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Biological neuron
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Perceptron

• Mark I Perceptron (1958)
• 20x20 grid of photocells
• 512 “neurons” (A-Units)
• 8 output units
• Weights 𝐰 of A-Units adjustable 

by potentiometers



Perceptron

• The perceptron is learnt using the Perceptron algorithm
• In each iteration, find a sample which is misclassified
• If none exists, we are done
• If there is a misclassified sample, update decision boundary so that the 

sample is now classified correctly

Perceptron



Perceptron

• Perceptron was very popular, until it was shown that it simply cannot work for 
certain type of problems such as the XOR problem [Minsky & Papert 1969]

• Adding another layer of neurons solves this, but the Perceptron learning 
algorithm no longer works → no one knew how to train Perceptrons with more 
than one layer

Perceptron



Backpropagation



Training pipeline (Lecture 02 )

1. Calculate loss for each sample 𝐱 and then sum (average) over a training set 
batch

2. Calculate weight gradient with respect to the loss 𝜕ℒ

𝜕w

3. Update model weights 𝐰t+1 ≔ 𝐰t − 𝜆
𝜕ℒ

𝜕w

Classifier

𝑓(𝐱, 𝐰)

Logits

e𝒛j

σk e𝒛k

Softmax

𝐩(𝑦|𝐱, 𝐰)

𝑦

𝐱 𝒛

Input

ℒ(𝐰)−log𝐩(𝑦|𝐱, 𝐰)

Loss function

True label

for _, (inputs, labels) in enumerate(training_data):
 optimizer.zero_grad()   # Zero gradients
 logits = model(inputs)   # Make predictions

 loss = loss_fn(logits, labels) # 1. Compute the loss
 loss.backward()    # 2. Calculate gradients
 optimizer.step()    # 3. Update weights



Backpropagation
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Backpropagation
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Backpropagation
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Backpropagation
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Backpropagation

• Sigmoid function derivative

𝜕𝜎(v)

𝜕v
= −1 ⋅ 1 + exp(−v)  −2 ⋅

𝜕

𝜕v
1 + exp(−v)

𝜎(v) =
1

1 + exp(−v)

= −1 ⋅ 1 + exp(−v)  −2 ⋅ −exp(−v)

= 1 + exp(−v)  −2 ⋅ exp(−v)

=
1

1 + exp(−v)
⋅

exp(−v) 

1 + exp(−v)

= 𝜎(v) ⋅ (1 − 𝜎(v))



Backpropagation
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Backpropagation
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Backpropagation

*

*

+
=+1

=+2

=+1

=-2

=1

=-1 =0.27 =0.57

*

=+1

=-1

=-1

=0.2 =-3.7=1=1



Backpropagation
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Backpropagation
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Backpropagation
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Backpropagation
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Backpropagation for vectors
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Backpropagation for vectors
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Multi -layer perceptron (MLP)

• Aka fully-connected neural network, fully-connected layers
• Consists of at least two layers of “artificial neurons”

=-1 =0.27
𝐰⊤𝐱

=0.27
𝜎 𝐰⊤𝐱



Multi -layer perceptron (MLP)

logits



Multi -layer perceptron (MLP)

Layer 1 Layer 2 Layer 3



Multi -layer perceptron (MLP)

• Can approximate arbitrary continuous function when number of hidden layers 
and training samples →  (Universal approximation theorem)

• Computationally expensive for high-dimensional data (images, videos)
• Extremely prone to overfitting



Multi -layer perceptron (MLP)

3x1 3x1 3x1 1x1 1x1

• MLP in vector notation



Multi -layer perceptron (MLP)

3x1 3x1 3x1 1x1 1x1

12x1 12x1 4x1

• MLP in vector notation



Jacobian matrix

• For a function 𝑓(𝐱): ℝn → ℝm the Jacobian matrix 𝐽f is defined as

• Each entry of the matrix is the partial derivative of the i-th element of the 
function𝑓(𝐱) wrt to j-th element of the input 𝐱

NxM



Chain rule for Jacobians

ℒ

scalar

……
𝜕ℒ

𝜕𝒚

𝜕𝒚

𝜕𝐱

𝒚
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Chain rule for Jacobians
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Multi -layer perceptron (MLP)

3x1 3x1 3x1 1x1 1x1

12x1 12x1 4x1

(1x1)(1x3)(3x3)(3x12)

3x3 1x3 1x1

(1x12)

3x12

?
1x12



Vector -Jacobian Product

……

𝒚

N-dim
vector

M-dim
vector

𝑓(𝐱)

def vjp(v, (x,y)):

 return
  

𝐯⊤ ⋅
𝜕f(𝒙)

