Statistical Machine Learning (BE4M33SSU)
Lecture 3: Probably Approximately Correct Learning
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Error decomposition @

Errors:
1. Best (Bayes) attainable risk R(p, hy), where h,(x) = arg min R(p, h)
heyX
2. Best risk in the class R(p, hy), where hyy = arg min R(p, h)

heH
3. Risk of the learned predictor R(p, h,,), where h,, = A(T},)

H = {h(x,0) =sign(x — 0) | 8 € {140,145,...,200}}

10
0.031 111 - =- Bayes, R=0.14
: : : - == Best in class, R=0.15
0.02- : —=- Learned, R=0.16
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Errors:

1. Best (Bayes) attainable risk R(p, h«), where h,(x) = arg min R(p, h)
hey¥

2. Best risk in the class R(p, hy ), where hyy = arg min R(p, h)
heH

3. Risk of the learned predictor R(p, h,,), where h,, = A(T),)

Error decomposition:

R(p, hm) = (R(p, hm) — R(p, hw)) + <R(p, hy) — R(p, h*)> + R(p, h+)

W W

learned predictor risk ™ " 7N " ~  Bayes risk
estimation error approximation error

® The approximation error: depends on H chosen prior to learning.

® The estimation error: depends on 7, training data 77, and the algorithm A.

¢ Best (Bayes) attainable risk: irreducible error.
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Probably Approximately Correct

¢ | Lid.

( True risk 1
LR(p, h) = Eaypl(y, h(m))]J

e )
Best in class predictor
hu = argmin,.yR(p,h)
= sign(x — 166)

& J

R(p, hy) = 0.125

Given ¢ > O,
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(

Hypothesis class (

Loss function W

Training set

Tl

H ={h(z;0) =sign(z—0)| 0 {140,141,...,200}}

m

Xy
173.8 +1
171.2 -1

161.7 -1
198.4 +1

190.2 +1
—

T,

Xy
182.0 +1
157.1 -1

N\

tti) = {

0 if y=yg
L if y#9

r

Learning algorithm based on ERM

~

Learned predictor

187.0 +1
172.4 +1
151.1 -1

| —
°
°

learned predictor h,, is

approximately correct provided:

\fz(p, hm) — R(pa h?—/,)j <e

~

estimation error

\ .

4

-~

approximately correct

Find a predictor from 7 which minimizes the

empirical error:

1=

o 2%
R(T0 k) = £ 3 6y, h(wi50)) %@é

—‘[ hl (z,170) = sign(z — 170) }

R(p,h%) =0.167

1.0 i s
g 0.5 i
§ 0.0 é
E | e y=+1male ——\[ hfn(:v, 165) = sign(a: — 165) }
> 057 i o y=-1female
—10l e . i ---- ERM predictor
' 160 165 170 175 160 185 R(Pa h?n) = 0.126 N
X - Height (cm) ) .
m=10, |H|=60
407 —— Estimation Error Density
301 [ P[estimation error < 0.05] = 0.6
o l
220 l
Y I
= I
10+ !
S ————
0 |
0.00 0.03 0.05 0.10

Estimation Error
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m=10, |H|=60
401 —— Estimation Error Density _ 1.004 R
I Pl[estimation error = 0.05] = 0.6 S 0.75 |
I o
I VI
I _0.50]
: o
: T 0.25;
-
! o
I 2 0.00-
| £
3 0251 —— True
0 | e _0.50, — Lower bound
0.00 0.03  0.05 0.10 ' . . . . .
Estimation Error 10° 10 192_ 10° 10°
Number of training samples
m
¢ ERM algorithm: h,, = A(T,,) = arg min [% Yo lyi # h(xz)]]
heH i=1
¢ We derive a lower bound valid for any distribution p(x, y) and finite hypothesis class H = {h1, ..., hg}:

4

1 2
Prin~pm | B(D, hin) — R(p; hy) < «3] > 1—2|H|e 2"

approximately correct lower bound increasing with m
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1.00- -
3
S 0.75]
Setup: Vi
" 0.50]
: UL O
® h,, = arg min % > lyi # h(zi)] T 025
heH i=1 c
@]
¢ Finite hypothesis class: % 0.00-
H={n:x—>Y|ie{l,....,H}} E
3 0251 —— True
& _0.50] — Lower bound
10° 101 10° 103 10

Number of training samples

¢ Distribution-free lower bound:

1 2
Pr~pm | B(D, hm) — R(p, hyy) < 8,] >1—-2[H[e 2™ = 1-9

approximately correct probably

¢ Given € > 0, probability of failure & > 0, we can compute the sample complexity:

2 2
m&@ﬁ)z—&n(ﬁﬂ>

g2 )
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¢ Successful PAC learning algorithm: An algorithm can learn a hypothesis that is likely ("probably") to
be approximately correct, given a sufficient number of training examples.

