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Analytické podḿınky na volné lokálńı extrémy

Věta (podḿınka prvńıho řádu)

Necht’ funkce f : Rn → R je v bodě x ∈ Rn (totálně) diferencovatelná.

Jestliže x je lokálńı extrém funkce f , pak f ′(x) = 0.

Bod x ∈ Rn splňuj́ıćı f ′(x) = 0 se nazývá stacionárńı bod funkce f .

Věta (podḿınky druhého řádu)

Necht’ funkce f : Rn → R je v bodě x ∈ Rn dvakrát diferencovatelná.

• Jestliže x je lokálńı minimum [maximum] funkce f ,

pak f ′(x) = 0 a Hessova matice f ′′(x) je positivně [negativně] semidefinitńı.

• Jestliže f ′(x) = 0 a Hessova matice f ′′(x) je positivně [negativně] definitńı,

pak x je ostré lokálńı minimum [maximum] funkce f .

• Tedy když f ′′(x) je indefinitńı, pak x neńı lokálńı extrém.

Bod x, ve kterém f ′(x) = 0 a f ′′(x) je indefinitńı, se nazývá sedlový bod funkce f .

• Když f ′(x) = 0 a f ′′(x) je (positivně nebo negativně) semidefinitńı, tak z věty neplyne nic.
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Iteračńı metody

na volné lokálńı extrémy



Rychlost konvergence iteračńıch algoritmů

Necht’ posloupnost bodů xk ∈ Rn (k = 0, 1, 2, . . .) konverguje k bodu x∗.

Pak posloupnost č́ısel rk = ∥xk − x∗∥ ≥ 0 konverguje k nule. Jak rychle?

Definice: Jestliže existuje limita

ρ = lim
k→∞

rk+1

rk
řekneme, že posloupnost xk (p̌ŕıp. rk) konverguje

• sublineárně, jestliže ρ = 1

• lineárně, jestliže 0 < ρ < 1

• superlineárně, jestliže ρ = 0

Př́ıklady:

• Posloupnost rk = 1
k =

(
1, 12 ,

1
3 ,

1
4 , . . .

)
konverguje sublineárně.

• Posloupnost rk = 2−k =
(
1
2 ,

1
4 ,

1
8 ,

1
16 , . . .

)
konverguje lineárně.

• Posloupnost rk = 2−2k =
(
1
4 ,

1
16 ,

1
256 , . . .

)
konverguje superlineárně.
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Sestupné metody, názvoslov́ı

Hledáme lokálńı minimum diferencovatelné funkce f : Rn → R.
• Zvoĺıme počátečńı odhad x0 ∈ Rn.

• Tvǒŕıme posloupnost x1, x2, . . . pomoćı iterace

xk+1 = xk + αkvk

kde vk je směr hledáńı a αk > 0 určuje délku kroku.

xk+1 = xk + αkvk
xkvk

• vk , αk mohou záviset na hodnotách a derivaćıch funkce f

v bodech xk , xk−1, xk−2, . . . (často záviśı jen na xk).

Řád metody je nejvyš̌śı řád použitých derivaćı.

Sestupné metody: pro každé k plat́ı f (xk+1) < f (xk).

• vk je sestupný směr jestliže

f vk (xk) = f ′(xk) vk < 0

Tvrzeńı: Je-li vk sestupný, pak existuje αk > 0 tak, že f (xk+1) = f (xk + αkvk) < f (xk).
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Volba součinitele délky kroku αk

• Optimálńı délka kroku (exact line search):

αk je globálńı minimum funkce φ(α) = f (xk + αvk) na intervalu (0,∞).

• Suboptimálńı délka kroku (approximate/inexact line search):

Hledáme nějaké α > 0 tak, aby φ(α) < φ(0).

Backtracking line search: Začneme od nějakého velkého α > 0 a zmenšujeme ho

(násobeńım konstantou), dokud nesplňuje Armijo-Goldsteinovo pravidlo

φ(α) ≤ φ(0) + cφ′(0)α

kde c ∈ (0, 1) je libovolná konstanta (stejná pro všechny iterace).

α
0

ϕ(0) ϕ(α)

ϕ(0) + ϕ′(0)α ϕ(0) + cϕ′(0)α
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• Pevná posloupnost součinitel̊u αk . Obvykle splňuje

lim
k→∞

αk = 0,
∞∑
k=1

αk = ∞.

