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1 Operations on Radius Vectors
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Figure 1: Radius vector r.

Observation vector:

r =

xy
z

 = xx̂+ yŷ + zẑ (1)

Vector magnitude:

r = |r| =
√
x2 + y2 + z2 (2)

Unit vector:
r̂ =

r

r
(3)

Gradient applied to r:

∇r =
xx̂+ yŷ + zẑ√
x2 + y2 + z2

= r̂ (4)

Gradient applied to 1/r:

∇1

r
= − xx̂+ yŷ + zẑ(√

x2 + y2 + z2
)3 = − r

r3
(5)

Divergence applied to r:
∇ · r = 3 (6)

Curl applied to r:
∇× r = 0 (7)

1.1 Identities Involving Separation Vector

Source vector:

r′ =

x′

y′

z′

 = x′x̂+ y′ŷ + z′ẑ (8)
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R = r − r′ =

x− x′

y − y′

z − z′

 = (x− x′) x̂+ (y − y′) ŷ + (z − z′) ẑ (9)

R = |r − r′| =
√
(x− x′)

2
+ (y − y′)

2
+ (z − z′)

2
(10)

R = |r − r′| =
√
r2 − 2rr′ cos(θ) + r′2 (11)

∇R =
(x− x′) x̂+ (y − y′) ŷ + (z − z′) ẑ√

(x− x′)
2
+ (y − y′)

2
+ (z − z′)

2
=

r − r′

|r − r′|
(12)

∇
(
1

R

)
= − (x− x′) x̂+ (y − y′) ŷ + (z − z′) ẑ(√

(x− x′)
2
+ (y − y′)

2
+ (z − z′)

2

)3 = − r − r′

|r − r′|3
(13)

∇ ·R = 3 (14)

∇×R = 0 (15)

2 Trigonometric Identities

sin2 α+ cos2 α = 1 (16)

sin2 α =
1− cos 2α

2
(17)

cos2 α =
1 + cos 2α

2
(18)

ejα = cosα+ j sinα (19)

cos 2α = cos2 α− sin2 α (20)

sin 2α = 2 sinα cosα (21)

sin (α± β) = sinα cosβ ± cosα sinβ (22)

cos (α± β) = cosα cosβ ∓ sinα sinβ (23)

sin
(
arctan

(x
a

))
=

x√
x2 + a2

(24)

cos
(
arctan

(x
a

))
=

a√
x2 + a2

(25)
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3 Coordinate System Transformations

3.1 Point Transformations

Cylindrical to Cartesian:

x = ρ cosϕ (26)

y = ρ sinϕ (27)

z = z (28)

Cartesian to cylindrical:

ρ =
√

x2 + y2 (29)

ϕ = arctan
y

x
(30)

z = z (31)

Spherical to Cartesian:

x = r cosϕ sin θ (32)

y = r sinϕ sin θ (33)

z = r cos θ (34)

Cartesian to Spherical:

r =
√
x2 + y2 + z2 (35)

θ = arctan

√
x2 + y2

z
(36)

ϕ = arctan
y

x
(37)

3.2 Vector Transformations

Cylindrical to Cartesian:

x̂ = ρ̂ cosϕ− ϕ̂ sinϕ (38)

ŷ = ρ̂ sinϕ+ ϕ̂ cosϕ (39)

ẑ = ẑ (40)

Cartesian to Cylindrical:

ρ̂ = x̂
x√

x2 + y2
+ ŷ

y√
x2 + y2

(41)

ϕ̂ = −x̂
y√

x2 + y2
+ ŷ

x√
x2 + y2

(42)

ẑ = ẑ (43)
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Spherical to Cartesian:

x̂ = r̂ sin θ cosϕ+ θ̂ cos θ cosϕ− ϕ̂ sinϕ (44)

ŷ = r̂ sin θ sinϕ+ θ̂ cos θ sinϕ+ ϕ̂ cosϕ (45)

