Mathematical Identities

(Lukas Jelinek, CTU Prague, November 2024)

In the following, the rectangular system is characterized by coordinates (z, y, z) and unit vectors [wg Yo zo] .
The cylindrical system is characterized by coordinates (p, ¢, z) and unit vectors [po ®o zo]. The
spherical system is characterized by coordinates (r, 8, ¢) and unit vectors [7’0 6o <p0].

0.1 Point Transformations

Rectangular - Cylindrical

T = pcosy
y = psingp (1)
Zz =z

Cylindrical - Rectangular

Rectangular - Spherical
T =rcospsind
y = rsinesin g (3)
z=rcosf

Spherical - Rectangular

T:‘/l’2+y2+2’2
/$2+y2
— (4)

tanf =
z
tan p = J
x
Cylindrical - Spherical
p=rsind
z =rcosf (5)
p=¢
Spherical - Cylindrical
r=/p?+ 22
tand = (6)
z
=¥



0.2 Vector Transformations

Rectangular - Cylindrical
Ty = P COS P — g sing
Yo = Posing + ¢ cos ¢

zZ0 — 20
Cylindrical - Rectangular
. ToT + Yoy
Py =ToCOSY + Yo SINY = ——e
VaZ+y?
—LoY + Yo

Py = —XSinY + Yo Ccosp =

Va2 +y?
Z0 = 20

Rectangular - Spherical
To =Trosinfcosp + Oy coscos — @y sing

Yo = Tosinfsin g + 0y cosfsin p + ¢, cos ¢
zg = 1rgcosf —Bysin b
Spherical - Rectangular
ToT + Yoy + 202
N

Tozr + Yozy — Zo (22 + 4?)

70 = T sinb cos ¢ + Yy, sindsin ¢ + z¢ cos =

0o = xgcosbcosp+ y,cosfsinp — zgsinf =

V2 +y? /a2 4 2 + 22
— oY + Yo

@Yo = —Tpsiny + ygcosp =

Cylindrical - Spherical
Po = Tosing + O cos

$o = %o
zo =7rgcosf —Oysinb

Spherical - Cylindrical

o = posing + zpcosf =
0y = pycosh — zpsinf =
Po = ¥o

0.3 Differential Operators

Rectangular coordinate system

vf:m()%"‘yo%—b-zog—ﬁ
o (o) en (2
Vi ov. vy = 2L O8O

822 ' 0y ' 922

V2F =V (V-F)—-V xV x F =x(V*F, +y,V*F, + 20V*F,

(13)



Cylindrical coordinate system
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Spherical coordinate system

o= 4,1 0f 1 of

Oor 89+¢ rsind dp

1 0F,
rsin@ Odp

10 (r’F,) 1 0 .
r2  Or + rsin@ 06 (Fp sin6) +

To

B 0 OFy 0y ( 1 OF, 0O(rF,)
VXFTSiHQ(aH(F sinf) — &p>+ < +

r sm@&pi or

$o (0(rFp) OF,
r or ol

2f _ o, ig g 1 si 8f ! 327]“
Vif=Vv-(Vf)= 2or\| or Jr7“281n9 89 39 +r251n29 0p?

V2F=V(V-F)-VxVxF=

0?F, 20F, 2 1 9°F,  cotf OF,

+ + S5+ — _L _OR
oz oy or 2" 2 9p2 2 90 ' r2sin26 92
To
20Fy 2cotf , 2 0OF,
2 90 2 % 1250 Op
62F9 23F9 1 n ia2F9 COtQ%
or? rOr  r2sin20 0 12 992 r2 00
6, n
| 9Fy 2 0F,  2cotd OF,
r2sin?0 09?2  r2 90  r2sinf Oy
0*F, 20F, 1 Pt 1 9°F, N cot  OF,
ar2  r Or  r2sin%0 7 r? 062 r2 00
%o