• Konstantńı posloupnost: αk = α > 0 pro každé k

Tyto dvě volby negarantuj́ı monotónńı pokles funkce f .
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Gradientńı metoda



Gradientńı metoda (Gradient Descent)

Iterace: xk+1 = xk − αk∇f (xk)

• Směr vk = −∇f (xk) = −f ′(xk)
T je vždy sestupný:

f ′(xk) vk = −f ′(xk)f
′(xk)

T = −∥∇f (xk)∥2 < 0

• GD je robustńı: za velmi obecných p̌redpokladů konverguje, a to obvykle lineárně.
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Konvergence GD k r̊uzným lokálńım minimům

Himmelblauova funkce: f (x , y) = (x2 + y − 11)2 + (x + y2 − 7)2

Inicializace z pěti r̊uzných bodů (x0, y0) konverguje ke čty̌rem r̊uzným lokálńım minimům

(konstantńı součinitel αk = 0.01).
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Cik-cak chováńı GD

Pomalá konvergence je-li funkce okolo minima protažená (cik-cak chováńı).

Chováńı pro dvě r̊uzné kvadratické funkce (exact line search):

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

-0.6

-0.4

-0.2

0

0.2

0.4

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

-0.2

-0.1

0

0.1

0.2

9 / 27



Závislost gradientńı metody na lineárńı transformaci soǔradnic

Gradientńı metoda v soǔradnićıch y = Ax pro A regulárńı:

• Iterace metody v nových soǔradnićıch y:

yk+1 = yk − αk g
′(yk)

T

kde g(y) = f (A−1y︸ ︷︷ ︸
x

).

• Iterace v původńıch soǔradnićıch x:

Axk+1 = Axk − αk (f
′(xk)A

−1︸ ︷︷ ︸
g ′(yk )

)T

xk+1 = xk − αk (A
TA)−1f ′(xk)

T

Zobecněńı gradientńı metody:

xk+1 = xk − αk C
−1
k f ′(xk)

T

• Je-li Ck je positivně definitńı, směr vk = −C−1
k f ′(xk)

T bude sestupný.

• Preconditioning: ‘levná’ volba Ck zrychluj́ıćı konvergenci.
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Newtonova metoda



Newtonova metoda na řešeńı soustavy rovnic

Řeš́ıme soustavu rovnic g(x) = 0, kde g : Rn → Rn je dané diferencovatelné zobrazeńı.

Iterace: Pro známé xk hledáme xk+1 splňuj́ıćı

T1
xk (xk+1) = g(xk) + g′(xk)(xk+1 − xk) = 0

To je lineárńı soustava s řešeńım

xk+1 = xk − g′(xk)
−1g(xk)

g(x) T1
xk (x)

xkxk+1x∗
0

• Konverguje, jestliže počátečńı odhad x0 je ‘dost’ bĺızko nějakého kǒrene.

• Tvrzeńı: Jestliže konverguje, pak konverguje superlineárně.
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Př́ıklad pro n = 1: Babylónská metoda na výpočet druhé odmocniny

Řeš́ıme

g(x) = x2 − a = 0

Iterace:

xk+1 = xk − g ′(xk)
−1g(xk) = xk −

x2k − a

2xk
=

1

2

(
xk +

a

xk

)

Matlab:

a=4; x=a;

for i=1:5

x=(x+a/x)/2;

fprintf(’x=%.12g g=%.12g\n’,x,x^2-a);

end

x=2.5 g=2.25

x=2.05 g=0.2025

x=2.0006097561 g=0.00243939619274

x=2.00000009292 g=3.71689187872e-07

x=2 g=8.881784197e-15
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Př́ıklad pro n = 2: Pr̊useč́ık dvou rovinných ǩrivek

Najdi řešeńı soustavy dvou rovnic o dvou neznámých:

(x − 1)2 + y2 = 1

x4 + y4 = 1

Iterace: [
xk+1

yk+1

]
=

[
xk

yk

]
−

[
2(xk − 1) 2yk

4x3k 4y3k

]
︸ ︷︷ ︸

g′(xk ,yk )

−1 [
(xk − 1)2 + y2k − 1

x4k + y4k − 1

]
︸ ︷︷ ︸

g(xk ,yk )
x = [1;1];

for iter = 1:5

g = [(x(1)-1)^2+x(2)^2-1; x(1)^4+x(2)^4-1];

x = x - [2*(x(1)-1) 2*x(2); 4*x’.^3] \ g;

fprintf(’x=(%.12g,%.12g) g=(%.12g,%.12g)\n’,x,g);

end

x=(0.75,1) g=(0.0625,0.31640625)

x=(0.678779069767,0.950944767442) g=(0.00747883674452,0.0300334591266)

x=(0.671937746776,0.944701508411) g=(8.57819836066e-05,0.000339082408219)

x=(0.671859761262,0.944629025098) g=(1.13355711484e-08,4.46057650816e-08)

x=(0.671859751039,0.944629015546) g=(0,8.881784197e-16) 13 / 27



Použit́ı Newtonovy metody na minimalizaci funkce

Hledáme lokálńı minimum dvakrát diferencovatelné funkce f : Rn → R.

