From the last equation of Equation
1 —cost
0=cos + ——
3
we can express
0 1
cosf = ——.
2

Substituting it to the second equation in we get

from which we get

The rotation angle then equals

1 2
0 = atan2(sin @, cos §) = atan2 (?, —2> =T

We get the rotation matrix by substituting v and 6 to Equation :

1 1 0 0 1 1 11 1 0 -1 1 0 0 1
R:—§010+§111+§10—1:100
0 0 1 1 1 1 -1 1 0 01 0
Another pair of rotation angle and axis which generates the same R is (=6, —v). (I
Task 2. Consider unit quaternion
1
=—-fo -1 -2 -2
a=3z| ]

(a) For the rotation given by q, find all pairs of (8,v) corresponding to its rotation angle —m < 6 < 7 and its
rotation axis generated by unit vector v,

(b) Find the rotation matriz corresponding to q.



Solution:

(a) The quaternion is defined by

(4
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where (6, v) is the pair of a rotation angle and a normalized axis of rotation. We have
0 0
cos— =0=sin- ==1
2 o

We, e.g., take the pair (cos 2,sin 2) = (0,1) which gives
0

2

g+27rk,k€Z — g=r+drk kel

By the task we want —7m < 6 < 7, so § = m. We compute the normalized axis of rotation v by dividing

the last 3 coordinates of q by sin g:
1

V=3 [-1 —2 -2
If (8,v) defines q for —7 < 6 < m, then all pairs (,v) with —7 < 6 < 7 that define the rotation
given by q are determined by {(6,v),(—60,—v)}. Since for § = 7 the value —0 = —7 jumps out of the
interval (—m, 7], then we simply add 27 to it, since it doesn’t change the rotation matrix (according to
the Rodriguez formula [II Equation 7.22]). Hence, the answer is

1)}

{(=-1 & 8").(~

The rotation matrix is given by the Rodriguez formula [, Equation 7.22]:
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R = cosfI + (1 — cosf)vv' +sinf [v] §

.t 1 St 2 2] [ [7 4 4
R=-I+2.--[2|[1 2 2] = 1 +202 4 4| =2 4 -1 8
I 19 1] 2 4 4] % 4 8 -1

Another way to obtain R is to use the formula in terms of quaternions [I, Equation 7.67]:

d+a3-a3-4 20— an) 2(q2q4 + 193) 1 -7 4 4
R=| 2(@a+au) G-G+63-4d 2eu—aq) |[=-| 4 -1 8
2(q2q4 — 0193) 20pu+ae)  G-6G-aG+a 4 8 -1

Task 3. Consider rotation matrix

(a)
(b)

R =

—_ O O
OO
o = O

Find its (unit) rotation axis and angle —m < 0 < 7.

Find all unit quaternions corresponding to R.

Solution:

(a)

The rotation axis is given by the eigenvector corresponding to the eigenvalue A = 1:
Rv=v < R-I)v=0

We solve the linear homogeneous system of equations:

-1 1 0 -1 1 0 -1 1 0
0 -1 1|~ 0 -1 1] ~ 0 -1 1
1 0 -1 0 1 -1 0 0 0



We obtain 1 zero row in the row echelon form of R — I indicating that dimker(R —I) = 1. Let’s denote
v = [vl Vg ’Ug]. Then we let v3 to be any real number ¢. From the second equation —vy + v3 = 0 we
obtain v9 = vs = t. From the first —v; + v9 = 0 we obtain v;1 = vy = ¢t. Thus, all the solutions to this
linear system may be described by

t

t| |[teR

t

Out of this set we take one of unit norm, e.g.,

The rotation angle can be determined from the Rodriguez formula:

R = cosfI + (1 — cosf)vv' +sinf [v] y

01 0 1 1 1 11 1 0 1 -1

0 0 1| =-cosf 1 +§(1fcost9) 1 1 1| 4+—=sinf|-1 0 1

1 0 0 1 1 11 V3 1 -1 0
Out of these 9 equations we pick 2 given by the elements (1,1) and (1,2):

1
(1,1): 0:0059+§(1—0089) < cosf = —

1 1
1,2): 1==(1—cosf)+ —=sinf < sinf =
(L2): 1= 50— cost) +
from which we deduce that 6 = 2?” Another way to compute the rotation axis and angle is to apply the
formula [I, Equations 7.40, 7.41] for non-symmetric rotations:

— 1
1 o 1 |2 1
9 = arccos (traceR — 1) = -, V=——|7T13—T31 ==
2 3 2sin 6 For — 19 V3 1

Notice that for a symmetric rotation (i.e., a rotation by 7) v is undefined, so this formula is not applicable.
As was noted before, all the angle-axis (for —m < § < ) solutions to R are given by {(0,v), (—6,—v)}.

(b) One way is to apply the formula

1 1
2
q i[cosg] i[cosg} I e 1 i -1
1,2 = ) = G T = 3 1 =3
sin gv sin g v % 1 -1
1 -1
The other way is to use [I, Equation 7.74]:

traceR + 1 1

qm:i; rsg—rz | _ 1 |-1

’ 2v/traceR +1 | 713 — 731 2 |—1

T21 — T12 -1

Again, the last formula works only for non-symmetric rotations.
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