ẑ = r̂ cos θ − θ̂ sin θ (46)

Cartesian to Spherical:

r̂ = x̂
x√

x2 + y2 + z2
+ ŷ

y√
x2 + y2 + z2

+ ẑ
z√

x2 + y2 + z2
(47)

θ̂ = x̂
zx√

x2 + y2
√
x2 + y2 + z2

+ ŷ
zy√

x2 + y2
√
x2 + y2 + z2

− ẑ

√
x2 + y2√

x2 + y2 + z2
(48)

ϕ̂ = −x̂
y√

x2 + y2
+ ŷ

x√
x2 + y2

(49)

3.3 Conversion Between Coordinate Systems (Example)

The relation
ẑ × r̂ = sin θϕ̂ (50)

holds since the vector
ϕ̂ = −x̂ sinϕ+ ŷ cosϕ (51)

can be compared with the vector multiplication and the vector multiplication

ẑ × r̂ =

∣∣∣∣∣∣
x̂ ŷ ẑ
0 0 1

sin θ cosϕ sin θ sinϕ cos θ

∣∣∣∣∣∣ = − sin θ sinϕx̂+ sin θ cosϕŷ = sin θΦ̂, (52)

where we used
r̂ = sin θ cosϕx̂+ sin θ sinϕŷ + cos θẑ. (53)

4 Differential Operators

4.1 Differential Elements

dℓx = dx

dℓy = dy

dℓz = dz

dℓρ = dρ

dℓϕ = ρdϕ

dℓz = dz

dℓr = r

dℓθ = r dθ

dℓϕ = r sin θ dϕ

4.2 Rectangular Coordinate System

F = Fxx̂+ Fyŷ + Fzẑ (54)
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∇f =
∂f

∂x
x̂+

∂f

∂y
ŷ +

∂f

∂z
ẑ (55)

∇ · F =
∂Fx

∂x
+

∂Fy

∂y
+

∂Fz

∂z
(56)

∇× F =

(
∂Fz

∂y
− ∂Fy

∂z

)
x̂+

(
∂Fx

∂z
− ∂Fz

∂x

)
ŷ +

(
∂Fy

∂x
− ∂Fx

∂y

)
ẑ (57)

∇2f =
∂2f

∂x2
+

∂2f

∂y2
+

∂2f

∂z2
(58)

∇2F = ∇2Fx x̂+∇2Fy ŷ +∇2Fz ẑ (59)

4.3 Polar Coordinate System

F = Fρρ̂+ Fϕϕ̂ (60)

∇f =
∂f

∂ρ
ρ̂+

1

ρ

∂f

∂ϕ
ϕ̂ (61)

∇2f =
1

ρ

∂

∂ρ

(
ρ
∂f

∂ρ

)
+

1

ρ2
∂2f

∂ϕ2
(62)

4.4 Cylindrical Coordinate System

F = Fρρ̂+ Fϕϕ̂+ Fzẑ (63)

∇f =
∂f

∂ρ
ρ̂+

1

ρ

∂f

∂ϕ
ϕ̂+

∂f

∂z
ẑ (64)

∇ · F =
1

ρ

∂ (ρFρ)

∂ρ
+

1

ρ

∂Fϕ

∂ϕ
+

∂Fz

∂z
(65)

∇× F =

(
1

ρ

∂Fz

∂ϕ
− ∂Fϕ

∂z

)
ρ̂+

(
∂Fρ

∂z
− ∂Fz

∂ρ

)
ϕ̂+

(
1

ρ

∂ (ρFϕ)

∂ρ
− 1

ρ

∂Fρ

∂ϕ

)
ẑ (66)

∇2f =
1

ρ

∂

∂ρ

(
ρ
∂f

∂ρ

)
+

1

ρ2
∂2f

∂ϕ2
+

∂2z

∂z2
(67)
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4.5 Spherical Coordinate System

F = Frr̂ + Fθθ̂ + Fϕϕ̂ (68)