Iterace: Řeš́ıme stacionárńı podḿınku g(x) = f ′(x)T = 0 Newtonovou metodou:

xk+1 = xk − f ′′(xk)
−1f ′(xk)

T

Jiný pohled: Minimalizujeme Taylor̊uv polynom T 2
xk (xk+1) funkce f stupně 2 v okoĺı xk

T 2
xk (xk+1) = f (xk) + f ′(xk) (xk+1 − xk) +

1
2(xk+1 − xk)

T f ′′(xk) (xk+1 − xk)

f (x)

T 2
xk (x)

x∗ xk+1 xk
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Přidáńı délky kroku

Pro lepš́ı konvergenci lze p̌ridat součinitel délky kroku:

xk+1 = xk − αk f
′′(xk)

−1f ′(xk)
T︸ ︷︷ ︸

−vk

Pro αk = 1 se metoda nazývá čistá Newtonova metoda.

• Newton̊uv směr vk = −f ′′(xk)
−1f ′(xk)

T je sestupný, když f ′′(xk) je positivně definitńı:

f ′(xk) vk = −f ′(xk)f
′′(xk)

−1f ′(xk)
T < 0

• Pak je výhodné soustavu f ′′(xk)vk = −f ′(xk)
T řešit Choleského rozkladem.

15 / 27



Kvasi-newtonovské metody

• Poč́ıtáńı Hessiánu f ′′(xk) a řešeńı soustavy f ′′(xk)vk = −f ′(xk)
T je drahé.

• Myšlenka kvasi-newtonových metod:

f ′′(xk) aproximujeme pomoćı minulých hodnot f (xi ) a f ′(xi ), i ≤ k.

• Speciálně pro n = 1 proměnnou: metoda sečen (vs. metoda tečen = Newtonova metoda)

• Populárńı metoda: Broyden–Fletcher–Goldfarb–Shanno (BFGS)

Matlabská funkce fminunc.
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Nelineárńı úloha nejmenš́ıch čtverc̊u



Nelineárńı úloha nejmenš́ıch čtverc̊u

Pro dané diferencovatelné zobrazeńı g : Rn → Rm minimalizujeme funkci

f (x) = ∥g(x)∥2 = g(x)Tg(x) =
m∑
i=1

gi (x)
2

• Tedy minimalizujeme součet čtverc̊u daných funkćı.

• Přibližné řešeńı (obecně nelineárńı) soustavy rovnic g(x) ≈ 0.

• Speciálńı p̌ŕıpad: lineárńı úloha nejmenš́ıch čtverc̊u, kde zobrazeńı g(x) = Ax− b je afinńı.
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Gaussova-Newtonova metoda

Iterace: Známe xk a najdeme xk+1 ktere minimalizuje funkci

∥T1
xk (xk+1)∥2 = ∥g(xk) + g′(xk)(xk+1 − xk)∥2

To je lineárńı úloha nejmenš́ıch čtverc̊u s řešeńım

xk+1 = xk − g′(xk)
+g(xk)

Můžeme p̌ridat délku kroku:

xk+1 = xk − αk g
′(xk)

+g(xk)︸ ︷︷ ︸
−vk

Pro αk = 1 se metoda nazývá čistá Gaussova-Newtonova metoda.

Gauss̊uv-Newtonův směr

vk = −g′(xk)
+g(xk) = −(g′(xk)

Tg′(xk))
−1 g′(xk)

Tg(xk)︸ ︷︷ ︸
1
2
f ′(xk )T

je vždy sestupný:

f ′(xk) vk = −1
2 f

′(xk)(g
′(xk)

Tg′(xk))
−1f ′(xk)

T < 0
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Rozd́ıl oproti Newtonově metodě

Minimalizace funkce f (x) = ∥g(x)∥2 Newtonovou vs. Gaussovou-Newtonovou metodou:

• Gauss̊uv-Newtonův směr je

vk = −1
2(g

′(xk)
Tg′(xk))

−1f ′(xk)
T

• Newtonův směr je

vk = −f ′′(xk)
−1f ′(xk)

T

= −1
2

(
g′(xk)

Tg′(xk) +
m∑
i=1

gi (xk)g
′′
i (xk)

)−1
f ′(xk)

T

Gaussova-Newtonova metoda zanedbává členy druhého řádu v Hessiánu f ′′(x).