1 82ka 2 OF, 2cotf OFy
+ .2 2 + 2 ol a + 2 ot a
r2sin“f Op r2sinf Op  r2sinf dp




0.4 Differential Identities
a-(bxe)=b-(cxa)=c-(axb)

ax(bxe)=(a-c)b—(a-b)c
(axb)-(exd)=(a-c)(b-d)—(a-d)(b-c)
ja x b = |af* |b]” — |a - b"|”
V x (Vf)=0
V-(VxF)=0
V(f-9)=9Vf+[Vg
V-(Ff)=F-(Vf)+ [(V-F)
V x (Ff) = (Vf)x F+ f(V x F)

V(f) _ gi—QfVQ
9 9

v. (¥) - OB P

f Iz

f

VX(F>_f(VXF)f_2(Vf)XF

V(F-G)=(F V)G+(G-V)F+Fx(VxG) +Gx(VxF)
V(Fx@) =G - (VxF)—F-(VxG)
Vx(FxG) =F(V-G)—~G(V-F)+(G-V)F— (F-V)G
V(fog)=(f°9)Vy
V- (Fog)=(Fog)-Vyg

VX(Fog):—(F'og)ng



0.5 Integration Identities

/(V-F)dV:z{FdS

14

/[ (VXVXG)]dv_—j{[Fx(VXG)]-ds+/[(vXF).(vXG)]dv

14 S 14

[15(v29) =g (V1] av =

14

[f (Vg) —g(V[)]-dS

U)\e\

/[G-(VxVxF)—F-(VxVxG)]dV:

\%
/VXF dS = fF dl
S/(Vf)de:—?{fdl

[Fx(VxG) —Gx(VxF)-dS

(/J&S\

0.6 Helmholtz’s decomposition

Any vector field F' can be decomposed into its irrotational and solenoidal part as FF = —V¢ + V x G,
where

1
¢(T)ZE |r—r %P‘—?‘ .

v
V' x F(r ,
G(r)= 47r/ ,| dV

| ~ L xdS'



0.7 3D Fourier’s Transformation

Definition o e s
FT{f (r / / / f(r)e *Tdzdydz
(19)
P { (k) = 7 / / / k) %7 dkpdkydk.
Convolution and its Fourier’s transformation
:///f r—r')g(r)da'dy'ds’
FT{f(r)xg(r)} = f (k)3 (k)
Differential operators and their Fourier’s transformation
FT{V-F(r)} =jk-F (k)
(21)
FT{V x F(r)} = jk x F (k)
0.8 Trigonometric identities
sin? (o) = 1-— cc;s (2cr)
cos? (a) = H—%s@a)
sin (a 4+ 8) = sin («) cos (B) + cos (a) sin (B)
sin (o — ) = sin («) cos () — cos («) sin (5)
cos (a + ) = cos () cos () — sin («) sin (B)
cos (a — f3) = cos (a) cos () + sin () sin (B) (22)

a+p

sin (@) + sin (8) = 2sin (

sin (a) — sin (8) = 2 cos (
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cos () + cos (B) = 2cos (

cos () — cos (B) = —2sin (a —; B) sin (a ; B)




0.9 Identities involving separation vector
The separation vector is defined as R = r — v/ with its magnitude denoted as R = |R| and direction
RO - E

VR = Ry

VR" =nR" 'VR =nR""'Ry

V-R=3

VXxR=0
2
VRO:E

\% (e_ij) = —jke *ER,

V2 (;) = —476 (R)
e—IkR
(V? + k%) = —4mi(R)

(92 1 B 3R1RJ — R25ij
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0.10 Useful integrals
d 1
[ = et (7)

/dim = arcsin (z)
Vi—a?

de
Va2 =1

ln(:ch x271)

3

L sin” (z)
/cos?’ (z)dz =sin (x) — 3

[am ()

[am—(we)

/ cos (z) dz B sin (x)

(1 —a2cos? (2))*? (1 —a2) /1 —a%cos? (z)

/ sin (z) dz B —cos ()

(1 — a?sin’ (x))3/2 (1 —a?) /1 — a2sin? ()




