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B4M33DZ0(3) Convolution (2/11)

Sliding average of function f weighted by function g:
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BAM33DZO(3) Interesting Properties (3/11)

Commutativity:

frg=gxf
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B4M33DZO0(3) Interesting Properties

(3/11)

Commutativity:
frg=gxf

Associativity:

fx(gxh)=(f*g)*xh
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BAM33DZO(3) Interesting Properties (3/11)

Commutativity:
frg=gx*f
Associativity:
fx(gxh)=(fxg)*xh
Distributivity:
frlg+h)=(fxg)+(f*h)

Digital Image | Lecture 3: Convolution | Daniel Sykora & Ondiej Drbohlav (FEE CTU), 2024



BAM33DZO(3) Interesting Properties (3/11)

Commutativity:
[xg=gx[
Associativity:
fx(gxh)=(fxg)*xh
Distributivity:
frlg+h)=(fxg)+(f*h)
Differentiation:

(f*xg) =f'xg=Ffx*g
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BAM33DZO(3) Interesting Properties (3/11)

Commutativity:
fxg=gx*f
Associativity:
fx(gxh)=(fxg)*xh
Distributivity:
f*(g+n)=(f*g)+ ([ *h)
Differentiation:
(f*xg9) =f*g=[xg
Convolution theorem:
fxg=F HF{f} Flo}}
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BAM33DZ0(3) Convolution (in 2D) (a/11)

Extension of 1D case (image I, convolution kernel G):

(F % G)(s,t) :/_OO /_00 F(z,y) - G(s — z,t —y)dzdy
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BAM33DZ0(3) Convolution (in 2D) (a/11)

Extension of 1D case (image F, convolution kernel G):

(F*G)(s,t) :/_00 /_OO F(z,y) G(s —x,t — y)dady
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BAM33DZ0(3) Convolution (in 2D) (5/11)

Discrete case (image F, convolution kernel G):

(F*G)[s ZZF Gls — z][t — y]
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BAM33DZO(3) Convolution (in 2D)

(5/11)

Discrete case (image F, convolution kernel G):
(FxGQG)[s ZZF Gls — z][t — y]

Computational complexity: O(|F| - |G|)
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BAM33DZO(3) Convolution (in 2D)

(5/11)

Discrete case (image F, convolution kernel G):
(FxGQG)[s ZZF Gls — z][t — y]

Computational complexity: O(|F| - |G|)
Problem: intractable for large |G| even on GPU!

How to compute it faster?
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BAM33DZ0(3) Convolution (in 2D) (5/11)

Discrete case (image F, convolution kernel G):
(FxGQG)[s ZZF Gls — z][t — y]

Computational complexity: O(|F| - |G|)
Problem: intractable for large |G| even on GPU!

How to compute it faster?

method accuracy kernel complexity
Fourier transform exact arbitrarily | O(|F| - log|F|)
Separable kernel exact limited O(IF| - VG])
Integral image exact limited O(F))
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BAM33DZO(3) Fourier Transform (6/11)

Convolution theorem:

F{F«G} =F{r} - F{G}
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BAM33DZO(3) Fourier Transform (6/11)

Convolution theorem:

F{F«G} =F{r} - F{G}

Digital Image | Lecture 3: Convolution | Daniel Sykora & Ondiej Drbohlav (FEE CTU), 2024



BAM33DZO(3) Separable Kernel (7/11)

G(z,y) = g2(x) - 94(y)

9 Gy
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BAM33DZO(3) Separable Kernel (7/11)

G(z,y) = g2(x) - 94(y)

9a \ 9y
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B4M33DZ0(3) Integral Image (8/11)

f*g:/f*g’
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B4M33DZ0(3) Integral Image (8/11)

f*g:/f*g’
g g ‘
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B4M33DZ0(3) |ntegra| Image

(8/11)
f*g:/f*g’
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B4M33DZ0(3) |ntegra| Image

(8/11)
f*g=i/f*d

g g

1. 1 |
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image [ SAT S

Sz, yl = I[z,y] + S[z — 1,y] + S[z,y — 1] = S[z — 1,y — 1]
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B4M33DZ0(3) Integral Image (9/11)

>~ = S[w2,y2] — S[z1, y2] — S[z2, y1] + S[z1,y1]
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B4M33DZ0(3) Integral Image (10/11)

Extension for more general kernels:

(n)
fxh= / fxh™
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B4M33DZ0(3) Integral Image (10/11)

Extension for more general kernels:

(n)
fxh= / fxh™

(grg*...xg) ™ =g xg x...xg

n n

/
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B4M33DZ0(3) Integral Image (10/11)

Extension for more general kernels:

(n)
fxh= / fxh™

(grg*...xg) ™ =g xg x...xg

n n
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B4M33DZ0(3) Integral Image (11/11)

Examples of convolution kernels for integral image:
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