• Proto obvykle konverguje o něco pomaleji než Newtonova metoda.

• Ale výhoda: nemuśıme poč́ıtat Hessiány g ′′
i (xk)
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Př́ıklad: Přibližný pr̊useč́ık ťŕı rovinných ǩrivek

Najdi p̌ribližné řešeńı soustavy ťŕı rovnic o dvou neznámých:

(x − 1)2 + y2 = 1

x4 + y4 = 1

x2 + (y − 1)2 = 1
2

Tedy minimalizujeme funkci

f (x , y) = ∥g(x , y)∥2 = ((x − 1)2 + y2 − 1)2 + (x4 + y4 − 1)2 + (x2 + (y − 1)2 − 1
2)

2

Iterace čisté Gaussovy-Newtonovy metody:[
xk+1

yk+1

]
=

[
xk

yk

]
−

2(xk − 1) 2yk

4x3k 4y3k
2xk 2(yk − 1)


︸ ︷︷ ︸

g′(xk ,yk )

+ (xk − 1)2 + y2k − 1

x4k + y4k − 1

x2k + (yk − 1)2 − 1
2


︸ ︷︷ ︸

g(xk ,yk )
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Matlab:

x = [1;1];

for iter = 1:10

g = [(x(1)-1)^2+x(2)^2-1; x(1)^4+x(2)^4-1; x(1)^2+(x(2)-1)^2-.5];

x = x - [2*(x(1)-1) 2*x(2); 4*x’.^3; 2*x(1) 2*(x(2)-1)] \ g;

fprintf(’x=(%.12g,%.12g) g=(%.12g,%.12g,%.12g)\n’,x,g);

end

x=(0.75,1) g=(0,1,0.5)

x=(0.696777860013,0.945770115246) g=(0.0625,0.31640625,0.0625)

x=(0.691092552216,0.940578214706) g=(-0.0135752229284,0.0358061117489,-0.0115597333957)

x=(0.691002680826,0.94054818438) g=(-0.0198888107249,0.0107820331379,-0.0188601357041)

x=(0.691002154829,0.940548357781) g=(-0.0198897696029,0.0105634499047,-0.0189807767107)

x=(0.691002152527,0.940548357855) g=(-0.0198891183559,0.0105633328127,-0.0189815242591)

x=(0.691002152516,0.940548357857) g=(-0.0198891167934,0.0105633300224,-0.0189815274491)

x=(0.691002152516,0.940548357857) g=(-0.0198891167821,0.0105633300147,-0.0189815274653)

x=(0.691002152516,0.940548357857) g=(-0.019889116782,0.0105633300146,-0.0189815274654)

x=(0.691002152516,0.940548357857) g=(-0.019889116782,0.0105633300146,-0.0189815274654)
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Levenbergova-Marquardtova metoda

Zopakujme lineárńı úlohu nejmenš́ıch čtverc̊u s regularizaćı:

• Minimalizuj ∥Ax− b∥2 + µ∥x∥2 (kde µ > 0), nabývá minima pro x = (ATA+ µI)−1ATb.

• Matice ATA+ µI je regulárńı pro každou A.

Iterace LM metody: Pro známé xk najdeme xk+1 jako minimum funkce

∥g(xk) + g′(xk)(xk+1 − xk)∥2 + µk∥xk+1 − xk∥2,

tedy

xk+1 = xk − (g′(xk)
Tg′(xk) + µk I)

−1g′(xk)
Tg(xk).

• Pro µk ≈ 0 se bĺıž́ı Gaussově-Newtonově iteraci.

• Pro µk ≫ 0 se bĺıž́ı iteraci gradientńı metody: xk+1 ≈ xk − 1
µk

g′(xk)
Tg(xk)︸ ︷︷ ︸

1
2
f ′(xk )T

Heuristika pro volbu µk (zároveň nahrazuje line search):

• Pokud f (xk+1) < f (xk), iteraci p̌rijmeme a µk zmenš́ıme (nap̌r. 2 krát).

• Pokud f (xk+1) ≥ f (xk), iteraci odḿıtneme a µk zvěťśıme (nap̌r. 2 krát).
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