∇f =
∂f

∂r
r̂ +

1

r

∂f

∂θ
θ̂ +

1

r sin θ

∂f

∂ϕ
ϕ̂ (69)

∇ · F =
1

r2
∂
(
r2Fr

)
∂r

+
1

r sin θ

∂ (Fθ sin θ)

∂θ
+

1

r sin θ

∂Fϕ

∂ϕ
(70)

∇× F =
1

r sin θ

(
∂ (Fϕ sin θ)

∂θ
− ∂Fθ

∂ϕ

)
r̂ +

1

r

(
1

sin θ

∂Fr

∂ϕ
− ∂ (rFϕ)

∂r

)
θ̂ +

1

r

(
∂ (rFθ)

∂r
− ∂Fr

∂θ

)
ϕ̂ (71)

∇2f =
1

r2
∂

∂r

(
r2

∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂ϕ2
(72)

5 Vector Identities

u · v = u1v1 + u2v2 + u3v3 (73)

|u| =
√
u · u (74)

u× v =

∣∣∣∣∣∣
u1 v1 ê1
u2 v2 ê2
u3 v3 ê3

∣∣∣∣∣∣ = (u2v3 − u3v2) ê1 + (u3v1 − u1v3) ê2 + (u1v2 − u2v1) ê3 (75)

u× (v ×w) = (u ·w)v − (u · v)w (76)

6 Differential Identities

∇×∇f = 0 (77)

∇ · ∇ × F = 0 (78)

∇×∇× F = ∇∇ · F −∇2F (79)
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∇ · (fF ) = f (r)∇ · F + F (r) · ∇f (80)

∇× (fF ) = f∇× F +∇f × F (81)

∇ · (F ×G) = (∇× F ) ·G− (∇×G) · F (82)

7 Integration Identities

Substitution of cylindrical coordinates:˚

V

f(x, y, z) dxdy dz =

˚

V

f(ρ, ϕ, z) ρdρdϕdz (83)

Substitution of spherical coordinates:˚

V

f(x, y, z) dxdy dz =

˚

V

f(r, θ, ϕ) r2 sin θ dr dθ dϕ (84)

Curl theorem: ˛

∂S

F (r) · dl =
¨

S

∇× F · dS (85)

Divergence theorem: "

∂V

F (r) · dS =

˚

V

∇ · F dV (86)

˛

l′

dl′ = 0 (87)

˛

l′

(r̂ · r′) dl = −r̂ ×
¨

S′

dS′ (88)

ˆ
1√

x2 + a2
dx = ln

∣∣∣x+
√
x2 + a2

∣∣∣+ C (89)

ˆ
x√

x2 + a2
dx =

√
x2 + a2 + C (90)

ˆ
1(√

x2 + a2
)3 dx =

x

a2
√
x2 + a2

+ C (91)

ˆ
x(√

x2 + a2
)3 dx = − 1√

x2 + a2
+ C (92)
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8 Fourier Transform

F {F (r, t)} = F̂ (r, ω) (93)

F

{
∂F (r, t)

∂t

}
= jωF̂ (r, ω) (94)

F {f (ω) ∗ F (r, t)} = f̂ (ω) F̂ (r, ω) (95)

9 Useful Functions

9.1 Dirac Delta Function

∞̂

−∞

δ (x) dx = 1 (96)

ˆ

V ′

f (r) δ (r − r′) dV ′ =

{
f (r′) , r′ ∈ V ′

0, otherwise
(97)

10 Series Expansions

10.1 Taylor Series

f(a) =

∞∑
n=0

f (n)(a)

n!
(x− a)n = f(a) +

f ′(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2 + . . . (98)

10.2 The Generalized Binomial Theorem

(x+ y)r =

∞∑
k=0

(
r

k

)
xr−kyk (99)

for |x| > |y| real numbers and any complex number r.

10.3 Fourier Series

f (x) =

∞∑
n=−∞

cne
jk0x (100)
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