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Prerequisites

• Explicit function
• Explicit functions define the dependent variable directly in terms of the 

independent variable y = f(x)
• E.g. y = 2x2 + 3

• Implicit functions
• Even though the direct dependence f(x) does not exist, you can still express 

the relationship between x and y as F(x, y) = 0
• E.g. x2 + y2 = 4

• Implicit Differentiation



Explicit vs Implicit layers

Explicit layers Implicit layers

𝜔, 𝜃, 𝜇 arg𝑚𝑖𝑛
𝐱

𝑓(𝐱, 𝜔) 𝐱⋆

𝑔(𝐱, 𝜃) ≤ 𝟎

Constrained optimizer:

ℎ(𝐱, 𝜇) = 𝟎

𝜔 𝐱⋆

solve:𝑓(𝐱, 𝜔) = 0

Root-finding layer:

𝜔 arg𝑚𝑖𝑛
𝐱

𝑓(𝐱, 𝜔)
𝐱⋆

Unconstrained optimizer:

𝐱
𝜎(𝐱)

𝐲

Sigmoid:

𝐱
conv(𝐱, 𝐰)

𝐲
𝐰

Convolution:

𝐱 BN𝛾,𝛽(𝐱)
𝐲

𝛾, 𝛽

Batch-norm:

𝜔 I

Differentiable Rendering:

3D Rendering engine



Root -finding layer

𝜔 𝐱⋆

solve:𝑓(𝐱, 𝜔) = 𝐱2 − 𝜔 = 0

𝜕𝐱⋆(𝜔)

𝜕𝜔
= ?

𝝎 𝐱



Root -finding layer
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Root -finding layer

𝜔 𝐱⋆

solve:𝑓(𝐱, 𝜔) = 𝐱2 − 𝜔 = 0
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Root -finding layer

𝜔 𝐱⋆

solve:𝑓(𝐱, 𝜔) = 𝐱2 − 𝜔 = 0

𝜕𝐱⋆(𝜔)

𝜕𝜔
= ?

𝝎 𝐱

𝑓(𝐱⋆(𝜔), 𝜔) = 𝐱⋆(𝜔)2 − 𝜔 = 0

While changing 𝜔, root function 𝐱⋆(𝜔)
follows the yellow curve

𝜕𝑓(𝐱⋆(𝜔), 𝜔)

𝜕𝜔
= 0 Yellow space is locally defined as the direction in 𝜔-domain

which locally preserves zero value of 𝑓(𝐱⋆(𝜔), 𝜔) function



Root -finding layer

• Given parameters 𝜔, the code delivers solution 𝐱⋆ such that 𝑓 𝐱⋆, 𝜔 = 0
• Often the function is a compiled binary without the access to its source

• We want  to back-propagate through the layer → we need to find 
𝜕𝐱⋆(𝜔)

𝜕𝜔
 

𝑓(𝐱⋆(𝜔), 𝜔) = 0 Given 𝜔, the root  function 𝐱⋆(𝜔) satisfies this equation  

𝜕𝑓(𝐱⋆(𝜔), 𝜔)

𝜕𝜔
= 0

𝜔 is allowed to change only in directions which 
does not change the value of 𝑓(𝐱⋆(𝜔), 𝜔) in order
to stay within the solution manifold

𝜕𝑓(𝐱⋆(𝜔), 𝜔)

𝜕𝜔
= 2𝐱⋆(𝜔) ⋅

𝜕𝐱⋆(𝜔)

𝜕𝜔
− 1 = 0 ⇒

𝜕𝐱⋆(𝜔)

𝜕𝜔
=

1

2𝐱⋆(𝜔)

𝑓(𝐱⋆(𝜔), 𝜔) = 𝐱⋆(𝜔)2 − 𝜔 = 0



Implicit Differentiation

• Differentiation of compound function yields manifold that we search for

• Both terms 𝜕1𝑓(𝐱⋆(𝜔), 𝜔) and 𝜕2𝑓(𝐱⋆(𝜔), 𝜔) can be calculated using 
Autograd

𝜕𝑓(𝐱⋆(𝜔), 𝜔)

𝜕𝜔
= 𝜕1𝑓(𝐱⋆(𝜔), 𝜔)

𝜕𝐱⋆(𝜔)

𝜕𝜔
+ 𝜕2𝑓(𝐱⋆(𝜔), 𝜔) = 0

𝜕𝐱⋆(𝜔)

𝜕𝜔
= −[𝜕1𝑓(𝐱⋆(𝜔), 𝜔)]−1𝜕2𝑓(𝐱⋆(𝜔), 𝜔)

using notation 𝜕𝑓(𝑎,𝑏)

𝜕𝑎
= 𝜕1𝑓(𝑎, 𝑏),  𝜕𝑓(𝑎,𝑏)

𝜕𝑏
= 𝜕2𝑓(𝑎, 𝑏)



Image Correspondences

𝜕𝐱⋆(𝜔)

𝜕𝜔
= −[𝜕0𝐟(𝐱⋆(𝜔), 𝜔)]−1𝜕1𝐟(𝐱⋆(𝜔), 𝜔)

Image 1

transformer/CNN
Image 2

𝐱⋆

solve:𝐟(𝐱, 𝜔) = 0

predicted
motion

is set of𝐟(𝐱, 𝜔) = 0

non-linear equations

𝜔

correspondences

Image 1 Image 2

𝐱GT

ground truth
motion

∥ 𝐱⋆ − 𝐱GT ∥2
2



Monocular Depth Estimation

Godard et al., “Digging into self -supervised monocular depth estimation ”, ICCV 2019



Monocular Depth Estimation

Godard et al., “Digging into self -supervised monocular depth estimation ”, ICCV 2019



Ego -Vehicle Motion Prediction

Neumann L., Vedaldi A., “Pedestrian and ego -vehicle trajectory prediction from monocular camera ”, CVPR 2021 

It Dt

It-3, It-2, It-1, It

Ȋt+1

Ȋt+2

Ȋt+3

depth encoder depth decoder

Tt→t+1

Tt→t+2

Tt→t+3
pose encoder

(Resnet3D)

pose decoders warp image



Ego -Vehicle Motion Prediction

Observed Predicted @ +1.5s Actual @ +1.5s

Neumann L., Vedaldi A., “Pedestrian and ego -vehicle trajectory prediction from monocular camera ”, CVPR 2021 



Differentiable Rendering

• Pytorch3D



Mesh R -CNN

Gkioxari , Georgia, Jitendra Malik, and Justin Johnson. "Mesh r -cnn ." Proceedings of the IEEE/CVF international conference on computer vision. 2019.



Mesh R -CNN

Gkioxari , Georgia, Jitendra Malik, and Justin Johnson. "Mesh r -cnn ." Proceedings of the IEEE/CVF international conference on computer vision. 2019 .



Differentiable Rendering



Summary

• Implicit layers allow incorporating prior knowledge 
→ less overfitting

• Many different implicit layers, choose the one which fits your problem the best
→ “Always use the right tool”



Competencies gained for the test

• Explicit vs Implicit Layers
• Useful implicit layers (root-finding, optimization, differentiable rendering)
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