¢ Definition: Algorithm is a successful PAC learner for hypothesis class H if there exists a function

tact (0,1) x (0,1) — N such that: For every e € (0,1), 6 € (0,1), and every distribution p(z, y),

™m

when running the algorithm on m > m

H

pac

(g,8) examples T, i.i.d. drawn from p(x, y), then the

algorithm returns h,, = A(7 ") such that

Priepm ( B(py hm) = R(phw) <) > 1=36

approximately correct probably

¢ Key Concepts:

Approximately correct: The learned predictor’s risk is at most € greater than the risk of the best
possible predictor in the class H.

Probably: The probability of the algorithm failing to produce the approximately correct predictor is
at most 9.

Sample complexity m;{ac(e, d): The minimum number of examples required to guaranteed the

desired accuracy € and the confidence 1 — 9.

Distribution independence: The guarantees hold for any data distribution p(z, y).
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® Theorem. Let H = {h': X — Y |i € {1,..., H}} be a finite hypothesis class. Then the Empirical
Risk Minimization (ERM) algorithm

heH m -

h,, = arg min liZ[yz 7 h(mz)]]

is a successful PAC learner with sample complexity
2 |H|
m £,0) = —ln
PAC( ) = -2 ( s )

@ The theorem is a consequence of the bound we introduced earlier (however, have not yet proved):

1, .2
Py ~pm ﬁ(pv hm) — R(p, hy) < &;] > 1—2[H]| e 2" = 1-9¢
approximajcrely correct probably
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Example: € = 0.05, § = 0.1, H = {h(x;0) = sign(z — 0) | 6 € {140,141, ...,200}}

The sample complexity: m’¢ (e,

0.06

0.05+

0.04

0.031

0.02;

0.011

0.00

pac

5) =

2 2 |H]|
8_2 ln (T

FEL Prague, Bayes risk=0.1073
I

):

—— Male: u=179, c=7,p=0.84
—— Female: u=166, c=7,p=0.16

—— Best in class, Risk=0.
---- ERM, Risk=0.1085

1085

/]

60 80 100 120 14

0 160 180 200

Height (cm)

0 Iggtional University of Timor-Lorosa’e, Bayes risk=0.2917
. I

—— Male: u=160.1, o =7,p=0.57
—— Female: u=152.7, c=7,p=0.43
—— Best in class, Risk=0.2953

0.051

0.04

0.031

0.02

0.011

0.00

---- ERM, Risk=0.2953

60 80 100 120 140
Height (cm)

160

180 200

_2
0.052

In (ﬂ) ~ 5,673

0.1

TU Delft, Bayes risk=0.1159
|

0.06
—— Male: u=183, 0=7,p=0.82
0.051 — Female: u=170, c=7,p=0.18
0.04] —— Bestin class, Risk=0.1177
---- ERM, Risk=0.1177
0.031
0.021
0.011 /
0.00—— ' ' ' ' J ; '
60 80 100 120 140 160 180 200
Height (cm)
0.06 Kindergarten, Bayes r|sk=0.%263
—— Male: u=[176, 110], c=7,p=0.50
0.05; —— Female: u=[161, 100], o= 7,p=0.50
0.041 — Best in class, Risk=0.4601
---- ERM, Risk=0.4605
0.031 i
1
I
0.021 i
1
0.01- i
1
0.00 | . | . .D.}C.\ |
' 60 80 100 120 140 160 180 200

Height (cm)
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With probability to
at least 1 — 4, and
error at most € !

Joke: Chat GPT-5

Image: Nano Banana

BE4M33SSU exam edition.
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¢ LLN:m > Lylog (3) = IP( [R(p, h) = R(Tp, )| > ) <5
generalization error of 1 is high
LLN applies for any h: X — Y fixed prior to observating the data 7T,
® ULLN: m > m¥*(e,5) = ]P( max |R(p, h) = R(Twm, h)| > ¢ ) )
C
generalization error of some hew is high
ULLN applies only for some #, e.g., when H is finite m’f (e, §) = ﬁ log <@)
: P i Example:
0.6 ' ’
. | H = {h(xz;0) = sign(z — 0) | 6 €
- {140, 141, ..., 200} }
20-4‘ | —— R(p,h) e =0.1,8 = 0.05, |H| = 60
K === Rlp.h)xe  ;7(0.1,0.05) = 389.2
: \\\// ——-|h'=150
T I T T T
140 160 180 200
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Uniform Law of Large Numbers

# Assume a finite hypothesis class H = {h': X — Y |i € {1,2,..., H}}.

IP’( ?E%(‘R(p’h)_R(Tm’h)‘Zs ) @ p

7

generalization error of some ne#is high

[ |R(p, ) = B(Tp b1 2 or )
[R(p,h*) — R(Tr, h*)| > e or

\ |R(p, ") — R(T,, ™) > ¢ )

