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Today's topic

* Coding seminar

e Goals

— Practice the theory from the lectures
- Practice OpenMP and MPI

e 4 Tasks

- Matrix multiplication (OpenMP)

- LU factorization (OpenMP)

- Gaussian elimination (MPI)

— Gaussian elimination with cyclic row distribution (MPI)




Matrix multiplication

Consider 2 matrices A and B, we want matrix C such that

- C=A'B
Matrix multiplication

- Computational operations: 2n?
- Memory operations: 3n?

Naive algorithm might not be efficient
- Too many memory operations
— Cache size is limited

If we are able to reuse data we can do something better

- Use blocks!




Matrix Multiplication

MatrixMultiplication.cpp

* Open the provided template and complete the
empty functions according to the guidelines




We can divide A into blocks of rows and B into blocks of columns

- If rows and columns are too large, they will not fit in the cache!

Divide A and B into blocks of size b x b

All A12 A13 Bll BlZ BlB C11
A21 A22 AZS 821 BZZ BZS — C21
A31 A32 A33 BBl BBZ B33 C31

Then Cii=Awn B + Ao Bor + Az Bag

(12 Ci3
C22 C23
C32 C33

- Each A B; operation has 2b? memory operations and 2b?3

computational operations

Chose b so that an entire block can fit into the cache!




Parallel block matrix multiplication

* Using block matrix multiplication

* Use tasks to parallelize the algorithm
— Beware of race conditions
— Beware of correct data sharing among threads

A B C

o O Thread 1
O Thread 2

|
0l10]|0]|0
0l10]|0|0
1




Block calculations

Element Calculations:

1. 11 (top-left element):

C11

2. 19 (top-center element):

C12

3. cy3 (top-right element):

C13

4, 91 (middle-left element):

€21

5. 99 (middle-center element):

ca2

6. co3 (middle-right element):

Cag

7. a1 (bottom-left element):

€31

8. 3o (bottom-center element):

C32
9. ¢33 (bottom-right element):

€33

_All'

_-‘4-11'

- All

B + Az -

Bis + Aja -

- Bz + Ao

By + A -

- Byg + Aps -

+ Biz + Ag -

' JBll T AHE '

By + Aga -

- Bz + Asa -

By + Ay -

Bas + Ajy -

- Bog + A1

Boy + Aag -

Boy + Agg -

Bag + Agy -

Bo + Aa -

Bas + Aay -

Bag + Asg -

By

- By

c12 = Ap - By T Ay - Boy + Ajz - Byo
\ \

\

\ \

\

¢13= An - By +\%412 + Boy + A1y - Buy

for i
for j
for k

Taskl

Task?2

Task3




Element Calculations:

1.

c11 (top-left element): /\

//
A,
e =/ An)
| |

. 19 (top-center element): | ‘

\
C12 % All

. €13 (top-right element): \ ‘\

\ .

C13 _\\All“/

o

a1 (middle-left element): \/

a1 — A!Zl '

a9 (middle-center element):

a2 = A'Jl ’

ca3 (middle-right element):

Cag — AQI '

31 (bottom-left element):

€31 — A:u :

39 (bottom-center element):

Ci2 = A:ll ’

¢y (bottom-right element):

Ci3 — A:ll ’

//\\ //\\
- Bny "‘//AIE\\' Bo; 4‘//141:5\\' By,
A R
} B2 $ Ayz | Bas # Ay } Bss
| \ | \ |
| | | |
| |
- By "‘\\\14123/" By +| Ayy/- By
\ \
\/ \/
By + A - Boyp + Agg - By
By + Ags - Bog + Asy - Bao
B + Ags - Bog + Aag - Bag
By + Ass - Boy + Asy - By
By + Ass - Bog + Ass - Bao
By + Ass - Bog + Ass - Bag

