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Displacement Current

Need For Displacement Current @

Maxwell’s equations before Maxwell

v.E=",
)
V-B =0,
0B
E=——
v X ot’
VXB:qu.
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Displacement Current

Displacement Current

Complete Ampere’s law:

OF
VxB= NOJ‘FMOEOE

with
oD

Ja= 57

being the displacement current.
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Maxwell’s Equations

Maxwell’s Equations @

Complete Maxwell’s equations in differential and integral form:

p
V.E:; //E'dszi///pdv’
0 3]

Sl V/

V-B=0
viniaiB #B~d5:0
at S/
1 OF d
VX B=pd+ 5 2 5 %E.dl':—a//ﬂds
Material constitutive relations:
%B-dl’:uo//J dS+2 //E-dS
D = E()ErE 1 S dt
B = pop-H

Lorentz force:
F=q(E+vxB)
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Poynting’s Theorem

Poynting’s Theorem (Derivation) @

Taking Ampere’s law multiplied by E
E
E-(VxH)=E-J+ (D%t)

and applying vector identity

V(ExH)=H - (VxE)-E-(VxH)

gives
D
H~(V><E)—V~(E><H):E~J+E~aa—t.
By substituting Faraday’s law of induction, we get
oD 0B
. — 4+ H — (Ex H)=0.
JE+E8t+ 6t+V(><)0
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Poynting’s Theorem (Differential Form) @

Considering non-dispersive media, we can use D = ¢F and B = uH |, so

0 OF OcE OF

and analogously for the magnetic field, leading to

ou
B2 .S =
J-E+5 +V:5=0,

where
S=ExH

is the Poynting vector in [W/m?] and

N | =

u =

€ 1
E-D+H- -B)=-|E?+—|BJ?
( + ) 2| |+2M| |

is the total electromagnetic energy density (even for time-dependent fields).
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Poynting’s Theorem

Poynting’s Theorem (Integral Form) %

The Poynting’s theorem states that the electromagnetic energy is conserved

—#S-dS-—+//E Jdv
s

instantaneous power absorbed in volume V'
// E-JdvV
v

W:%// (D-E+B-H)dV

electromagnetic energy in volume V'

instantaneous power escaping closed surface S = 0V

—#S-dS

S
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‘Wave Equation

Wave Equation @

Consider free space (vacuum):

0B 1 0FE
E=-2—- B- %%
v ot VX B =G0
V-E=0 V-B=0
Take the curl of Faraday’s law
0

VX(VXE):—§V><B

and the identity

SO

and analogously for magnetic field B.
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Continuity Equation
Continuity Equation

We start with Ampere’s law and take the divergence of both sides

D
v-(vXH)zv-JJrv-(aat).

The left-hand side is identically zero, and we get
0

V- J=——(V-D).
1 ( )
By substituting Gauss’s law
V-D = Py
where p represents free charge density, we get
dp
V-J=——.
ot
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Time-Harmonic Domain

Phasors @

» Let us consider a time-harmonic domain:

a(z,y,z,t) = a(r,t) = A(r)sin(wt + p) = Im{ A(r)e/Pe}

Useful rules to deal with:
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Time-Harmonic Domain

Maxwell’s Equations in Time-Harmonic Domain
q
V-D=p, #D~d8’:///pdV,
V . B = 0, S Vv
V> E=—jwB, #B-dSzO,
VxH=J+jwD, 4

¢E~dl:—jw//B-dS,

l S
%H-dl://J~dS+jw//D-dS.
l S

S
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Time-Harmonic Domain

RMS (Effective Values) @

Root mean square value (inspired by the definition xrms = /(22 + 22 +...)/n):

Y Y
= t)|2dt = I si t)|2 dt
Jrus Tg—T1/|f()| T2—T1/| o sin(wt)]|
T Ty
evaluated as
7 11 (2wt)
— cos(2wt
Inms = I, in?(wt)dt = I, dt
s Tz—T1/Sm(w) ’ Tz—T1/ 2
T1 Tl

_7 1 t  sin(2wt) TQ_&
VT - |2 o |n V2
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Time-Harmonic Domain

Wave Equation in Time-Harmonic Domain @

Take the wave equation
1 0°E
2
E—-—"=0
v 2 Ot?
and use pe = 1/c? and §%/0t? — —w? to get
V?E + k’E = 0,

where the wavenumber k = w,/1e = w/ec.

» The situation is considerably more complicated for an arbitrary environment!
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Time-Harmonic Domain

Free-Space Propagation @

We simplify the discussion to

Solving a differential equation
*E,(2) 2
gives ' .
E.(z) = E,(0)e % + E,(0)e’™ = Ef (2) + E; ().

» Two general solutions (waves).

» One is always non-physical (the amplitude is non-increasing when traveling from its
sources).
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Questions?
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This document has been created as a part of BAB17TEMP course.
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