Electromagnetic Field Theory (BAB17EMP)
Useful Mathematical Identities
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1 Operations on Radius Vectors

Observation vector:

x
r=|y| =x&+yy+ 22
z
Vector magnitude:
r=|r| =22 +y%+22

Unit vector:

Gradient applied to r:
T+ yy + 22 .
Vr= —— =7

Va2 +y?+ 22
Gradient applied to 1/7:
T+ Yy + 22

1
V—:— = ——

, 3
(\/z2 +y? + z2)

Divergence applied to 7:
V.r=3

Curl applied to 7:
Vxr=0

1.1 Identities Involving Separation Vector

Source vector:
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R=r—7'= [y:y’] =@-a)e+y—y)g+(—-2)2

R=lr—r=\@—a)+(y—y)+(z - )’
R=|r—7'| = /r2 —2rr' cos(f) + 12

op_ E=)E =y g+ (=NE v

VP t—y@ - 7

(x—2Ne+y—-y)g+(z—2)2 r—7

() :_(W—W+<y—y'>2+<z—zf>2)3 et
V-R=3

VxR=0

2 Trigonometric Identities

sina+cos?a =1

. 9 1 —cos2a

sin“a = ———
2

9 14 cos2a

cos o = ————

e = cosa + jsina

cos 2a = cos? a — sin? «

sin 2a = 2 8in v cos «

sin (o &+ ) = sin acos § % cos asin 8

cos (& 8) = cos wcos B F sin asin 3

T T
sin (arctan (7>) _—
a Va2 +a?

a

V2 + a?

cos arctan (£))

(14)

(15)



3 Coordinate System Transformations

3.1 Point Transformations

Cylindrical to Cartesian:

T = pcoso
y = psing
z=1z
Cartesian to cylindrical:
p =ty

¢ = arctan g
x
z=2z
Spherical to Cartesian:

T =rcos@sinb
Yy = rsin¢sin 6

z=rcosf
Cartesian to Spherical:

r = /$2+y2+22
/x2+y2

z

6 = arctan

¢ = arctan J
x

3.2 Vector Transformations

Cylindrical to Cartesian:

= f)cosqﬁ—qgsingb
g = ﬁsincb—&—qgcosqb

z2=2
Cartesian to Cylindrical:
PN x . Y
p=x
\/zz +y2 \/xQ +y2
$=—o——~ 7

A
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3

-



Spherical to Cartesian:

T 'f‘sin@cos¢—|—écos€cos¢—(ﬁsingb
U :fsin@sindﬂrécos@sinngrqAﬁcosqS

Pcosf — Osind

2
Cartesian to Spherical:

x R Y . z
+y +z
/x2+y2+z2 \/9:2+y2+22 \/x2+y2+22
7 =t %y . Ve +y

3.3 Conversion Between Coordinate Systems (Example)

The relation A
2 X7 =sinfo
holds since the vector )
¢ =—&sing + Gcoso

can be compared with the vector multiplication and the vector multiplication

T g z
ZXTP = 0 0 1
sinfcos¢ sinfsing cosf

= —sin@sin ¢& + sin f cos ¢f = sin 6P,

where we used
7 = sin 0 cos & + sin O sin ¢ + cos 2.

4 Differential Operators

4.1 Differential Elements

de, = dx de, = dp de, =r
de, = dy déy, = pde dly = rdb
de, = d» deé, = dz déy, = rsinfde

4.2 Rectangular Coordinate System

F=F,&+F,g+F.2

+9 z
\/x2+y2\/w2+y2+z2 \/x2+y2\/x2+y2—|—z2 \/W
Y x

(52)

(53)

(54)



OF, n OFy n OF,
or dy 0z

V.- F =

P <8FZ - aFy)CH <8FI - an):zH <8Fy - a;vm>2
v

oy 0z 0z or Or

2 2 2
v2f:87f+ﬂ+ﬂ

V?F =V?F, &+ V°F, §+ V*F. 2

4.3 Polar Coordinate System

F=F,p+Fsp

2p 10 (OF\ 10°f
VI =20 \Pap) T 20

4.4 Cylindrical Coordinate System

F=F,p+Fyp+F.2

_0f,  10f 5  Of
vf_@pp p 0P 8zz
_10GF) , 105, | OF.

. F
v p Op pOp 0z

¢+

>

VxF:(laFZ—(m)

p 0¢ 0z 0z 87/) p Op

10 (), 1S 0
vfipap Pop) " oer T a2

6

(22 g (1200108,

p 09

e

(60)
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Spherical Coordinate System

4.5
F = F.# + Fy0 + Fy (68)
vIi= ng+%%9+rsiln9%gfé$ (69)
iy (MUY (g L (000 0) 5

5 Of 1 _ af 1 9%f
2 g5
Vf— 2 9r < 8T)+r251n989(1 89)+r251n298¢2 (72)

5 Vector Identities

U-V =uiv; + Ug¥s + U3 (73)
[ul =+vu-u (74)
U U1 él
uUXv=|uy vy és (ugvs — ugva) €1 + (ugvy — ugvs) € + (u1ve — ugvy) €3 (75)
us Us ég
ux(vxw)=(u-w)v—(au-v)w (76)
6 Differential Identities
VxVf=0 (77)
V-VxF=0 (78)
(79)

VxVxF=VV-F—-V’F



V-(fF)=f(r)V-F+F(r)-Vf
VX (fF)=fVxF+VfxF
V- (FxG)=(VxF)-G-—(VxG)-F

7 Integration Identities

Substitution of cylindrical coordinates:

/‘/f(m’y’z)dxdydz_[//f(P,qb,z)pddeSdz

Substitution of spherical coordinates:

/V/f(x7y7z>d”fdyd2=/v/ f(r,0,6)r?sin6drdf do

afF(r)-dl:{/VxF-dS

;é{F(r)-dS:/‘/V-FdV
ggdl’o
gﬁ(f-r’)dzz—ﬁxz/ds’

1
/ d$=1H’$+\/I2+a2‘+C

Curl theorem:

Divergence theorem:

Va2 + a?
z _ /2 2
/\/md:cf > +a*+C

(81)

(82)



8 Fourier Transform

9 Useful Functions

9.1 Dirac Delta Function

/f(r)5(rfr’) dV/—{f(r'% eV’

0, otherwise

10 Series Expansions

10.1 Taylor Series

< ¢n)(g
f@=3 D0 oy = )+
n=0 '

10.2 The Generalized Binomial Theorem

(z+y)" = i (D AT

k=0
for |z| > |y| real numbers and any complex number r.

10.3 Fourier Series

(100)
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