𝜕𝒙

vjp(   , (x, y)) =         =  
  

𝜕ℒ

𝜕𝒚

𝜕ℒ

𝜕𝒚
. 𝜕𝒚

𝜕𝐱

𝜕ℒ

𝜕𝐱

𝜕ℒ

𝜕𝒚

𝜕ℒ

𝜕𝐱
vjp

1xM 1xN

J =
𝜕f(𝒙)

𝜕𝒙
=

𝜕𝒚

𝜕𝐱
NxM



Vector -Jacobian Product

……

𝒚

N-dim
vector

M-dim
vector

2𝐱

def vjp(v, (x,y)):

 
   return

  

𝐯⊤ ⋅

𝜕ℒ

𝜕𝒚

𝜕ℒ

𝜕𝐱
vjp

1xM 1xN

2
      2
      2
                  …
           2
                                 2



Vector -Jacobian Product

……

𝒚

N-dim
vector

M-dim
vector

2𝐱

def vjp(v, (x,y)):

 
   return 2 * v

  

𝜕ℒ

𝜕𝒚

𝜕ℒ

𝜕𝐱
1xM 1xN

vjp



𝜕ℒ

𝜕𝒚

Vector -Jacobian Product

3x1 3x1 3x1 1x1 1x1

12x1 12x1 4x1

(1x1)(1x3)(3x3)(3x12)

1x3 1x1

(1x12)

3x1

𝜕ℒ

𝜕𝑞

𝜕ℒ

𝜕𝐳

𝜕ℒ

𝜕𝐲

𝜕ℒ

𝜕𝐰

=
𝜕ℒ

𝜕𝒚
⋅

𝜕𝒚

𝜕𝑤
= vjp(   ,(w, x)) 



Vector -Jacobian Product

1. Usually more efficient (building MxN Jacobians not required)
2. Preserves dimensionality of the inputs

3x1 3x1 3x1 1x1 1x1

12x1 12x1 4x1

1x3 1x13x1

𝜕ℒ

𝜕𝑞

𝜕ℒ

𝜕𝐳

𝜕ℒ

𝜕𝐲

𝜕ℒ

𝜕𝐰

(1x1)(1x3)(3x3)(3x12)(1x12)

=
𝜕ℒ

𝜕𝒚
⋅

𝜕𝒚

𝜕𝑤
=

𝜕ℒ

𝜕𝒚
vjp(   ,(w, x)) 



Vector -Jacobian Product

• We can implement Vector-Jacobian Product to preserve matrix notation
• The resulting matrix is reshaped Jacobian / gradient of loss ℒ wrt to the 

elements of 𝐖

3x1 3x1 3x1 1x1 1x1

3x4 3x4 4x1

1x3 1x13x1

𝜕ℒ

𝜕𝑞

𝜕ℒ

𝜕𝐳

𝜕ℒ

𝜕𝐲

𝜕ℒ

𝜕W

𝐖

3x4

𝐕



Autograd

• Feature of modern deep-learning frameworks that allows automated gradient 
calculation by defining VJPs for all supported operations

loss = torch.sigmoid(x).sum()
grad = torch.autograd.grad(loss, x)[0]
print(grad)
tensor([[0.1966, 0.1050],

[0.0452, 0.0177]])

x = torch.tensor([[1,2], [3, 4]], requires_grad=True)
z = x.sum()
print(z)
tensor(10, grad_fn=<SumBackward0>)



Autograd

• Feature of modern deep-learning frameworks that allows automated gradient 
calculation by defining VJPs for all supported operations

prediction = model(some_input)

loss = (ideal_output - prediction).pow(2).sum()
print(loss)
tensor(126.2008, grad_fn=<SumBackward0>)

loss.backward()
print(model.layer2.weight.grad[0][0:5])
tensor([0.1966, 0.1050, 0.0452, 0.0177, 0.1050])

for _, (inputs, labels) in enumerate(training_data):
 optimizer.zero_grad()   # Zero gradients
 logits = model(inputs)   # Make predictions

 loss = loss_fn(logits, labels) # 1. Compute the loss
 loss.backward()    # 2. Calculate gradients
 optimizer.step()    # 3. Update weights



Summary

• Neural net is a function created as concatenation of simpler functions 
(neurons)

• Multi-Layer Perceptron (MLP) = fully-connected neural network where all 
outputs are connected to all inputs of the previous layer

• Training neural networks = gradient optimization of neuron weights wrt to some 
loss

• Gradient calculation is implemented as backward concatenation of Vector-
Jacobian Products (no numeric or symbolic differentiation)

• Deep learning frameworks already have very efficient implementations of VJP



Summary

MNIST

CIFAR-10

Linear

8%

63%

MLP CNN

2%

55%

0.2%

1%

Error

Next lecture!



Competencies gained for the test

• Ability to draw a computational graph
• Compute backpropagation in computational graph
• Single and multi-layer perceptron, their pros and cons
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