/ \

c12 = A - 31% T Ay - Boy + Ajz - Byo
\ \

\

\ \

\

¢13,= An - Bug +\ A2 - Bog + Ay - Bag

for i
for k
for j

Taskl




Gaussian Elimination

* Useful for solving systems of linear equations
— Row reduction

— Can also be used to compute the rank of a matrix, the determinant
of a square matrix, and the inverse of an invertible matrix

e Sequence of row operations
— Multiplying a row by a nonzero number
- Adding a multiple of one row to another row

* Each row operation needs a pivot row that defines the
multiplying coefficients
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Gaussian Elimination Pseudocode

for k =1 to (n-1)
for 1 = (k+1) to n
factor = A(i, k) / A(k, k)
for j = k to n
A(i, j) = A(i, j) - factor * A(k, j)
end for
b(i) = b(i) - factor * b(k)
end for
end for

for i = n to (step-1)
x(1) = b(1)
for j = i+l to n
x(1) = x(1) - A(i, J) * x(3)
end for
x(1i) = x(1i) / A(i, 1)

end for




Distributed Gaussian Elimination

1. Scatter the matrix rows

2.
3.

For each iteration select a pivot row

Processor with the pivot row in the k-th iteration performs
an operation on the pivot row to obtain a 1 at the k-th
DOoSition

4. Processor with the pivot row broadcasts the pivot row

5.

6.
1.

Perform row reduction for rows under the pivot row to
obtain a 0 at the k-th position

Steps 2-5 are repeated until the last row is reached

Gather the updated rows at processor 0




Row distribution for distributed GE

e Using a naive distribution may not be the efficient
method

— After a processor updates all of its rows, it will not do any work

* Using a cyclic row distribution

— More efficient (processors will be working almost until the end)

VS

Processor 3
Processor 4

Processor 1
i Processor2 [T [ [ [ [ [T [T T 11111 ]




Gaussian Elimination

GaussEliminationBlock.cpp

* Open the provided template and implement
parallel Gaussian elimination using MPI with
block row distribution, follow the provided
guidelines.

GaussEliminationCyclic.cpp

* Open the provided template and implement
parallel Gaussian elimination using MPI with
cyclic row distribution, follow the provided

guidelines.




LU Factorization

* LU factorization of matrix A
-A=LU
- L is a lower triangular matrix
- U is an upper triangular matrix
* Useful for solving linear equations
- AX=b<=>L(@UX)=b

- Ly =Db => obtain vector y using backward
triangular substitution

- U Xx =y => obtain vector x using backward
triangular substitution




L U Factorization as Gaussian elimination

e LU factorization is the matrix form of Gaussian
elimination

- The operations performed durring Gaussian
elimination can be written as a matrix lower
triangular matrix E

-EA=U<=>A=E'U

- The inverse of a lower triangular matrix is also a
lower triangular matrix!

- A=ZE'U=LU<=E'=L<=>L*'=E
- We can obtain E using Gaussian elimination




Unigueness of LU decomposition

* LU decomposition is not unique!

* Pre-determing the values on the main diagonal of
either L or U makes it unique.

 The computation is simpler if we choose the main
diagonal of L to be unitary.
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Computation LU Factorization

aij: lirurj Vi,jE{O,

r=0 r(] ifr>i
L,=11ifr=i
i [. otherwise
\
_|0ifr>j
i = therwise
L U,;0

GU_Z l:r rj Z l:r rj Z Iar ur}+ln “:;_Z ltrurj-l-lu
‘ ui':ai _Z IH‘ T}
lirurj:Z l:r rj Z lH‘ ur’j+llj u}}

r=0 r=0

) | j( Zl”. u,

n—1




'-f-‘%)—x’-Bzﬁ:*

fixse: Parallel LU Factorization

For each row i of A i—1
— Compute the it row of U i = _;} rth
1 -
- Compute the i"" column of L [;=— a;— ) 1,u,
Uy r=0
finished L A U
Part "\ I m
active
part

e p




LU Decomposition

LUDecomposition.cpp

* Open the provided template and implement
parallel LU factorization of matrix A using

OpenMP
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