CAm ¢
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2 P(IR(p.h) = R(Tw, h)| 2 ¢)

- heH

(3) 2 |7_[| 6—2m62

l.a>e or b>e <= max{a,b} > ¢

2. Union bound: ]P’(Al or As or - - -or An> <3 P(AY)

3. Hoeffding inequality: P(|R(h) — Rym(h)| > ¢) < 2 e 2me"

2
® Setting 2 |H| e *™" = § and solving for m, we get

1 2|H
mZT(s, J) = 2—6210g (M) = P(max |R(h) — Rym(h)| > ¢

o) heH

)<s
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¢ Bound on estimation error of h,, = arg min, .o, R(T},, h) :

B, hw) = Bo ) = (R ho) = BT i) ) + (BT ) = R, o))

-~

estimation error

< (R(p, h) — R(T, hm)> — (R(Tm, hy) — R(M))

< 2 R(p,h) — R(T,,, h
< fileaqf’ (p, h) (T, )},

Maximal generalization error

- S
— Ron |
= - R(p,h)imf?x(R(p,h)—R(Tm.h))
0.201 E ;
o 015) ® (hy,R(p, hy))
: _¥ ® (hm R(Tm, hm))
010‘ @ (her(p! hm)}

160 165 170 175
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¢ ULLN: m > m¥(e,5) = ]P)(r}?aﬁ(’R(p, h) — R(Tp, h)| > s) <5
S
¢ Bound on estimation error of h,, = arg min,,.,, R(T},, h) :
R(p, hm) — R(p, ha) < 2max |R(p, h) — R(Tm, h)|
c
¢ ULLN + Bound on estimation error = ERM is succesfull PAC learner:
m > ml (¢,8) =mli(c/2,8) = IP’(R(p, hum) — R(p, hy) < s’) >1-6
_0
0.30 = N /7 Example:
0.25- ,5 R(p.h) For finite H, we have:
= -==- R(p,h)xe
E : 1 2|H
0.20( % —— R(Tm. h) m (e, ) = 2_10g< |5 I)
2 o1 o1\ ® (huy, R(p, hy)) e
) -$::_\___ ® (hm: R(Tm:hm}) H th | lexity is:
110 o (hm R(p, hy)) ence, the sample complexity is:
——— 2 2| H|
= —1
0.05 - - - (&' 9) = 2 ( 0 )

160 165 170 175
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Empirical Risk Minimization
@ — @ ( Hypothesis class ] ( Loss function W
p(z,y) LHQyX:{h:X%y}J L £:YxY—R J
( / )
N ERM Learning Algorithm
[ J LJ r
( Tralnlng set Learning algorithm A: (X x V)™ — H finding a Predictor 1
{ iid. data __| predictor in H which minimizes the empirical error:
— ~ p™ R(Ty, h — L3y i»h(zi; 0 :o? :{]:hm(éﬂ) J
T = ((:Blayl),---?(xm,ym)) p) ( ) m 1:21 (y (:I: )) g{g‘}@ \
~ s . N
Error decomposition | ( #Too complex” Uniform Law of
. Large Numbers
hypothesis space
Predictor Error = Estimation Error + _ ULLN holds for H <— - 3
Approximation Error + Bayes Error | | E.g. Memorizer R i< PAC | Structured Risk
J | ERM is not PAC learner . 'S earner ) Minimization
(. J

N

-

PAC learning

Successful PAC learner: finds
approximately correct predictor
with high probability.

(€,9) :

Plestimation error <¢g] > 1—§

H
m > M ac

J

Finite hypothesis
space

N

H ={hs,hs,...,hyu}
ERM is PAC learner

m?t (,6) =

pac

2|H
Zlog (24

-

)

J

s

VC dimension

.

VCdim: {-1,+1}* — N
Fundamental Theorem:

VCdim(#H) < oo
<—> ULLN holds for H

Empirical Error +
Complexity Term,

Er:npirical

Corﬁplexity E
rror

Term

<—— ERM is PAC learner

J
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¢ Error Decomposition

e Error of the learned predictor = Estimation Error + Approximation Error + Bayes Risk

¢ Probably Approximately Correct (PAC) Learning

e A successful PAC learner, with high probability, finds a close approximation of the best predictor in
the class, given enough examples.

e Sample complexity: number of examples needed for PAC guarantees.

¢ Empirical Risk Minimization:

e ERM over a finite hypothesis space is a successful PAC learner.

¢ Uniform Law of Large Numbers

e Guarantees uniform convergence of empirical risk to the expected risk over the hypothesis space.
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